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Abstract Keywords

In a class of diffusion Markov processes, we formulate a problem of
identification of nonlinear stochastic dynamic systems with random
parameters, multiplicative and additive noises, control functions, and the state
vector at a final time moment. For such systems, the identifiability conditions

Unmanned Aerial Vehicle
Motion Control
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Stochastic Optimization

are being studied, and necessary conditions are formulated in terms of the

general theory of extreme problems. The developed engineering methods for Time Scale of Article

identification and optimizing nonlinear stochastic systems are presented as
well as their application for unmanned aerial vehicles under wind
disturbances caused by atmospheric turbulence, namely, for optimizing the
autopilot parameters during a rotary maneuver of an unmanned aerial vehicle
in translational motion, taking into account the identification of its angular
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velocities.

1. Introduction

Stochastic differential and discrete models are applied in
the study of complex controlled systems under
conditions of random parametric, structural, and
external disturbances.

The mathematical foundations for such researches are
presented in well-known monographs by Bulinsky and
Shiryaev, 2005; Evlanov and Konstantinov, 1976; Fleming
and Rishel, 1975; Gikhman and Skorokhod, 1977; Kazakov,
1977; Oksendal, 2000; Solodov and Solodov, 1988 et al. .
Here and further, we apply for the alphabetical citation
order.

Strict mathematical methods for optimizing nonlinear
systems are also known; for example, Dubovitskii and
Milyutin, 1965; Girsanov, 1970; loffe and Tikhomirov,

1974; Kazakov and Artemyev, 1980; Kolosov, 1984 et al..

In the applied theory of optimizing nonlinear stochastic
systems, approximate methods based on parametric or
functional approximation of the a posteriori probability
distribution density are used. Parametric approximation
methods are applied to determine the characteristics of
stochastic processes, namely, a posteriori moments or
cumulants, which are usually called semi-invariants, see
the monographs by Bodner et al., 1987; Chernetsky, 1968;
Denisov and Rodnishchev, 2017; Dostupov, 1970;
Kozhevnikov, 1978; Malakhov, 1978; Potseluyev, 1984;
Pugachev and Sinitsyn, 1985 et al..

Our theoretical results on this topic were presented in
research papers (Rodnishchev, 2001a,b; Rodnishchev
and Khairullin, 2010). These results were implemented in
the Russian aerospace industry, namely in control
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systems of spacecraft (Rodnishchev et al, 2019),
including mini-satellites for communication (Fig. 1) and
the Earth-observing (Fig. 2), space robot-manipulators
(SRMs), Fig. 3 (Somov et al. 1, 2019), as well as Russian
passenger airliners, Fig. 4 (Rodnishchev and Somova,
2019), in control systems of turboprop engines for
various aviation equipment (Bodner et al., 1987
Kozhevnikov et al., 1989).

In this paper, methods for identification in stochastic
control systems and study the problem of optimizing
parameters of unmanned aerial vehicle (UAV) autopilot
during its turning maneuver in translational movement
under stochastic atmospheric turbulence are briefly
presented.

Fig. 1. The communication mini-satellite

W

Fig. 2. The Earth-surveying mini-satellite
2. Models and the Problem Statement

In this section, the problem of identifying vectors of
parameters a={g;}eR"™ and control u={u}eR" is
studied for nonlinear stochastic system

dy; = (XCy;(1,b)dt +dwy(1)¢;(¢,y,b,u,a))
+zcij(t:yab)dnj(t)’ iEN;’, te[tiatf] (1)

with a state vector y=/{y;}eR” at initial condition
yi = {y;} where N} =[1,2,...n] and observations

Identification efficiency is evaluated by functional

minimum

Iy
Iywa)= [ B[S oy - Sep) 1 d,
4
)
and control objectives, technical and operational
requirements to the system are determined by
constraints on the final system status of the equality type

I, (wa) = E[f,(y)l—¢, =0, seN{. 4)

Here E[-] is the expectation operator, ¢ and ¢ are the
initial and final interval and
Ve =t =y@) -

points of a time

As a control vector u(-), we study a program control
u(t,y). Control wu(¢) is
determined on the set
S={u@®eLltt]:u@)}eU,t[t,t]}, where L,[¢#,¢] is
the space of measurable functions with quadratic
metrics and U R is a convex set.

u(¢) or feedback control

Fig. 4. Russian passenger airliner IL 96-300 on landing

The feedback control u(z,y) is considered as Borelian
function as either a random element in L, or a non-
anticipating process relative to Wiener processes w;;,m;
with values in U.

