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Abstract

In this paper, we propose a different way for solving systems of nonlinear Fredholm integral equations of the
second kind. We construct our new strategy in two steps, through beginning with the linearization phase of
the system of Fredholm integral equations by applying Newton method, then we pass to the discretization
phase for some involved integral operator using Nystrém method. The convergence analysis of our new
method is proved under some necessary conditions. At last, a numerical application to approach a nonlinear
Fredholm integro-differential equation by using this new process is taken to confirm its advantage.

Mathematics Subject Classification (2010): 45G15 45B05 49M15 65J15

Key words and phrases: System of nonlinear equations Fredholm integral equations Newton method
Nystrém method Integro-differential equation
1. Introduction

Fredholm integral equations emerge from the modeling of the Spatial Spread of an Epidemic, what’s
more, different physical and organic models [11]. For solving this kind of nonlinear problems, we use the
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classical process which starts by discretizing the problem for finding a nonlinear algebraic system, at that
point, we linearize the discrete nonlinear system using Newton’s method. For instance, many works concern-
ing the Newton method ([6, 12], B, 4. @]) and fixed point method ([8) [7]) have been performed in order to
solve nonlinear integral equations.

In a recent paper [5], author constructs a very useful numerical process based on the inverse way of
classical process, in order to approach a nonlinear Fredholm integral equation of the second kind. This new
process starts with the linearization phase and goes on with the discretization phase. However, the numerical
results of [5] confirm the high efficacy of this new process compared with the classical process.

In the present paper, we adapt the numerical method proposed in [5] for solving a nonlinear integral equa-

tion to solve a system of nonlinear Fredholm equations of the second kind defined in an infinite dimensional
context given by the following form:

1
ul(t):/o k1 (t,s,u1(s), ua(s),...,un(s)) ds + gi(t),

1
u2(t):/0 Ko (t,s,u1(8), ua(s),...,un(s)) ds + ga(t),

un(t) = /O i (£ 5,101 (5), 1 (5), oo e (5)) ds + g (1),

for all t € [0,1] , and a given functions g;.

As well as, to show the effectiveness of this new process, we compare our results with an other existing
results using the classical process. For this reason, we denote option A to refer our new strategy, and the
classical process will be called option B. However, we describe the strategy of the both options A and B as
follows:

Option A: We propose to begin with the linearization phase to the system () in its infinite-dimensional
space context by applying the Newton method, then we go to the discretization phase by using Nystrém
method to approach some involved integral operators.

Option B: We start with the discretization phase on the system (II) by using Nystrém method, which
leads to a nonlinear finite-dimensional algebraic system, then we apply the classical Newton method on the
obtained algebraic system.

The paper is organized as follows: In section [2| we present notations and preliminary results. In section
Bl we describe the strategy of option A, and present all necessary propositions and conditions that will be
used in the convergence analysis. Section [4] is devoted to the convergence analysis of option A, and section
bl to the convergence analysis of option B. In section [6] we show how to approach a nonlinear Fredholm
integro-differential equation by applying option A. In section[7] we present numerical examples which confirm
the effectiveness of our new process.

2. Notions and preliminary results

~ N ~
We consider for all 1 <i < N a real Banach spaces X; = C1([0,1],R) and X = [] X; , with ; and  be
i=1

a nonempty open subsets of X; and X respectively. Let ||.||x, be the norm of the Banach space X;, and ||.||5
pty op bsets of X; and X respectively. Let ||.||x, be th f the B h space X;, and ||.||3
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be the norm of X such as
N N

VZ = (21,220 2v) € X1 Z1lg = Dzl = Y (Ilzilloe + [121]l.0)

i=1 i=1
where ||.||o is the norm of the uniform convergence represented as

||2i]|oo = sup |zi(t)], =z €X;.
te(0,1]

We define a nonlinear Fréchet-differentiable operator K; : @ C X — X;:
1
K; (Ul,UQ,...,’LLN> (t) :/ Ky (t7$7u1(8)7u2(8)7"'7uN(S)) ds, u; € Qi7 te [07 1]
0

0K;
For all 1 < ¢,5 < N, let T}; := 871 denote the Fréchet derivative of K; associated to u;, i.e, for all
U

