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Abstract

In this paper, the blow up of solutions for a generalized version of the Dullin-Gottwald-Holm equation
which is a nonlinear shallow water wave equation is studied. The precise blow-up scenario and a result
of blow-up solutions are described. The blow-up occurs as wave breaking. This means the solution

(representing the wave) remains bounded but its slope becomes infinite in finite time. We use an approach
devised in [1].
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1. Introduction

Dullin et al. in [3] presented the following the nonlinear dispersive evolution equation, then called the Dullin-
Gottwald-Holm (DGH) equation:

Uy — B Uper + Koty + 3utiy + Tuger = B2 (2uptips + Wlper) t>0,zeR (1.1)

The DGH equation is an equation modeling the unidirectional propagation of shallow water waves on a flat bottom.
u = u (t, ) is fluid velocity, where ¢ and x are variables related to time and space respectively. 5, I and k, are some
physical positive parameters.

In equation (1.1),if 8 = 0 and I' # 0, the Korteweg-de Vries (KdV) equation is obtained, and if 3 = 1 and I' = 0,
the Camassa-Holm (CH) equation is obtained. As can be seen, equation (1.1) contains two different integrable
soliton equations for shallow water waves. The DGH equation (1.1) combines the linear dispersion of the KdV
equation with the nonlinear/nonlocal dispersion of the CH equation. Equation (1.1) has important properties.
Some of these important features are: It has the bi-Hamiltonian structure and soliton solutions and it is completely
integrable [3]. For this equation, blow up occurs in the form of wave breaking: This means: while the solution u
representing the wave remains bounded, u,, which is its first derivative with respect to x becomes infinite in finite
time [1, 12, 15].

Since the equation (1.1) was discovered, a great deal of space has been devoted to it in the literature and this
equation has been the subject of intense research. Its mathematical behaviors such as local well-posedness, global
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strong solutions, global weak solutions, blow up solutions in finite time and stability of peakons have been studied
in many works [8, 11, 12, 15-18].
In present paper, we study the following initial value problem for the generalized DGH equation:

. (1.2)
u(oam)ZUO(l‘)a r €N,

{ ur — Bzt + (P (), + Ty = 2 (wui +Q (u) um) , t>0, zeR,

where P(u), Q(u) : ® — R are given C*-functions. For P (u) = 2wu + 3u* (where 2w = ko) and Q (u) = v, itis
seen that the (1.2) turns into equation equation (1.1). Some mathematical behaviors of equation (1.2) have been
studied by many authors before. In [13, 14], the authors established the well-posedness a finite time for (1.2) by
using Kato’s theory. Furthermore, the stability of peakons of (1.2) was discussed with P (u) = 2wu + “F2u*! and
Q (u) = u® in [13]. In [4], Diindar and Polat investigated the blow up of the solutions of (1.2) with @ (u) = u. Also
in the same article, they proved stability of solitary waves by using the method in [7] for P (u) = 2wu + 224!
and Q (u) = u®.

In (1.2), if the weak dispersive term I'u,,, is changed into the strong dispersive term I (u — ﬂ2um)wm, we
obtain
up — BPugge + (P (u), + T (u— Bzum)ww = B2 (%ug +Q (u) um) , t>0, z €R, (13)
u(0,z) = up (x), xeN.

Diindar and Polat studied the well-posedness for (1.3) a finite time in [6]. Also, they showed the existence of solitary
waves and proved the stability of solitary wave solutions of (1.3) in [5].

The main aim of this paper is to investigate the blow up of the solutions of (1.2) in finite time. In [4], authors
obtained the blow up of the strong solutions of (1.2) with @ (v) = u. In this paper, we remove this restriction and
obtain more general results.

The content of this article is as follows: In Section 2, we will give the notations and some basic informations, and
recall some necessary conclusions. In Section 3, we will examine the blow up of solutions of (1.2).