Next, column a determinate the controlling parameters;
bE{bl-}eRl is a random vector; wy(¢)=W;(t)dt and
n;(t) =N ;(t)dt are Stratonovich stochastic differentials
of Wiener processes wy(s) and n;(¢), moreover, the

process wy(t) describes multiplicative noises affecting
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the system, the process n,(¢) describes additive noises,
W, (t) are white Gaussian noises that describes random
internal perturbations common for the system, N ;(¢) are
the white Gaussian noises; C;(t,b), ¢;(ty,b,u,a) and
o;(t,y,b) are given nonrandom functions satisfying
given requirements of solution existence (1), and
z={z;} eR” is observed vector of tester coordinates
z;., k e Nf, p <n. The matrix component (c;,) determines
the selection of observed system coordinates (1), w, (¢) is
derivative of Wiener process, w,(¢) is component R, (¢)
of tester additive white noise.

At last,

differentiable functionals on a set of variables, and
I,(u,a) is bounded functionally differentiable on the set

I.(u,a) are continuous and continuously

of variables and a, are the weight numbers.

At accepted conditions concerning the right parts,
solution (1) exists, and it is unambiguous. However, this
solution does not need to be a Markov process. That is
why, to make (1) describe the Markov process, we
introduce an extended state vector x={x;}=/{y,b}.

Relative to the state vector x equations (1) reduce
themselves to an equivalent system of diffusion
stochastic differential equations

dx; = (XCy(t,x)dt + dw; (1)) §;;(1,X, u,2))
+ ch](t,x)dnj(t), xi(ti) = Vi Vie Nf,

dx; =0, x,(6)=b; VieNyi]. )

These equations have a single solution and describe the

diffusion Markov process Vte[t,t]; the posterior
density of state probability p(z,x|z) satisfies the
Stratonovich-Kushner equation (a generalization of the

well-known Fokker-Planck- Kolmogorov equation)
op()/ 0t =L()p()+(FO) = [F()p()dx) p() ©6)

with xe Q< R" and initial condition p(t,x|2)|,_, = p(#;,x)
.Here F()=F(x,z) and L(:)p(-)= L(t,x,u,a) p(t,x|Z) is an
elliptic operator determined by the formula

L() p() ==%0[4; p()]/ &x; + (1/ L0°[ By, p()]/ ox,0x), )

with coefficients of the drift 4 =4(s,x,u,a) and
diffusion B, = B,,(t,x,u,a). In the density function,
p(t,x|z) the vector z means that the whole output
signal realization of the tester observed on the time
interval ¢ e[z,2;] is applied.

Assume that G, are the mutual forces of tester noises
and F(x,2) = 3(Cp%, | G Nzp —(1/2)X ¢ x,)
function characterize the tester properties. According to

scalar

a theory of Markov processes, original identification
problem (1) - (3) concerning the extended vector of
system state x ={x,x,,,} reduces itself to an equivalent
terminal problem with distributed parameters relative to
a posterior density function p(z,X|z) in the form

IO(uaa):J.xn-#lp(z‘f’i|2)di = I‘I]iIl; (8)

op()/ ot =L(C)p()+(F()=[F()p()dX) p() )
with F(-)=F(X,z) and the condition p(¢,X|z) =, = P(6;,X);

Is(u,a)zj'fs(x)p(tf,i|i)di—cs =0, seNji. (10)

Here the component x,,,(¢) is determined by equation

n+l1
A, = 2oy (5, ~Eeyx,)” di = g(x)dt (11)
with initial condition x,,,(#)=0 and the operator

LO)p() = LO)p() = 0lg(x)p(t,X | )]/ 0%, -

This model is identifiable if the system (5), (11) is
controllable  (Rodnishchev, 2001la; Denisov and
Rodnishchev, 2017).