V = (v1,v9,...,0N) € X,
L Ok,

T (V)wil (1) = / Gt (s V) W),y te 1]

The Nystrém approximation K, ; of order n of the nonlinear operator Kj; is given by
n
Kni(V)(t) = wnphi (b tp, V(Ep)), VEX, te[0,1].
p=1
The Nystrom approximation T, ;; of order n of the linear operator T;; is given by
[Tig (V)yil (t) = Zw"’pa:; (ttp, V() wilty), = €X, yi€Xs, te[0,1].
p=1

In practice, the trapezoidal numerical integration rule (see[l], pp.109), for all x € C*([0,1]% x RV, R), gives
us the following convergence order: for all ¢ € [0, 1],

1 n 1
t,s,U(s))ds — moki(t,t, U(ty))| =
| s U6 s = 3wt V(0| = 15

p=1

[am@, s, U(s))} s=1

B + O(n"). (2)

s=0

Now, by using previous notations, the system of nonlinear equations (Il) can be rewritten as:

ui(t) = Ki (ui(t), ua(t), ...un(t)) + g1 (t),

UQ_(t) = K> (ul(.t), UQ(t), 'LLN(t)) —II—QQ(t), (3)

un(t) = Ky (u1(t), ug(t), ...un(t)) + gn (1),

for all t € [0,1] and a given functions g; € ;. As well as, the system (B]) can take a clear and simple form as:

Find UeQcX: U=K(U)+G. (4)
ui g1 Ky
Uz 92 K>

where U = . ,G = . and K =

uN gN Ky
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Let Inn be the identity operator of the space L(X), where IL(%) denotes the space of all linear boundes
operators defined from X into X. For all ¢ € X, let M7 (¢) € L(X) be the Fréchet derivative of the operator
K that we give it as the following form:

N
Tii(p) Tia(e) ... Tin(p) hq ZTU(SO)}LJ'
VheX. Mp(o)h= T21.(<P) T22.(<P) T2N.(90) /1.2 _ =1 .
Tni(p) Tna(e) .. Tn(p) hn iTNj(w)hj
J=1
where
N ||~
I Mr(o)hllz =D || Ti(0)h;
=1 ||[j=1 .

We suppose some conditions that will play an important role in the proof of the convergence analysis. For
all 1 <1,7 < N, we assume that

(1) Equation has a unique solution U = (u1, ug, ..., un) € X,
(i) (Inny — M7(U)) is invertible, and ||(Iyn — M7(U))7Y| < n < 400,
0K 2 2 N
(i11) au; © C7([0,1)7 x R™, R), (5)
N N _
(iv) R= ZRZ- > 0 is such that Br(U) = HBR,-(Ui) C Q,
i=1 i=1

with Br(U) is the ball of center U and radius R for the norm ||.||3, and Bg, (u;) is the ball of center u; and
radius R; > 0 for the norm ||.||x,.

3. Description of new process (Option A)

We propose the Newton method to linearize equation as a premier phase, by the following scheme:

(INN - MT(U(k))> (U“f“) - U(’“)> = UW 4 K <U(k)> va, U9eX, k=0,1,.. . (6)

. -1. . . .
In practise, we need to calculate (INN — MT(U(k))) in each iteration, but this operator cannot be found
exactly. For this reason, we go to apply the discretization phase by using Nystrom method in order to
approximate the involved integral operators in the scheme @

Let U = (U1, U

n,1°»¥n,27:

. U&{,) € X be the approximation of U*) = (Ul(k), Q(k), e U](\f)) € X obtained

by Nystrom method. So, the discretization of the scheme () is presented as follows

(fvw = Mz, ) (U —UW) = U + K (UP) +6, U0 e, (7)
or in the matrix form
[T @) —Topn@) .. —Ton@©®) Ué’,;f AR
1
- n,21(Ur(zk)) I — Tn,22(U’r(Lk)) .= n,ZN(Ur(zk)) Ué; ) Un,Q)

T (UP) =Ty T =T, yn (U o -,
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k
Ué,li Ky(us) an
| P | Kz(qé’) N
o) En(U) 9N

N
However, we can rewritten as, forall 1 <i < N:

Ui anp (t b, U (1)) UL 1) = 15 0), (8)
j=1p=1
where,
0 =~ 3 Y 2 3. (00 U (0) UL 05) + K (U9) (1) + 1), (9)
J=1p=1

We defined the vector X](\]f D= (asgkﬂ), xékﬂ), ey :ng\lfrl)) € R™N for saving the collocation of our discretized

approximation UT(ZkH)(t) € X in the nodes (tp)i<p<n, and for all 1 <i < N we denote by

2 () = U ().

n,t

The solution of system of equations defined in — @ is gotten by two steps :

Stepl. Solve the linear algebraic system
— A XY = p®)

n

(Inn

where for all 1 <4, < Nand 1 <p,l <n

OK;
AL 0,2) = wnp, - (11t 2" (0), 27 ), 2N ) (10)
k Sl OK; k k k k
B0 = =D wnn gt (it 2t (0,24 (), 2 ) 0 () (1)
j=1p=1

1
4 [ (1,5, U8 U)o U (9) s + i)
0

)

Step2. For all 1 <¢ < N, we recover USZH) by the natural interpolation formula

Uk = 33, 20 g, (10 02 0), a0 0)) (70 - 2 )
j=1p=1
1
+ /0 Ki (t,s,U,(L]fl)(s),Ugfg)(s),...,UT(LITJ)V(S)) ds + gi(t). (12)

Before studying the convergence of Option A, we give some properties of operators M7 and My, .

3.1. Properties of operators My and Mr,
Proposition 3.1. Under the assumption (5))(iii), we have My is Lipschitzian over Br(U) where

N N

, Sup sup

AR = 2sup { sup sup
LSISN (1,5,05)€[0,1]2 x DR i=1

18 the Lipschitz constant, and
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Dr = [-[|U]lx = B, [|U[|x + B]-
P?"OOf. Let ¥ = (50155027 aSON)aQs = (¢17¢27 >¢N) € BR(U) and h € ia we have

N N
[(Mz () — Mr(9))hll :Z D IT(e) =T || < YD IIT5(9) — Tis(8)] hylly,

=1 X; i=1 j=1

N N d
:ZZQHTw«o)—nJ( 5l + 5 (T50) — T ) )

(52 tspte) - s )y

= SUP
te[0,1] 5= 1j=1

N N
+

and by the assumption (m), we can apply the Mean Value Theorem, then for all 1 <4,7 < N,3y;,v; €
[0, P51 (The line segment joining two points p;, ¢; € B, (uj)) such that

(aa;at(”‘f’( ) - 382 (t, 5, (s) )‘h )|ds,

OK; OK; 0%k,
‘Ouj( 5,¢(s)) — au; ——(t, 5, 9(s ))‘ %63[412)7%] aug(t,s,u1(8),...,TZJJ(S),...,UN(S))‘ 105 — D5lloo;
0%k 0%k, Pk
< L0i(8), ST
au]at(t s,0(s)) — 8uj8t<t’s’¢(s))‘ _Uj:[g?’m 8u28t(t 5,u1(8), -, v (8), 7UN(3))‘ lp; — &5l

it’s not difficult to demonstrate that, for all 1 < 7 < N, we have:
1]y = ¥; € Dr = [-R = ||U]l5, R+ ||U|[5], where = (u1, ..., ¢, .., un) € Br(U),

Illy =vj € Dr = [-R = [[U]lg, R+ [[U]l3], where  © = (u1, ..., vj, ..., un) € Br(U),

and by these notations, we can compose

*K 0%k,
up |G () (o) (@) [ € s T (s e = byl
tel0 1] ¥s€lsds] | U (t,5,1;)€[0,1]2x Dy
03 83
sup  sup t,s,u1 cyUi(8), - un(s))| < sup t,s,0 ©i — Billoo-
t€[0,1] v;€[p;,b5] 8u28t( (5),- 7( ) (5)) (6:5,5,)€[012x D 8u28t( J) | J ]H
So, as for all 1 < j < N, ||hj]|e < ||h]|5, we have
0%k;
1(Mz () — Mr(9))]| <ZZ sup a2 (t5,9)| 195 — Djlloo
i= 1] 1 (¢, 5,1/)])6[0 112xDpg
83,‘%
+ ——(t,5,0;)| |l¢; — ¢il|oo-
ZZ o2 gt )| e — el