2. Preliminaries

We introduce by summarizing some notations. The convolution is denoted by *. |||/ denotes the norm of
Banach space B. Since all space of functions are over R, for convenience, we will not use # in our notations of
function spaces if there is no equivocalness. We denote the norm in the Sobolev space H*® by

lvll, = llvll g = (/m (1 + |£\2>S |ﬁ(5)2d§)1/2

for s € R. Here v (§) is the Fourier transform of v. We use the |||, for the norm of the space L”, 1 < p < co. We
define the operator A® by the formula A* = (1 —92)7, 5 € R.

From now on, throughout this article, we assume 8 = 1 for convenience. Note that if f (z) = %e"“”', r € K, then
(1-02%) 'y = fxuforallv € L2. Then (1.2) can be rewritten as follows:

w+ (Qu) = D) ue = £+ QW) ] = 0 f + [Ff0u2 + P(u)+Tu], >0,z €, 2
u(0,2) = uo (x), reR. '
Or in the equivalent form:
{ w Q) ~T)ue = (1-92) 7 Q) ua] — 0 (1-02) ' [L2 + Pw) +Tu], >0, €M, 22)
u(0,2) = ug (x), zeR.

It can be seen that (1.2) is equivalent to (2.1) (or (2.2)) for 5 = 1. So, we will investigate the blow up of solutions of
(2.1) (or (2.2)).
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2.1 Local well-posedness for the Cauchy problem of (2.1)
Theorem 2.1. [14]. Let n > 2 be a natural number, s € (%7 n), and P, Q € C"F3, with P (0) = 0. If ug € H?, there exists
amaximal T =T (uy) > 0, and a unique solution u to (2.1) (or (2.2)) such that

u=u(,up) € C([0,7);H*)NC* ([0,T); H*™).
Moreover, the solution depends continuously on the initial data, i.e., the mapping
o = u(u)  H* = C([0,7); H*) N C* ((0,T); H*™Y)
is continuous.

In [13], Liu and Yin obtained the local well-posedness theorem of the Cauchy problem (2.1) with the constraint
Q(0) = 0 by applying Kato’s theory [10]. Later, in [14] (Theorem 1.2 and Corollary 1.1), the authors removed the
limiting condition Q(0) = 0, which makes an improvement in the results in [13].

Theorem 2.2. Let n > 2 be a natural number, s € (3,n), and P, Q € C™*3, with P (0) = 0. Then T in Theorem 2.1 may
be chosen independent of s in the following sense. If

u=u(.,up) €C(0,7);H)NC" ([0,T); H*™")
t0 2.1 (or 2.2), and if ug € Hslfor some s’ # s, % < s < n, then
weC ([O,T);HS’) net ([O,T);HS’*)

and with the same T'. In particular, if P, Q) € C*° and let ug € H™ = Ng>oH®,u € C([0,T); H*®).

Proof. For 3 = 1, since (1.2) can be rewritten as

%+K(t)w+L(t)w:R(t), w (0) :A2u(0),
where

K{t)w=0,(Q(u) —TNw), L{t)w=QqQ (uv)usw,
and

Rt) = u, (;Q” () w2 — P’ () + 20’ () u+ Q () — r) ,

thus the proof of Theorem 2.2 is alike to the proof of Theorem 1.2 of [6]. The proof is completed with reference the
proof of Theorem 1.2 in [6].

2.2 Some lemmas
We will now give some lemmas that we will use in this paper. We list below without proof.

Lemma 2.1. [9]. Let s > 0. Then we have
A%, ) 2l 2 < K (102yll oo [|A* 2| o + 1AW 2] )
Here K is constant depending only on s.

Lemma 2.2. [9]. Let s > 0. Then H* N L is an algebra. Moreover

lyzlls < Kyl 1215 + ylls 121 pe)
where K is constant depending only on s.

