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ABSTRACT.  In this paper, we defined new two-fractional derivative operators with a Wright function in their
kernels. We also gave their Laplace and inverse Laplace transforms. Then, we presented some connections between
the new fractional operators. Furthermore, as examples, we obtained solutions of differential equations involving
new fractional operators. Finally, we examined the relations of the new fractional operators with the fractional
operators, which can be found in the literature.
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1. INTRODUCTION

Fractional order derivatives and integrals are generalizations of classical derivatives and integrals studied in detail
by Leibniz and Newton. What is meant to be expressed as a fractional-order derivative is actually any-order derivative.
The concepts of fractional order derivative and integral are as old as the concepts of integer derivative and integral, and
the expression of fractional derivative is first mentioned in letters between Leibniz and L'Hospital in 1695, as stated in
many sources [15,20,26,27].

In the last decade, researchers have been doing a lot of work on fractional operators that have become popular. Very
recently, many studies on new fractional operators, which have various special functions in their kernels, can be found
in literature (see for example [1,3,4,10-12,14,16-19,21,22,24,29,30], and the references therein).

In the third section of this paper, we defined two new fractional derivatives in the sense of Riemann-Liouville and
Caputo fractional derivatives. These fractional derivatives includes a normalization function as a coefficient and a
Wright function in the kernel. In the same section, we also obtained the Laplece transformations of new fractional
derivatives. In the fourth section, we gave the solution of two differential equations using these fractional derivatives
as examples.
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2. PRELIMINARIES
In this section, we give relevant material which will be used throughout the paper.

Definition 2.1 (Gamma Function [5]). The gamma function is defined by

I['(x) = f B rLexp(-t)dt, (Re(x)>0).
0

The above integral for I'(x) is sometimes called the Eulerian integral of the second kind. The gamma function has been
the focus of attention of many researchers and has been presented in the literature by making various generalizations
of this function. For some of these studies, see [2,6-9, 13,23, 25, 28].

Definition 2.2 (LT: Laplace Transform [15]). The LT of a function f(¢) is defined as:

(D)} = F(s) = fo f(H)exp(-sHdt, (Re(s) > 0).

Clearly, the LT is a generalized integral and is calculated as follows:

00 A
f f(t) exp(—st)dt = jim f f(t) exp(—st)dt.
0 - Jo

The integral is convergent if the limit on the right hand side of the equation is present. In this case, the integral given
on the left has a certain value. Otherwise, the LT of f(¢) does not exist.

Definition 2.3 (ILT: Inverse Laplace Transform [15]). The ILT of a function F(s) is defined as:
1 c+ico
HF(s)} = f(1) = 7 f F(s)exp(st)ds, (c >0).
Tl Je—ico

Remark 2.4. Note that, ¢ and £~ are linear integral operators.

Definition 2.5 (Convolution [15]). The convolution of f(¢) and g() is given by

J(@0) «g@) = fo ft = 1)g(n)dr. 2.0

Theorem 2.6 (Convolution Theorem [15]). Let L{f(t)} = F(s) and L{g(t)} = G(s). Then, the following formulas
holds true:

L{f(t) * g} = F(s)G(s), (2.2)
and
L HF(5)G(5)} = f(t) * g(D). (2.3)

Definition 2.7 (Riemann-Liouville and Caputo Fractional Derivatives [20]). Let Re(e) > O and n — 1 < Re(@) < n
for n € N. Then, the Riemann-Liouville and Caputo fractional derivatives D,y and CDZ+ y of order @ € C are defined,
respectively:

@ 1 d ! ) n—a—1
28] 0= ey (a) f (=00, (x> a), 24)
and
1 X
Cna _ _ ph—a—=1_,(n)
[“D2.y| () = o= f (x— " YO@Bdt, (x> a). (2.5)
Definition 2.8 (Wright Function [20]). The Wright function is defined by the series
0 1 Zn
o¥i(a,B;2) = nzz(:) ma, 2.6)

where a, 8 € C and Re(a) > —1.
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3. NEw FRACTIONAL DERIVATIVES AND THEIR PROPERTIES

In this section, we give definitions of two new fractional derivatives. In one of them, the classical derivative op-
erator is outside the integral as in the Riemann-Liouville fractional derivative, and in the other, it is included in the
integral as in the Caputo fractional derivative. Therefore, we call these operators as WRL and WC fractional derivatives,
respectively.