N
Obviously, Z ;= @jllee < [l — @[5, what’s more, we take
j=1

> 15,9

J

sup sup
1<GSN (t,5,0;)€[0,1]2x DR 51

AR = 2sup { sup sup
L<G<N (4,5,4;)€[0,1]2x Dg i=1
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to discover at last that
(M7 (p) — Mr(9))|| < Arlle — oI5

O
Proposition 3.2. Assume that (5))(iii), there exists a constant Cn such that, for all V € Br(U)
Cn
M7 (V) = M, (V)| < 5 (13)
where » .
0?r;(t,s, V(s ))} [03ni(t,s,V(s))]s:
C — sup [ |l —
N 12n te[0,1] ;]21 {‘ 0v;0s s=0 0v;0s0t s=0
Proof. Let h € X be the direction of the operator My. For all V = (v1,va,...,un) € Br(U), we have
N || N
|(Mr(V) = Mo, (V) hllg = > | 3 [T55(V) = T (V)] g
i=1 ||j=1 X
N N
<D D TG(V) = Togs (V)] Byl
i=1 j=1
N N
=sup > > |([T;(V) — Tngg (V)] 1) (1))
tel01]357 =1
N N4
+sup SO |8 (T5(V) = Tuss V1) 0)
tel0.1]57 =1
N N
< sup > Y T5(V) = Tagg (VIO ] [1]lso
tel0,1] \ =7 j=1
NN,
+ sup G ) =TI 0)] ) 1
te[0,1] \ ;= 1j=1
and by the trapezoidal rule , we have for all 1 <i,j < N
1 0?ki(t, s,V (s)) o=t
Ti;(V) = Thyj < 5
(E5V) = Tug (VO] € g || ZEGE0 ]
d 1 | [Bki(t, s, V(s)]
TV =T 0] < 1o || Zs ™|,
we finish up at last that
N N s=1 s=1
ki(t, s,V (s)) D3ki(t, s,V (s))
|M7 (V) = Mz, (V)] < sup [} + [ :
12n2 t€[0,1] ; Jz:; 0v;0s <0 Jv;0s0t <0
U

1

Proposition 3.3. Assume that (5)) holds. Let r := min <R, 2)\> , where \g is defined in Proposition ,
R

Then for all V = (v1,va,...,on) € Bp(U),Inny — Mp(V) is invertible and
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Iy = Mr(V) 7| < 2n.
Proof. For all V = (v1,vg, ...,vx) € X, we have
Iny — MT(V) =InN — MT(U) — MT(V) + MT(U)
~ Iy = Mr(U)) [Inn = (Inn = Mr(U)) ™ (Mr(V) = Mr(U))] ,
we have for all V = (v1, v, ...,vx) € B.(U), (Proposition
| (V) — Me(U)] < Agr.
Then
Ty = Mo (@)™ (M (V) = Mr(U)|| < mAar < 4,

use the Geometric Series Theorem (see [1], pp.516 ), we conclude that Iyy — M7 (V) is invertible such that,
forall V = (’1)1,’1)2, ...,’UN> € BT(U)

(I = Mp(V)) ™ = (T = (v = Mp(U)) ™ [Mr(V) = Mp(@))]) (Do = Mp(U)

and its inverse is uniformly bounded on B, (U), where
ron = a2 <0 32 ||iew = M (@) (M (V) = M @))|| < 20,
m=0

O

Proposition 3.4. Assume that holds. Then for n big enough, and for all V = (v1,v2,...,un) € B, (U),
Inn — Mr, (V) is invertible, and there exists 0, €]0,1[, such that

VGS;IIzU) HINN — (Inn = M7, (V)" (Inn — MT(V))H < On,

LS H(INN _ MTH(V))’lH < 2n(1+ d,).

Proof. For all V' = (vy, v, ...,vn) € B.(U), we have
Iny — M7, (V) =Inn — Mp(V) + Mp(V) — Mz, (V)
=(Inn — Mrp(V)) <1NN — (Iny = Mp(V)) ™ Mg, (V) - MTW))]) ;

and as we have in Proposition

C
|Mr(V) — Mr, (V)| < n—;V — 0,n — +00.