The main objectives of this paper are a brief presentation
of our general approach to the considered problem and
its practical application to optimizing the UAV autopilot
parameters at its route turning under the turbulent wind
perturbations.

3. Method and the Approach

For obtaining the necessary identification conditions in
terms of conjugate cones in the general theory of
extreme problems (Dubovitskii and Milyutin, 1965; loffe
and Tikhomirov, 1974), the method by Girsanov (1970) is
applied.

In this case, the solution to the equation (6) is needed as
well as the coupled Bellman parabolic equation.
However, as it is known, analytic solutions to linear and
special cases of nonlinear stochastic systems only can be
obtained. Here our approach (Rodnishchev, 2001) is
applied, which is based on employing mathematical
statistics.

The identification problem with respect to a posteriori
semi invariant is reduced to the equivalent extreme
problem of the estimation parameters, control, and
components of the state vector in the form

n+l

o) (t;) = min,
O7'= B[S0y (54 - Zepx,)’) - of () =0; (12)
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o{= E[4;()]+ E[x;F(x,2)] - o E[F(x,2)] = g] ,

off=E[(x; —o{)4, +(x, —of)4; + E[B,,()]

+E[(x; — of)(x, —of )F(x,2)] -
©3=2E[(x; ~o{)4;()] + E[B;()]

+ E[(x; — o) F(x,2)] - 0E[F (x,2)],

0311E[F(X )],

o} =N El(x; o)) 4] ()]+(1/2)Nj(Nj—1)
E[(x].—g){) . Bll()] ZN-—lchj gq -q;

+E[(x; - o))" F(x,2)] - m{V/E[F(x,z)]

(13)

for N;23 with initial conditions

of () =cf, off(t)=b{ , of(t)=b}; , ..., (*){vj(ti):bfvjl

and indexes j,p € N{, also taking into account (10).

The equations (13) present variations of semi-invariants
o{ of the 1-st order by ; -th components for the system
coinciding with the mathematical
expectations; semi-invariants o} and o/’ of 2-nd order
by j-th components and the relationship between ; -th

state vector,

and p -th components, coinciding with the dispersion
and correlation functions of the state vector; at last,

semi-invariants w}, of the N,-th order.

J
For the closure of a shortened system of differential
equations (13) and an approximate representation of the
higher moments through the lower moments, the
method of moment semi-invariants is applied
(Dashevskii, 1976).

Assume N;=8, that is sufficient to solve practical

problems. Semi-invariants are not independent, and
they are bound by the conditions for the functions

f,-ueN;] (Malakhov, 1978):

A :Z(mé)z +o>£ >0; 5 —20)2@2+0)22 >0;
ﬁzam%(m§)2+miﬁzo; f4=a((02) 032+0)4220
f6=b((’)2) (@p) +C°ﬁ20;
fr=bol(0f)Y +0>0;, fi=b(w))’ol+ol>0;

fo b(o)z) +®f 20, where a =105 and b=166214.

fs =a(m£)2+oag20'

These functional inequalities should be performed in the
solution of the optimization problem (12), (13) on the time
interval ¢ €[t,#;], so that is the functions f, must belong

to an integral variety f,>0 for the set of differential
equations

(d 1, (D)) d1) |13)=—p S [1+sign (£)]/2, neN? (14)

. B 9
with P>0 SIBMO)=0 " ()50 when f£,()=0 THENT

4. Optimizing the UAV Autopilot Parameters

This section solves the problem of stochastic
optimization of autopilot parameters for the UAV turn
mode, taking into account the identification of UAV
angular velocities in atmospheric turbulence.