Definition 3.1. Let0 <a,e<1,0<a<t<x<oco,y>-1,>0,f ¢ H'(a, b). Then, the new fractional derivatives
of a function f defined respectively as:

By, o N(a,,B) d " — 3 G,’(.X— t)y
["* D3P £ () o= =TG) afa (x =t () 0¥ (%ﬁ,——g )dt, (3.1)
and
[renpr s = X8 [t o (s T (62
“ T e J, :

where N(a, () is the normalization function and N(0,0) = N(1,1) = 1.

If we take @ = O and 8 = & = 1 in the WYRL (3.1) and WYC (3.2) fractional operators, we obtain the following
equations respectively:

[*RDG T ] (0 = N, 1D f(),
and
[YDYI £| () = NO, D(F(x) - f(@).
Now, let us give a lemma that will be used frequently in further theorems.

Lemma 3.2. Lety > —1, s > 0. Then,

L {xﬁ_lo‘l’l(y,ﬂ; /lxy)} = sPexp (s_/i) (3.3)

Proof. Using the definition of LT, we have

Y {xﬂ’lo‘lﬁ(y,ﬁ; /lx‘/)} = Z mﬁng {xyn+ﬁ—1}
n=0

n!

[e]

_ Z I 2"Tyn+p)
- T(yn+B)n! sB

n=0
-3
n=0
=sPexp (S—/ly) o
Theorem 3.3. LetO < a,e<1,y>—-1,6>0, s> 0. Then,

I {[‘PRLDg;ﬁ,%Sf] (x)} _ ]Z(l?(’ﬁﬁ)) s'"PF(s)exp (_ﬁ) ) (3.4
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Proof. Using the definition of WRL fractional operator and considering Egs. (2.2) and (3.3), we get
@By N@.p) a(x -0
e {["D5re ] o) = S { f (e 0 F0) 0¥y (y pi- )dr}

I
— 1Y

= Mo om0 o (" ) Jar}

_ N(O’,ﬁ) 1 _iy

- iR 0%(” o)

_ N(a,p) a\'' 1 (s
T SF(S)HZ(; r(yn+/3) (_E) Eﬁ{xy -

_ N@p) N _ay L T(yn+p)
T SF(S)Z F()/n+ﬁ)( g) nl B

N(lil(ﬁﬁ)) s ﬁF( )Z( ssV)

N(a/ N(a,B) 8 a
F(B) F(s)exp( ) O

Theorem 3.4. LetO <a,e<1,y>—-1,8>0, s> 0. Then,

o{["DiE f] 0) = B sF () = FO)s P exp (-5 ). (3.5)

Proof. Using the definition of WC fractional operator and considering Eqgs. (2.2) and (3.3), we obtain
@.B,y.& N(a,p) N 1 a(x —1)Y
ef[rpieref| (o) = DBy { fo (= 0P (0 0¥ (y,ﬁ; ‘T))‘”}

T ()
]Z(}’(g) (foe {xB" o (y, 5 _a_ﬂ)}
= Z(ﬁ(ﬁ)( sF(s) = f(0 ))Z F(ynw)( Z) %Q{xwﬁ_l}
- N(g([f))( F(s )—f(O))Z r(y“m (‘%) %W
) ]Z(%)( SF() = fO)s -BZ( 2y
- IZ(?(};B))(W () = FO)5 P exp (-5 ). ]

Theorem 3.5. Let0 < a,e <1, x>0,y > —1,8>0. Then,

[FeDr ] 0 = [0 | o) - MEBED g .- ).