C 1
So, with n adequately large, plainly —]2\[ < o Then
n n
2nCy
n

<1

)

| (v = b, (V) (i, (V) = Mr(v))|| <
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and by the Geometric Series Theorem (see [I], pp.516 ), we have for all V' € B,(U), (Inn — M7, (V)) is

2
invertible and H(INN — MTH(V))AH < 1 1 CN.

_ "1 wh _ N
“ o, where &, >

As

Iny — (Iny — Mp,(V)) ™ (Iny — Mp(V)) = (Inny — My, (V)™ (Mp(V) = Mg, (V)

2nén

——=—— and for n large enough, §,, < 1 we find
1- 277571

we define §,, =

VeSgIzU) HINN — (Inn — Mz, (V)" (Inn — MT(V))H < On,

we have

(Inn — M, (V)™ =(Iny — Mp(V)) ™!
- [INN — (Iny — Mg, (V)™ (Inw — MTn(V))} (Inny — Mp(V)) ™'

In this way, we close at last that

sup ||(Zvw = M, (V) 7! < 2n(1+ 5,).
VeB,(U)

4. Analysis of option A

In this section, we study the convergence of Option A, where we will prove that our approximate solution
Uk = (U}, UF,, ... ,UF ) € X defined in , converges to the exact solution U = (uy,ug,...,un) € X
defined in ().

Theorem 4.1. Assume that the assumptions 1’ are satisfied, set r = min (R,ﬁ). Then there exist

on €]0,1], and o, > 0 such that, if the starting approzimation U,SO) is chosen in the closed ball By, (U), then
for allk e N, U € B, (U), and

U — Uz < on (52)" 50 as k= oo,

Proof. We have found in Proposition [3.4 that, it U € B,(U), Iy — Mz, (U) is invertible. Then UL
defined in can given by

-1
U 0 =09 U — (I - Mz, @) (09 U - KUP) + K@)

Since

K(U) - K(U®) = - /1 Mr ((1 —2)U® 4 xU) : (U}P - U) dz,
0

then, we can write

R e ) A L) RCAR
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by added Inyy — MT(Uy(Lk)) to and subtracted from Iyy — Mp <(1 — x)Ur(Lk) + xU), we get

Ukt _ = /0 1 [INN - <INN - szn(U?g"f)))_1 (INN - MT(U,S“))] . (ny) - U) d
+ /1 ([NN . MTn(U,Ejﬂ))_1 [MT ((1 —2)UP + xU) - MT(U,EP)} . (ng> - U) dz,
0

and
-1
I+~ Ullg < liww = (Ivw = M, (U0)) (Ivw = MoUE)) |[IUP = Ullg+

-1 1
| (T = 2, W0)) WD = Ul [ 1137 (L= )V +20) = Mr @) da

Let U € B, (U) and according to Proposition

11wy = (Tnvw = Mz, (UP)) (Iuw = Mr(UP) ) || < b,
and since B, (U) is convex, for all z € [0, 1], (1 — x) W 42U € B, (U) , and according to Proposition
1M (1= 2)UP + aU) = Mr(UP)|| < Aral UF) - Ul

Hence 1
1
1z (1= )0+ ) = MU dx < ARl -~ U
0

We use the second inequality of Proposition we have

1
U ~ Ul < &al|UL — Ullg + (2001 + 6P — UIIR) S2xIIUS - Ul

=min{r (g 7))
On = "\ 2l +6,)) [

e 77(k) 1 k 1—0n
Then if U € B,, (U), §>\R||U7§ ) —Ul|5 < A Hence

We define

1446,
o vl < (2E0 ) 1o - Uil

since 1 + d,, < 2 the previous inequality implies that U e By, (U) and that

140,

k
||U,$'“>—U||;s@n< ) L0, as ko oo
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5. Analysis of option B

This option begins by the discretization of the system ([Il), where the Nystrém method leads to finding
Va(t) = (Vi (), Via(t), ..., Vo n () € X such that

.

n
Vai(t) = an,p”ﬂ (ttp, Vi (tp), Vaa(tp), .., Van (tp)) + 91(0),
p=1

Vo2(t) =) wnphka (b tp, Vi (t), Va2 (tp), o Vv () + 92(8), "
p=1

Van () =D wnphin (ttp, Vi (8), Vaa(tp), o Vv (t) + gn (8),
p=1

for all t € [0, 1] and a given functions g; € €; .

