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ABSTRACT

Salem and Zygmund have studied the convergence problem of factored Fourier series and conjugate

series the factor being n? , 0 <y <1.1In the present work we study the rate of convergence of the some

series for functions belonging to  Lip ( w, p) , P21 class.
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FOURIER  SERILERI VE BELIRLI INTEGRALLER ILE ALAKALI BAZI
SERILERIN ES -YAKINSAMA ORANLARI

OZET

Salem ve Zygmund, carpanli Fourier serilerinin ve carpani ny, 0<7y<1 olan eslenik serilerin

yakinsaklik problemini caligmislardir. Simdiki calismada, biz Lip(w, p), p =1 smifina ait

fonksiyonlar igin baz serilerin yakinsaklik oranlarin inceleyecegiz.
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1. DEFINITIONS

Let f be a 2n- periodic and Lebesgue integrable function over (-m, m). The Fourier
series of fat x is given

7a0+2(ancos nx+b, sin nx) = ZA,(X) (1.1

n=0

The series conjugate to (1.1) is given by

S (a, sinnx—b, cosnx) = B, (x). (12)

n=1 n=0

We write
O(x0)=f(x+1)+f(x—1)-2f(x)
W)= £ (1) £ (v1)
:__J' cot—tdt

whenever the integral exists in Cauchy sense at the origin. Let w be a modulus of

continuity. If
o(w())

0(w(|))

then respectively we say that [1] f € Lip(w, p), p21, felip(w,p), p=1.

|/ C+0)=r (), =

If W(t) =1*,0<a<l then Lip(w,p), p>1 reduces to familiar
Lip(oc, p), p =1 class.
A function f'is called of monotonic type ([2], p.33) if for some constant C

the function f(x)+ Cx is either monotonic increasing or monotonic decreasing.

For p<y<1 and (0 <e< o, we write

nY \lfxt)

dt
x, )
e

L (xe)=~- :t (y+1)cos—

JY(x;e)=—%F(Y+1)sin?J.:
We define
Iy(x)—llml( €) and Jy( )—llmJ( €)

-0+ -0+
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whenever the limits exist. Let C,, denote the class of 2m-periodic continuous

functions.

2. INTRODUCTION

Results on equi-convergence of conjugate series z B, (x) and the conjugate

n=l1
integral }(x) can be found in Salem and Zygmund ([2], p.33) when they have

studied the equi-convergence of the series zan”( x) and 5,74, (x).0<y<1

respectively with the integrals [ v (x) and J v (x) . Their results read as follows.

Theorem A ([2] p.33). Suppose that fe C, . Let f be a function of bounded
variation and of monotonic type. If f € lipy, 0 <7y <1, then the difference

(xn(x)zly(x;lj—ikYBk(x) 2.1
n k=1

tends to zero uniformly in X as n —> oo, If f € lipy, 0 <Y< the difference is
uniformly bounded.

Theorem B ([2], p.34). Suppose that f € C, . Let f be function of bounded
variation and of monotonic type. If f € lipy, 0 <y <1 then the difference

B, (x)=1J, (x;%j—gkmk (x) 2.2)

tends to zero uniformly in x as n—e. If fe Lipy, 0<y<]1, the difference is
uniformly bounded.

In this present work we study the rate of equi-convergence of the sequence

o, (x) and B, (x)-

3. MAIN RESULTS

We prove the following theorems:

Theorem 1. Suppose that fe C, NLip(w,p), p=1. If further f is of

monotonic type, then for 0<y<1.
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o, () = O(I)LI" () 4, 3.1

nl*Y n/n l/t2

where o (x) is defined in (2.1).

Theorem 2. Suppose that fe C,. ﬁLip(W, p),p >1. If further f is of
monotonic type, then for 0 <y <1.

1B, C), = 0(1)%%[1t &f)du (32)

n nn oy

where B (x) is defined in (2.2).

Remark. Das, Nath and Ray [1] have obtained the following result on the degree of
approximation of functions in Lip (w, p) class by their Fourier series.

Theorem C.If f € Lip (W, p) , p 21 and is of monotonic type, then

5.7, 1], =00A [ *a

1/n

where §, (f, x) is the nth partial sum of (1.1) and w is a modulus of continuity.

4. LEMMAS.

For the proof of Theorem 1 we need the following notations and lemmas.

g(xtu)=w(xt+u)+y(x,t—u)-2y(x1) “.1
m{log”}n:L 42)

log2 2"
D (t)=l+icoskt=M “3)

! 2 o 2sin(1/2)

We know ([3], vol. 1,p.50) that

() ~-23 B, (x)sin kt (44)
k=1
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5, (x.t) == 2sinkiB, (x). 4.5)

k=1

Lemmal. Let \V(x,t) and g(x,t,u) be defined as above. If

feC,.nLip(w,p), p=1,
then

W g (xru)], =0(w(w))
(ii) H\V(x,t+u)—w(x,t—u)Hp=O(w(u))

Proof of (i). By Minkowski’s inequality

Js ()], = Gt )+ (=) =29 ()
SHf()H—t+u)—f(x+t)Hp +H|F (x=1)= f (x=t=u)|,
#f (er=u)= £ (x+0)] 4| F =0 f (x=1+u)
=0(w(u))

which proves Lemma 1 (i).

V4

Proof of (ii). By Minkowski’s inequality
||l//(x,t + u)—l//(x,t —u]|p < ||f(x +t+ u)— f(x +t]|p +||f(x —t)— f(x —-t+ u]|p

+Hf(x+t)—f(x+t—u)Hp +Hf(x—t+u)—f(x—t)Hp
=0(w(u))

which proves Lemma 1 (ii).