Lemma 2.3. [2]. Assume that G € C"*2 with G (0) = 0. Then for every % < s < n, we have that
IG (W), <G (lull ) lull,, — we H?,

where G is a monotone increasing function depending only on G and s.
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Lemma 2.4. [1]. Let T > 0 and v € C* ([0,T); H?) . Then for every t € [0,T) , there exist at least one pair points 6 (t) ,
O (t) € R, such that

J) = nfug (t2) =u, (1,60()),  J(t) =supuy (t,2) = us (£,0(1)
z€ zeR

and j (t), J (t) are absolutely continuous on (0,T'). Furthermore,

dj(t) _
7 = Uty (t79 (t)) )

dJ (t)

o = Ute (t,© (), a.e.on (0,T).

Lemma 2.5. [13]. Let u (t, z) be a solution of (1.2). Then the functionals
€ (u) = / (u? + fu2) da,
R

F(u)= /§R (25,)3 (u) + B2Q (u) u? — Fui) dz

are constant with respect to t, where P’ (s) = P (s).

3. Blow-up analysis

In this section, we examine the blow-up phenomena of the (2.1) (or (2.2)).

Remark 3.1. Given in Lemma (2.5), &€ (u) = f% (u2 + ui) dx (8 = 1) is an invariant for equation (2.1). So, we have
that

Jul2 < /m (u? +u2) = € (u) = € (up) = [[uo]2

Remark 3.2. Since Q € C™3 with n > 2, by using ||ul;~ < |lull; = |Juo||, which can be seen in Remark 3.1, a
positive constant a; > 0 can be found such that
Q" (W) < sup Q' (2)] < ar. (3.1)
|z|<lluoll;

We will first give the following theorem.

Theorem 3.1. Let P,Q € C"*3,n > 2, P(0) = 0and ug € H?, % < s < n. Then the solution u (t, z) of (2.2) blows up in
finite time T' < oo if and only if
lim sup [lug (7,2)| e = +00. (3.2)
t— TOSTSt

Moreover, if T' < oo, then

T
| e @l 17 = 4,
0

Proof. Let I = @) (0). We can rewrite (2.2) as

wH Q) Q) = (1-8) " Quywl -0, (1-3) " L2+ P+ Qo] 63

If we apply the operator A®, then multiply by 2A°u on both sides of (3.3) and finally integrate with respect to the
variable x over &, we obtain

d Su)? = - Sul’® u) — Uy | dz suh® (1—92) " u) Uy dx
G [wwtar = 2 [ Aun Q- Qo) +2 [ Aunt (1-08) " Q) w]a

—2/ A*uh®0, (1 — ag)‘1 {Q/Q(“) u? + P (u) + Q(0) u} =L+ 1+ 15 (3.4)
r
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We now estimate Iy, I, Is. By using Lemma 2.1, Lemma 2.3 with G (u) = @ (u) — Q (0), Remark 3.1 and Cauchy-
Schwartz inequality as well as (3.1), we obtain

I

- /% AUl [(Q (u) — Q (0)) uy] d
- /% A A [(Q (w) — Q (0)) ] — (@ () — Q (0)) Ay dt
2 / (Q () — Q (0)) AuhPu,de

— —Q/AS [A®, ( —Q(0) umdx—/Q ) g (A%u)? d
< 2K lull, [Hax( () = Q (Ol oo [[ A" ] o + 1A% (Q (1) — Q (0)l 2 [l ]
2 1Q (1) el o
< K ull 1Q (w) tgl| e [full, + 1(Q (1) = Q@ ()], Nl o] + lull? |Q (w) tta | e
< Kllul? (201 el g + G (luoll) uall - )
< K full? [l o - (3.5)

By using Lemma 2.3 with G (u) = G; (u) — G1 (0) and Remark 3.1, Cauchy-Schwartz inequality and Sobolev
embedding (H* < H*~!), we obtain

I

S s _ 2_1 w) U T
2/§RAuA (1- )7 [Q (w) ) d

2 /3(e A*un®d, (1 - 02) 7' Gy (u) — Gy (0)]de (where Gf (u) = Q (u))