Proposition 5.1. Assume that holds. Then

C
where
oS (A oy N LN
12 tE[O,l] i—1 aS s=0 858t s=0 ’

Proof. For proving this proposition, we use the numerical integration rule , and the estimation ( (3.6)
pp-29) of [1].
O

Now by applying the collocation technique to each equation of system , we obtain a nonlinear algebraic
system of equations in R™*V_ Let

) = Voy(t), j=1,.,N, l=1..n

For 1 <i < N. Let O,,; be open subset of R” and let F,, = (Fy, 1, Fn2, ..., F,,n) be the nonlinear operator
N

from some open subset 61\7 =[] On,; of R™N into RN defined by
i=1
Fn,z(X)(l) = xz(l) - an,pﬂi (tl, tp> X(p)) - gi(tl)v (15)
p=1

where X = (z1,z9,...,xN) € On and [ = 1,...,n . The problem is set up as:

{Find Xy = (250,25, ..., 2%) € RN, 16)

Fo(X2%y) = (Fn,l(ngN),an(ngN), ...,anN(X;;f’N)> — Oy

We have F,, is differentiable and its differentiable is presented by a block of matrices as

[Dr,Ji1 ... [Dr.hiv

[Dr,Jo1 ... [Dr,lan
Dp, = : ) .

[Dr, N1 .- [Dp,nN
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where for all 1 <1i,j < N,[Dp,J;; is a matrix of size n x n, and for all 1 <I,p <n

i (0 0, ) 1

[DFn]i‘(lap) = 0 0o .
’ 2t (tl,tp,mé 0,257 @), 2 0)) ) i LA p.

We solve the problem by using the Newton-Raphson method. The iterate X ff;” solves

where for all 1 <1 <n,1<i<N, we have

a® Zzwwa (11,5, XN ) 2 +§jwnpm(tl,tp,x“<>)+gz<m ()

j=1p=1
We recover the approximation V(Hl) = (Véﬁ*l),v,f’?l), ...,Vélﬁl)) € X with the natural interpolation
formula:
v anpm (t s XD (i )) Ygilt), i=1,..,N, te[o,1]. (18)

After these steps, we need to prove the convergence of the iterates ( U toward the solution V,, of the

system (14 . Let ||.||, be the vector norm in R™, and ||.||, v be the vector norm in R™¥ such as:

ZHUJHH = ZZWJ

Jj=1p=1

vV = (U17U27"'5 )

Let |||.|]| be the matrix norm in Mnx~(R) such as

N n
VM € Mo (R), M) = max 37 max 3™ [My(Lp)],
-7 g=1 — 7 p=1

and S,.(W) the ball of center W and radius r in R™¥ for the norm ||.||,x-
We define the vector W = (w1, wa, ..., wy) € R™ from the exact solution U by
wi(l) = ui(t), i=1,...,N, [=1,..,n.

For VmN = (1)1,1)2, ...,UN) S RnXN, we define Vn,N = (6n71,6n72, ...,5,17]\[) exX by

U i(t) anpm (t,tp, Van(p)) + gi(t), i=1,...,N, tec][0,1]. (19)
p=1
N
Lemma 5.2. For all V, x € Sp(W) = [] S, (w;) € RPN,
=1
~ N
Vo =Ullg < CollVa,y = Wllan +0{ 5 ) - (20)

Proof. We have

=z

N
Vo = Ullg = D [[ns — uillx, < Z (115 (Vo) = K0, + 1Ko (0) = K@), ) -
=1
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For all 1 <i < N, we use and the regularity of x;, for writing:

1
1s@) = K@)l =0 (53 )+ ot 1Eni(F) = K@)l < (Cor-+ )l = il

N
and by taking C, = 11f<nax (Cp +C,) and o = Z 0;, we have finished the proof. O
i=1

In the following step, we fixed n >> N such that the Propositions are satisfied, and we choose
the positive number ¢ such that

N
o€, +0(5) <n (21)
with r is the parameter defined in Proposition [3.3] . Then
YWan € S,(W) c RN — 1, v € B,(U) C X.