Proof. Using Eq. (3.5) and considering Eq 3. 4) we have

ef[*epgeref] o) = r@ D5k (5) - o5 exp(~-2)
_ N@.p) | @\ N@p)fO) _ @
a F(ﬂ) sPF(s) xp ( s7) eI'(B) s exp ( esy )
= ¢{[*"Dgfrf| (o) - N@.p)/O) (Zf (E; © s exp (—%) (3.6)
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Application of the ILT to Eq. (3.6) gives

apye afye N(@,B)f0) [ @
YC By, _ [¥RLp@B.y, _ 18 _
("D f] (o0 = [0 f] (o - o 5 {s exp( = )} 3.7
Taking A = —% in Eq. (3.3) and applying the ILT to both sides, and then using in Eq. (3.7), we obtain
o : N(a.B)f(0) 5 ax’

YC By _ [YRLyaBy.e 1 .

(D57 £l =[0G o~ == o (y,ﬁ, — ) (3.8)
which completes the proof. O

Remark 3.6. If we take f(0) = 0in Eq. (3.8), we get that the YRL and WC fractional operators are equal.
Theorem 3.7. Let0 < a,e <1, x>0,y > -1, 8> 0. Then, the solution of fractional differential equation
[*DGE7 f] () = g(x)

can be found as

r N Y
70 = 2o [ o oy (y, .y @)da (39)
Proof. Application of the LT to the fractional differential equation gives
_N@.p) 14 o
G(s) = TG Q) s PE(s) exp( gsy).
Then,
) —
F(s) = N(Q’B)G(S)SB exp (W ) (3.10)
Taking H(s) = s ' exp (%) in Eq. (3.10), we obtain
_elp)
F(s) = Na.p) G(s)H(s). (3.11)
Application of the ILT to Eq. (3.11) gives
el
fx) = —N(a,ﬁ)ﬁ {G()H(s)} . (3.12)
Writing 8 — 1 - fand 4 — £ in Eq. (3.3), we have
U {X_BO"Pl (7, 1-5; %)} = ! exp(i). (3.13)
& es”

Application of the ILT to Eq. (3.13) gives

x‘ﬁo‘Pl (y, 1-5; %) = ¢! {sﬂ" exp(%)}

e
= ¢ {H(s))
= h(x). 3.14)
Using Eqgs. (2.3) and (2.1) in Eq. (3.12) and considering Eq. (3.14), we have
I’
1) = 2B (o) o)
l" X
= ;(a(ﬁﬂ)) i g(Oh(x — Ddt
r * —
- v [ soe-nPon (7, - @)du 0
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Theorem 3.8. Let0 <a,e <1, x>0,y > -1, 8> 0. Then, the solution of fractional differential equation
(YD ] () = s
can be found as
_ € e PN _ a(x—1)Y
fx) = N@.p) g(l)(x N7 oY (7, 1-p; — )dt + f(0). (3.15)
Proof. Application of the LT to the fractional differential equation gives
N(a, _
G(s) = 8(;’ (ﬂﬁ) )(sF(s) — £(0))s P exp (—i)
_N@pB) i N@.B) _a
PO eXp( ) F&O=ZTe f(o)eXp( gsw)'
Then,
ETB) o st (2, FO)
F(s) = NG B)G(S)SB (Sﬂ) = (3.16)
Application of the ILT to Eq. (3.16) gives
. eI | 1
(F@) = Gt {G(S)SB exp( )} + F(0)e { } (3.17)
Taking H(s) = s~ exp (% ) and using Eqs (2.3) and (2.1) in Eq. (3.17), we have
fx) = N( ) (g(X) * h(x)) + £(0)
eI (T B
N g(Dh(x - 1)di + f(0)
_ € 'y B _ alx—1)
= Na.p) g(t)(x N7 oY (7, L=f———|dt + f(0). O

Remark 3.9. If we take f(0) = 0 in Eq. (3.15), we get that Egs. (3.9) and (3.15) are equal.

Corollary 3.10. Let 0 < a,e < 1, x 20,y > =1, B > 0. Then, the functions fi(x) = 0 and f,(x) = f(0) are the

solutions of the following differential equations, respectively:
"D fi] () = 0
and
[*DE"* ] (0 =0

Proof. The desired results are easily obtained by choosing g(x) = 0 in Egs. (3.9) and (3.15).