< Kl lIGr (u) = G1 (0)],_,
< KG(luolly) llull l[ull,—,
< K|ull?. (3.6)

By using Lemma 2.2, Lemma 2.3 with G (u) = Q' (u) — @’ (0) and Remark 3.1, Cauchy-Schwartz inequality, Sobolev
embedding (H* < H*~') and (3.1), we obtain

Iy =

IN

IN

IN

IN

IN

IN

<

fQ/%ASuASaI(pai) [Ql( )u +P(u )+Q(0)u]

s P+ Q)
s—1

K, ||(FE=ERELD) 2| ipl, i) ||u||51]
K ull, {10 () = @ @) 2, _, + 1@ )] [[u2]],_, + lull _y + 1Q O ],y
K fJull, [K (1@ () = @ (0)l e [ ]| _y + 02| o 110" () = @ O],y ) + K (ull, + el et )]
K Jlul, <| s 1Qf <z>|> letall o llly + G o) [ | el + (24 Nl ) ||u||s]
Kl [an el oo + I+ 14 ol
K Jull2 (1+ gl ) (37)

Combining (3.5)-(3.7) with (3.4), we get

d
Sl < Kl (U ) (8)
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When we apply Gronwall’s inequality to (3.8), we obtain
< eIl #1072 39)

If the solution to (2.2) blows up in finite time, in other words,

lim sup [ull, = +oo0, (3.10)
t—= To<r<t
then from (3.9), we have
lim sup |ug (7,2)|| ;e = +00. (3.11)
t— To<r<t

If (3.11) is valid, since ||u ;o < |lull,_, with s > 2, we have (3.10). When the maximal existence time T’ < oo, if

T
/'w%wmmw+wﬁ<+m,
0

from (3.9), we know that |lu||, < co which contradicts with the fact that 7" is the maximal existence time. We get the
same result for I' # Q(0). We complete the proof of Theorem 3.1.

Theorem 3.2. Let P,Q € C"3,n >3, P(0) = 0. Given ug € H®,3 < s <n. If Q' (u) > as > 0, then the corresponding
u (t, ) of (2.1) blows up in finite time T < oo if and only if
lim inf inf u, (1,2) = —oc0. (3.12)

t— T 0<7<t z€R

Proof. If (3.12) is valid, then the corresponding solution u (¢, z) of (2.1) blows up in finite time T' < oo since
ull oo < |lull,_, with s > 3. We prove (3.12) by contradiction. Assume that (3.12) is invalid, then there exists J > 0
such that inf,cp u, (¢, z) > —J, then we make inference that the solution will not blow up in finite time. Let’s take
the differentiate of (2.1) with respect to x, so we get

Ure + Q' () U2 + Q () Upy — Tgy = Opf * [Q (1) uy] — O2f * [QIQ(u)ui + P (u) + Fu] ) (3.13)

Since 92 (f xv) = f xv —vand 9, (f xv) = f * v, we have

Q' (u)
2

U + Q' (W)U} + Q (W) Upy — Tty = fx[Q (w)ul +Q (w)ugy| — f * [

Q' (u
2

u? + P (u) + Fu]

~—

u? + P (u) + Tu. (3.14)

From Lemma 2.4, we define
J(t) = uy (¢,0 (t)) = sup [ug (t, )]
zeR
and
J(t) =ue (1,0 (1) = inf [us (¢, 2)].

Since we deal with a maximum, u, (t,0 (¢)) = 0 for all ¢ € [0, T), it follows that a.e. on [0, T)

Jt) = fwﬁ )+ f* [Q (W u] (£,0 () + P (u(t,0 (t)) + Tu(t,0 (t))
QIQ(“) W+ P (u)+Tul| (t,0(t)). (3.15)

By Young's inequality and f (z) = 1e~I*l, we have

1
1F %0l poe < M fllpee N0l < 5 M0l s
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and
I1f % vllpee < Nfllpr ol poe < [0l pee -

By using these inequalities, (3.1) and Remark 3.1, we obtain

£ (Q" (w)ul) [ o 11l [|Q" (w) ] .