As for all 1 <1 < n, we have

(DE, (Va,n):h) (1) = (Iny = M, (Vo,n)) (01, )B(t),  Wh € RV, (22)
and by using the Proposition we can find that Dp, (V) is invertible and
I >0, (Dr, (Van) M < s WV € So(W). (23)
Similarly to Proposition [3.I} we can demonstrate that
IDF, (X) = Dp, (Y] < AlIX =Yy, VXY € Sp(W), (24)
2, 3k /
Ao = 21r<nla<)](vsllp {13;1£N (t,s,Zj)Zl[%)F,)l}2xDR Tlt?(t7s’zj) ’1;121\7 (t,s,Z;)ZL[})I?l} 2% Dg 8u28t( 8 Z) }

and

Iy = [— ) J-
Theorem 5.3. Lei Vn(kH) be the iterate solution defined in . Assume that the assumption are
satisfied. Let r be the parameter defined in Pmposition and o satisfy . For VTEO) € S,(W), let the
positives constants vy, Bn, Nn, Ao and T, be given with the accompanying properties:

Sr (V) C Sp(W), 7 = % <1l, r,= : Bn ,
.,

the inequalities and are satisfied, and
11(DE, (Vi) D, (VO[] < B

Then V™ € S (Vn(o)) and

k_
2 1 c

+ .
72" 2
Th n

Proof. 1t is the Newton Theorem for Several Variables, and the proof is well detailed in [10] (see Theorem
5.3.2, pp.270). O]

WV —Ul; < eBn " (25)

Remark 5.4. (Comparison between option A and B)
The difference between the option A and B is due to the fact that integrals on the right-hand side of the
system of equations — @ in option A are approximated by the Nystrom method, ie, for all 1 <i < N

1 m _
/o Ki (t, s, U}Lk)(s)) ds ~ ;wm,qni (t,tq,UT(Lk)(tq)> , Uflk) ex, k=1,2,... |,

where we choose a finer grid according the number of nodes m in the subdivision too big to n (m >> n).
This choice that gave option A the preference over the other option B.
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6. Application on nonlinear integro-differential equation

This part explains how to apply option A in order to approach a nonlinear Fredholm integro-differential
equation. Consider the following integro-differential equation.

1
u(t):/o n(t,s,u(s),u/(s),...,u(N_l)(s))ds+g(t), t €[0,1], (26)

according the technique described in the paper [2], we derive this equation (N — 1) times, then we obtain
the system

1
ui(t) =u(t) = /0 K (t,s,u1(s),u2(s), ....,un(s))ds + g(t),

0 g’: (t,5,u1(s), uz(s), oy une () ds + g'(1),

. 5
v ) = 000 = [ B 1 (6) () () d5 40,

) (i—1)
for all t € [0,1]. If we set, for all 1 < i < N, g; = ¢¥ Y and &; = 8375(11,;’ 80, the system will be

equivalent to the system . However, we can apply now the new process (Option A) in order to approach
the solution of our integro-differential equation, that we will see in the next numerical examples.

7. Numerical Examples

In this section, to examine the effectiveness of our new process (option A), compared to the classical
process (option B), we will treat two examples. In the first example, we solve by using option A, the same
nonlinear Fredholm integro-differential equation presented in [2], and we compare our results with its results.
However, we mention that the results of the paper [2], have been obtained according the classical process
(option B). In the second example, we solve a system of nonlinear integral equations by using the both
options A and B, also we compare between the obtained results.

Let (UT(Lkl), UT(L 2), . Ur(zk])\/) € X and (Vrf 1), Vn(g), ey Vé?,) € X, k € N*, the k order approximative solution of

our system of equatlons 1) according to the scheme of option A, and to the scheme of option B,
respectively.