O

Theorem 3.11. Let g be a differentiable function and the integral J;)x g(t)dt is valid. Then, the following equation holds

true for0 < a,B,e <1, x>0,y > —1:
f [ g (i = [ Dy f g(r)dr] ).
0
Proof. Rewriting Eq. (3.9), we have
eT(B)
X) =
TD= Nap)
Taking the differential of Eq. (3.19), we get
, el'B) d f 5 a(x -1
= — H(x — 4 1 -6, ———|dt
1) N(@.p) dx g(x =) Wi |y, 1 - A

O ETETA =B [yrir-alpoye
= NaANaT—p | Do "% .

PO (7, 1-B; “(’“8 m)dt_

(3.18)

(3.19)

(3.20)
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Taking the integral of Eq. (3.20) and considering the formula fox f(Hdt = f(x) — f(0), we obtain

£ = grera-g
B N(a'sﬁ)N(_a" 1 _18) 0
Let v(x) = fOX g(t)dt and v'(x) = g(x). Then, substituting in Eq. (3.15), we have

T X —_
]f,(a(’ﬂﬂ)) -t (y, 1-5; @)dﬁﬂm

_ _EIPTrd-p
~ N(@,B)N(-a,1-p)

— 82 r(ﬁ) F(l —,8) WC-a,1-Bye fx
" N(@BN(=a,1 - B)[ Do | sar

Considering Eqgs. (3.21) and (3.22) together, we get
fo ) [*FLDg P g (odr = [‘PCDOf”Iﬁ’” fo ) g(t)dt] (%) 0
Theorem 3.12. Let0 < a,B8,e <1, x>0, y > —1. Then,
j; ! [\PRLD(;Y,I—IS,%E g'] (t)dt = [\I‘CDag,l—ﬁ,%sg] (x).

Proof. The desired result is obtained substituting g’ for g in Eq. (3.18). O

PR F Y 2g ) (0t + £(0). (3.21)

fx) =

"D ] () + f(0)

(x) + f(0). (3.22)

4. SorutioNs OF DIFFERENTIAL EQuaTIONS INVOLVING NEW FRACTIONAL DERIVATIVE OPERATORS

In this section, as examples, we find the solution of two fractional differential equations, for both of the fractional
operators. The theorems given above will be used to obtain the solutions of differential equations.

Example 4.1. Lety,p > —-1,0 < a,e < 1,5 >0, x > 0. Assume that, the fractional differential equation
[\PRLDglﬁ’y’sf] ()C) — xp

is given. Taking g(¢) = # in Eq. (3.9), we have

el ™, B ek -y
fx) = Na.p) j(; £ (x—-1)"¥ (y, 1-6; — )dt. 4.1
Application of the LT to Eq. (4.1) gives
_ el -8 _a
L{f0} = N(G,ﬁ)ﬁ{x"}ﬁ{x o (%1 B — )}

el Tp+1) 4, .
" Nam T e (5)
_eT@Tp+1) 4, ka
~ N(a,p) S exp (ss7 ) ' “2

Application of the ILT to Eq. (4.2) gives
fo) = efB T+ 1)53‘1 {sﬁ‘p_z exp (i)}

N(a,B) esY
_elBTp+1) g+ B 'ﬂ
= —N(Q,IB) x° O\Ill (’y,p ﬂ + 2, - ) (43)

Remark 4.2. If we take p = 8 in Eq. (4.3), we have

_exI(BTB+1) ‘I‘( 9 a/xV)
== "oy, 2 —=].