< Q) 2
< S lull} = 5 fluolf- (3.16)
Similarly, we have
I£ P @l SIP@lsn < st P (3.17)
and
1F 5l o < Nl < o]l (318)

Using (3.16)-(3.18) and the assumption in lemma, it then follows from (3.15) that a.e. on [0, T'),

J () < f%ﬁ (t)+ A, (3.19)
where
3
A=2 ( S [P)+ gan luoll + uOII1> (3.20)

If J(t) > %, then J' (t) < 0 and J (¢) is decreasing. Otherwise, J (t) < %. Thus we obtain that
. 24
—J<j(t) <uy <J(t) <max< J(0), — tel0,7).
2

From this inequality, we obtain the fact that u,, that is, the slope of solution of (2.1) is bounded. When Theorem 3.1
is applied, the solution of (2.1) will not blow up in finite time. We finish the proof of Theorem 3.2.

Now, we present the following blow up result.

Theorem 3.3. Assume that P,QQ € C"*3,n >2,P(0) =0,up € H®, 2 <s<n, Q" (u) >as > 0. If there exists a point
xo € R such that uj (zo) < — %, then the corresponding solution v (t, x) of (2.1) blows up in finite time T' < oo and

T < 1 \/%Tu{) (mo) —VA
2Aa2 VZuf (zo) + VA

where

3
A=2 ( sup  |P(z)| + 3 luoll? + ||u01> :

[zI<lluolly

Proof. By Theorem 2.1- Theorem 2.2 and a simple density argument, we only need to prove that theorem
provides for s = 3. Let T be maximal existence time of the solution u € C ([0, T); H*) N C* ([0, T); H*~') of (2.1).
Differentiating (2.1) with respect to x, since 92 (f xv) = (f v —v) and 8, (f xv) = f % v, we have

Q’2(u) u? + P (u) +Tu

Q' (u
2

~—

u? + P (u) + Tu. (3.21)




Blow-up for a Generalized DGH Equation 177

Now define j (t) = inf e g [ug (¢, 2)] = uy (¢, 0 (t)) by Lemma 2.4 and let 0 (t) € R be a point where this infimum is
attained. For x = 0 (t), since u, (t,0 (t)) = 0, we have

i = ~LELIO 2 ) 4 p [ )a2) (10(0) + P (k.0 (1)) + Tu t.0 (1)

_f*[qﬂf”ug+fnuy+r4(@e@». (3.22)

Using (3.16)-(3.18) and the assumption in lemma, it then follows from (3.22) that a.e. on [0, T'),

J) < =35 (1) + A, (3.23)

where

3
A=2 ( sup  |P(2)] + Zan [fuoll} + IUO1> :

|21 < uoll, 8
Note that if j (0) < —/ 2 A, then j (t) < —/ 2 A, folall ¢ € [0,T). By (3.23), we get

V3i0)+v4a \/Zemt 1< oA <0.

Fi(0) - VA TV - VA
Dueto 0 < 7\/>V:2:] EE;JF \/2 < 1, there exists
PRAS A

0<T <

L Z5(0)- VA
V2Aa; Zj(0)+ VA

such that lim;_, 7 j (t) = —oo. For this reason, the solution u does not exist globally in time. Thus, the proof of
Theorem 3.3 is completed.

4. Conclusion
In this study, we investigated the blow up of solutions of the Cauchy problem (2.1) (or (2.2)), which we obtained
by taking 8 = 1in (1.2).
Our main results can be summarised as follows:

1. We give the precise blow up scenario for solutions of the Cauchy problem (2.1), see Theorem 3.2.

2. We also give a blow up result of solutions of (2.1), see Theorem 3.3.
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