At an angular velocity o',=const, the UAV lateral angular

motion is described in standard notations by the
equations

B:kyy+kB(B+Bw)+ocomx+oo :

0,=-LgB+Pp,)+ L0 Lo, - Lo, —Li ;0);,
©,=-Ng(B+B,)—N,0, Nycoy,

i=05 V=o; 8=0,-0);

Bw = _quw + 0[3“, qur N(l), (15)

where g, =V, /L, with anominal true airspeed ¥, of the
UAV flight and a scale L,

with the root mean square (RMS) value o,

of turbulence; oy =0, /¥,
of the

turbulence intensity, N(¢) is standard white noise, and
. is the UAV balancing angle of attack. Here we use the
following notations

=1, —Li;

o, ety

Ly =1l +1, ZB,L =1, +lz

e x>

Lb - leqea 'y

wd. —
gy N, =n,

— d, _ .d
NB_”B+”dlB’ Nx—nw ) L~ Naly,

are the UAV

-d .d

T y,qe,zB, iy,i, are

where ky,kﬁ,lﬁ,lm‘,lmy,le,nﬁ,n(D M s Mg

aerodynamic coefficients, and g, iy

the autopilot gear ratios.

To determine variations of the additional sliding angle
B,,, we use a model for the horizontal wind turbulence

components, which describes a Gaussian random
process with a spectral density

S(w)=(2/m) o, L, (1+e’L}, ), and when using the

formative filter (Pugachev and Sinitsyn, 1985), it is
represented by a stochastic differential equation in (15)
with the input noise N(¢).

The autopilot gear ratios are linearly related to the

coefficients L, L,,Ls,Ng, N, N, of the stochastic

system (15), so the definition of the

zﬁ,lx, y,qe,zg, ﬁ,z‘yi is reduced to the optimization of

these coefficients with the

measurements z; =, +N, ,z; =0, + Nmy,

ratios

angular  velocity
where the

vector z={z,z,} N, and N, are standard white

noises.
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The effectiveness of the linear control law optimization
is estimated the functional minimum

te
Iy =j El(o, - ,)*]di = min,
’ (16)
Since wind disturbances caused by horizontal gusts can

lead to large deviations when turning the UAV, the
parameters of control law are determined so that

coefficients C;,ieNj of the characteristic polynomial
for the closed-loop system (15) provide a consistent
choice of parameters from the asymptotic stability
region.

With the notation,
boundary defined by the following constraints:

g=0,/k, this region has the
L, —C L +CyL, —(Cy = Cuq+Csq”) = 0;

L, +N,—(C —kg)=0;k,L,Ng+(Cy —C5)g=0;
LxNerNB —(Cz —kﬁ(Cl—kﬁ))=0,k LBNB _CS =0.

To solve the optimization problem, the additional
variable xg(¢)is introduced, which is determined by the

solution of the differential equation

. 2
Xg = ((Dy_o‘)#y)

with the initial condition x4(#,)=0, and the functional
(16) is reduced to the following terminal form

I, = E[xg(t;) => min. (17)

Thus, the problem of optimizing the autopilot gear ratios
is reduced to determining the vector column

= / 6 =
a=la,ieN/}= (L, L, Ly, Ny, N, N}

with a providing of the minimum terminal functional (17)
and taking into account the need for identification of the
angular velocities o, and o, to the above restrictions

on asymptotic stability region.

The system (15) describes a diffusion on Markovian
process with the state vector
x ={x;} = {B,0,,0,,7,¥,3,8,,} , the coefficients of drift

A = —kg (X +x7) + 0, x; + X3+ K, Xy

Ay =—ax; —ay(xy — @) + azxg — 1, @)

Ay = —ay(x + x7) = asXy — agX3; Ay = xp;

2
As = X3, Ag = X3 — 0 Ay = —q, X7 Ay = (33 — ©))

and diffusion B, = 20‘ix q.- Here, for identification of the

above angular velocities, the scalar function

F(X,Z) :xZ(Zl _.X‘z/z)/GmY +X3(Zz _X3/2)/Gwy

is applied. So, the stochastic problem is reduced to the
deterministic one for the semi-invariants as follows

oy(f;) = min; (18)

o= E[4,0)]+ E[x;F(x,2)] - o{ E[F (x,2)],
o= E[(x; - m{)Ap +(x, —of)4;