fx) N@.f)
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Example 4.3. Lety,p>—-1,0<a,e < 1,8 >0, x > 0. We consider the fractional differential equation
[*DGE ] () = o
with the initial condition
f0) =c,
where c is constant. Taking g(r) = # in Eq. (3.15), we get
f(x) = f 20— 10 [y, 1 =g =) g+ 40 (4.4)
N( B) 0r11Y, o . .
Application of the LT to Eq. (4.4) gives
r %
(7o) = S gy e datow (.1 - g ) g
N(a,B) e
o) r'e+1
_ TP T+ D) o exp(i) L+ 4.5)
N(a,p) s es") s
Application of the ILT to Eq. (4.5) gives
sF(ﬁ)F(p+1))1{Sﬁp2 (a)} _I{C}
= [Untim
fl) = N(a,B) es” * s
eIBTp+1) , 4. ax?
=L L Py +2; — -, 4.6
N@.f) Y.p=p pal s (4.6)

Remark 4.4. If we take p = 8 in Eq. (4.6), we get

exT(B)T(B + 1) OT]( ’2;a'_x7’)+a

fx) = N.f)

5. CoNCLUSION

In this paper, we defined fractional derivatives operators WRL (3.1), WC (3.2), which have a Wright function (2.6)
in their kernels. Since the Wright function has a more general form then most of the special functions, many fractional

derivatives becomes the special cases of the fractional derivatives introduced here.
Some of the popular definitions of fractional derivatives, which recently defined, are given below.

Caputo-Fabrizio [12]:

o M(a) S a(x—1)
[‘@)(c )f](X):mL f(T)eXP(— I—a )dT-

Losada-Nieto [21]:

@ QC-ao)M@) (T, a(x— 1)
[CFD f]()C)=w.f0 f(‘r)exp(— —a )dT

Yang-Srivastava-Machado [30]:

(@) R(a) df a(x —1)
[PPf0= Gy | f@ex ( )dr.

Atangana-Baleanu [10]:

osms] oo = e [ g )Ea( e Tf :a)dr,

1

B(“) f f()Ea( Ax-1f T)a) .
04

[ABCDaf] (x) =

5.1

(5.2)

(5.3)

5.4

(5.5)
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Gomez-Atangana [16]:
M(a@) _alx—1)
GAsDtIJ’ _ f n—y— l )
(#2010 = o=t Saw ), fOE=D ——|dr. (5.6)
M —
(46027 | = s [ e oy exp( o T))dr. 5.7)
(n—a)l'(n—-7y) —a
Ilhan [17]:
o N(e, ﬁ) a(x T)
FRpy@:Byy _
(D0 = f - f f@G@ = Fy (y Bi-—— )dr, (5.8)
P N(a, ﬁ) a/(x T)
Fepesy = f F - dr. 59
D0 = ppaza ). £ @@=y - Jdr (5.9)
We present the relations between WRL and WC fractional operators and the fractional operators given above, in

Table 1.

TasLE 1. Relationships of Fractional Operators

Riemann-Liouville (2.4)

¥, 0,8, (” D NOB) 1-8
RLpRBYe | (0 =" 208 [0, f] (0

Caputo 2.5)

YepRPTef] () = M08 D) £ ()

Caputo-Fabrizio 5.1

o |00 = G [ 27| @

Losada-Nieto 5:2) | [YDy" 7 f| () = 2D [FDO £ ()
Yang and et. al. (5.3) | [*RED% 7 ]( ) = M [D(O)f] (x)

ER(0)

Atangana-Baleanu  (5.4)

£B(0)

Atangana-Baleanu (5.5)

DY f] () = 2 [ABSDO ] (x)

Gomez-Atangana (5.6)

WRLH0B.Y-€ (=) _N@©OB) [GARp0:1-B
D, ] (x) "= aF(ﬁ)M(O)[ D, f](x)

Gomez-Atangana 5.7

‘FCDOﬁVEf] ( ) (” D _N©Op) [GAgDOsl_ﬁf] ()C)
x

[
[
"D
"D
[
[PRED! Y £ () = S [ABRDOf| ()
[
[
[
[
[

T BM(O)
[than (5.8) | [0 ](x) sF(ﬁ) [FRDglﬁ’yf ] (x)
ilhan (5.9) | [*D}E ] 0 = i [FDYr] o

sl"(,B)
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