First, let n € N*, and considering the equidistant subdivision 4,, of [0, 1] defined by:

1
Ap = {tp:ph, h:n,pzl,...,n}.

We define the stopping condition on the parameter k as:

N

For Option A : Sk = max |Ur(lki—~_1 (tp) — U(k (t,)| < 10799,
1 1<p<n ’
N

For Option B : St = max |V, k+1)(tp) — V;EI? (tp)| <1079,

= 1<p<n
We denote the obtained error us1ng the both options A and B by:

N

For Option A eq = max Juicar(ty) - Ul (t,)].

i=1
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N

For Option B : eB = max |ujeqt(tp) — 1A% (tp)]-
=1 1<p<n ’

where, U = (U1 ext, U2,exts o) UN,eat) € X is the exact solution of the initial system of equations . We pass
now to the numerical examples.

Example 1: Consider the nonlinear Fredholm integro-differential equation presented in [2]

1
u(t) = ;/0 sin[2(s +t +u(s)) + (1 — s)e® —u/'(s)]ds + g(t), Vte€[0,1], (28)

with u € C*([0,1],R) and g(t) = te' — %[sz’rﬂ(l +t) — sin®(t)].

As we have described in section [f} we notice by u(t) = ui(t), v/ (t) = ua(t), g1(t) = g(t) and ga2(t) =
2
gdt)=(1+t)e — 5[cos(1 + t)sin(1 + t) — cos(t) sin(t)], then we obtain the following system

1
ui(t) = < / sin[2(s +t+ui(s)) + (1 — s)e® —ua(s)]ds + g1 (1),
0 (29)

1
ug(t) = = /0 cos[2(s +t+ui(s)) + (1 — s)e® —ua(s)]ds + ga(t),

where U = (te!, (1 + t)e?) is its exact solution. However, we solve this system by using option A and
compare our results with the results obtained in [2].

Example 2: Consider the following system of equations, for all ¢ € [0, 1],

( 1 2
u1(s) 1 <t+1>
t) = ds+t+-log | ——= ),
wu(t) /0 24+t + uz(s)us(s) 5 3 & t+9

B tug(s) 1
ua(?) _/0 2+t+u1(s)+u2(s)ds_t<1+ 3(t+2)>’ (30)

L 2tug(s) —t 7
t) = ds+t*+tlog (= |,
us ?) /0 54 ui(s) + us(s) ° °8 <5>

where U = (t,—t,t?) is its exact solution. In the same way of example 1, we solve this system by using
the both options A and B, then we compare between the obtained results.

The Error
n Option A Option B ([2])
5 9.6417E-05 8.5244E-02
10 2.3565E-05 4.2957E-02
50 9.2595E-07 8.6250E-03
100 2.3097E-07 4.3136E-03
500 9.2225E-09 8.6289E-04

Table 1: Numerical results of example 1.
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The Error
n Option A Option B
5 3.8751E-04 4,8409E-02
10 9.4735E-05 9,2095E-03
50 3.7221E-06 3.1248E-04
100 9.2821E-07 7.6564F-05
500 3.6736E-08 3.0139E-06

Table 2: Numerical results of example 2.

The errors of both options A and B applied on example 1 and 2 are shown in Tables and ,
respectively, which confirm that option A is more accurate than option B. However, in Figures and
we can see that the approximate solutions using option A converge to the exact solutions. Furthermore,
Figures and show us the distance between two successive iterates using option A and B for example 1
and 2, respectively, which proves that option A has a linear convergence, worse than option B. So, we conclude
that our numerical results are similar to the results of [5], which assure that our vision is reasonable.

Conclusion

In this work, we have constructed a Linearization-Discretization process for solving a system of nonlinear

Fredholm integral equations defined in an infinite dimensional context. As well as, we have proposed the
necessary conditions which guarantee the convergence analysis of this new process.
However, the numerical tests show that our new process should be preferred to the classical method. The
reason for this behavior is obviously that the sequence UF constructed by using option A converges to the
exact solution U. On the contrary, the sequence V,* constructed by using option B converges to V,,, which
is just the solution of the discretized problem obtained by the Nystrém method.

0 01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1: Approximate solutions of example 1, using option A with n = 20 and m = 180.
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Figure 3: Approximate solutions of example 2, using option A with n = 20 and m = 180.
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Figure 4: Graph of logio of the distance between two successive iterates (example 2).
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