+E[(x; — of)(x, - of )F(x,2)| - o/ E[F(x,2)],
®§=2E[(x; ~ o) 4;()]+ E[B;()]

+ E[(x; - o) F(x,2)] - ©E[F (x,2)] 19)
Vj,peN], taking into account the above restrictions on

the asymptotic stability region. Equations (18), (19) are
ordinary differential equations of order 36 with respect

to semi-invariants o3 and o, ®f, off with indexes

J,P€E N17.
5. The Simulation Results and Discussion

The dynamics of the UAV turn with a mass of 320 kg was
studied, taking into account wind disturbances caused
by atmospheric turbulence. At the flight altitude
H=1000 m with airspeed ¥, =111 m/s and the

balancing angle of attack o,=3.9 deg, the UAV

aerodynamic coefficients have the following values
(Romanenko et al., 2012):

ky =0.1946; k, =0.0833; [y =47.272;
lo, =6.776; 1, =1.742; I, =176.54;

ny =13.81; n, =0.108; n, =0.859; ny =7.12.
Moreover, coefficients of the characteristic polynomial
providing stability have the values

C, =14,C,=69.9,C; =213, C, =217, Cs = 120.

In this case, the UAV autopilot ratios are equal to the
values

i§ =-0.268; if =0.0093; i$ =0.611; g, =0.58; 20)
i§ ==0.132; il =-0.0152; i =0.628,

X

which correspond to the following coefficients a;,i e N?

a=L, =842, a,=L,=-1062;
ay=Ls =102.3; a, =Ny =12.85;
as=N,=0; ag =N, =539.

The problem of optimization (18), (19) with restrictions at
the turbulence scale L, =310 m is solved with the

specified height and the RMS value o, =2.8 m/s for

turbulence of the wind, which corresponds to the
"strong” turbulence according to the FEuropean
airworthiness standards. As a result of solving the
optimization problem with identifying the UAV angular

61


https://doi.org/10.23890/IJAST.vm02is02.0202

Somov et al., JAST, Volume 2, Issue 2, 2021, DOI: 10.23890 /IJAST.vm02is02.0202

velocities by the proposed approach, the coefficients
a;,i e N® were obtained with the values

a=L,=891; a,=L,=-109.6;
as=N, =0; ag=N, =483,

which correspond to the autopilot gear ratios with the
following values:

i§ ==-0.268; i =0.0121; i$ =0.631; g, = 0.56; -
il =-0.0152; i =0.55.

i§ =0.045;

3

% I il o T

[4h])

° : ; —1

iy E— ---------------------------- ---------------------------- -==2
00 4 8 12

Fig. 6. The changing average values of angular rate

The transients corresponding to the initial values of the
autopilot gear ratios (20) are shown in Figs. 5 - 8 in
continuous graphs (1, red). The transients corresponding
to optimized values of the autopilot gear ratios (21),
taking into account the wind turbulent disturbances and

identification of the angular velocities, .o, are

y
presented in the same figures by dashed graphs (2, blue).

The presented data clearly demonstrate that the UAV
autopilot parameters synthesized, taking into account
wind effects, on average, provide a parry of disturbances
caused by atmospheric turbulence, and reduce the
amplitude of damped oscillations in the transient
processes.

6. Conclusions

Elaborated methods for identification of the parameters
and control functions of nonlinear stochastic systems

with perturbations, noises, and functional equality type
constraints are presented. Important applications
relating to optimizing the parameters of the UAV
autopilot during its rotational maneuver in translational
motion when the turbulent wind disturbances, taking
into account the identification of the UAV angular
velocities, are briefly represented. The article’s main
breakthroughs are as follows:

(i) For random controlled processes, a fast
calculation of semi-invariants is performed with
the necessary accuracy. The results are applied for
recurrent parametric optimization on the
specified criteria;

(i) The developed algorithms were implemented in
contemporary computer-aided technology of
designing UAVs.

Abbreviations

RMS Root Mean Square

SRM Space Robot-manipulator
UAV Unmanned Aerial Vehicle
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