Lemma 2. If the hypotheses of Theorem 1 holds, then
1 ¢n w(u)
,(0)-wlan)], =0 1 2

Proof. Now after simplification
n 1 T
S (x,t)=-=) 2sinkt| — L) sin kud,
L (x,1) ; i ( 2n'[_n\|l(x u)sin ku u]

1 ¢n

= nw(x,u)ki:[cosk(u—t)—cosk(u+t)]du
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:1J‘n[\|[(x,t+u)+\|l(x,t—u)]Dn (u)du

—I x,t,u) D, (u)du+y(x,t)

from which it follows that

Sn(x,t) (I +J. ) xtu u)du

—2[I(x N (4.6)
n[l 1)+ (x.1)]

For the first integral using Lemma 1 (i), we get

HI(.,t)Hp :_[OT]O w(u
=O(1)w(n)m‘|=0(l)w(i)- @.7)

Since the function f is of monotonic type there exists a constant C so that

u)‘du

F ( x) =f ( x) + Cx is either never decreasing or never increasing in (—oo’oo). Without

loss of generality, we may assume that F is increasing as in the case when F is
decreasing the problem can be dealt with in a similar manner.

Replacing f(x) by F(x)—Cx, we get
g(x,t,u)=[F(x+t+u)—F(x+t):|—[F(x—t+u)—F(x—t):|

+[ F(x=1)=F (x—t—u)|-[ F (x+1)=F (x+t-u)]. 4.8)
Using (4.8), we get

J(xt)= j:[F(x+t+u)—F(x+t)JDn () cu+ J:[F(x—t) —F(x—t—u) | D, () du
_J.:[F(x_t+“)_F(x—l)}Dn(u)du

_J.nn[F(xH)_F(xH—u)]Dn (u)du

= J, (x0)+J, (x,1)=J, (x,0) =, (x,1), (say) “.9)
We write
L) =3 [ TF (xt+u)=F (x+1)]D, (u)du
=
%0, (1) (4.10)
where "
. sm[n-r )
Qj(x,z):-[m2 [F(x+t+u)—F(x+z)}ﬁdu- (4.11)
/2! sinu
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As F(x+t+u)—F(x+t) is increasing in # and is decreasing in U,

2sin ( ul 2)
by repeated application of Mean—Value Theorem, we get

0/e)=— i | s tva) e[ 2 i < < 1)

J Jj-1
2sin 1/2/ 2 2

2j+1

= 1[F(x+t+§)—F(x+t)]J-:sin(n+i]udu (;j<§1<§]

F(x+1+8)—F(x+1) COS(nJr%jC‘ _Cos(rﬁéjc ’

in L 1
ZslnF [nJrE)

from which it follows that for j = 1,2,...,m
F(A4t+Q)-F(+t)
o, = (,,flj T, )
2

; il

T

2/ : 1
=O(1)—w(§)=0(1)2’w( 1]
n 2/
Therefore

HJ1 (1)

<o),
= 0(1)2&2/’»{5,}

=1
x w(u)du

_o()~[F M,

n n/n u

(4.12)
Similarly we prove that
1% wlu)
||Jk (.,t]|p =0(1)— | s-du for k=234 (4.13)
NRzxzin U

Using (4.12) and (4.13), we obtain

7 G, skﬁ:)l”Jk (o), = 0(1)%) w(f)du 4.14)

/In U

Using (4.3) and (4.14) in (4.6), we get

S, (+1)=w (1)), =0(1)w(1]+0(1)[" W(”Z)d”

n n/n u
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since by the monotonicity of w,

¥ W(;t) du> w(n/n)ﬂ/ﬂj—’: = w(n/n)("T—lj,

n/ny

Lemma 3. Let the hypotheses of Theorem 1 hold. Then
_ 2 b W(M) .
Sn(,t)Hp—Hg(S =o(1)]| du

T/n uz
a n
E(S" (x.t))==>"2kcoskt B, (x)

k=1

Proof. We have

Zln (x,u Zk[smk u+t)—sink (u—r) Jdu
1 n d d
= _n\p(x,u)gD,1 (u+t)du—2—nj._nw(x,u)$Dn (u—t)du
L[ = .
:_EUO +~[n }[w(x,t+u)+\|l(x,t—u)]D” (u)du
1
=—— 4.15
n[L(x,t)+K(x,t)} (4.15)

Using Lemma 1 (i), we get
o)l < [ (et ) =w(er =) [0, ()] du
=0()w(u) [[n*du=0(1)w(n)n'n
:0(1)%(1] (4.16)

n

Replacing f (x ) by Fx—Cx, we get, after rearrangement,

K(x1) j [F(x+t+u)-

F(
I [ (x+t+u) (x+t)]D' (u)du

)]D du+j [F(x H—F(x—t- u]D u)du

x—t—u)+F(x—t+u)- F(x+t—u)—4Cu]D'n(u)du

+J' [F(x—t+u)-F
+J'n

F(x+t u)]D n(u)du—4Cjn uD', u)du

N \_/ /-\
M»

K,(x,t)—4CI:uD'“(u)du- 4.17)

We write
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x0)=3 P, (x1)
j=1
where
n/27
P(xt)=["" [F(x+t+u)=F (x+1) D", (u)du. (4.18)
As F(x+t+u)—F(x+¢) is increasing in u, by using Mean—Value theorem, we
have, for /2/ <{<m/2/"
P (x,1) I [F( x+t+u) F( x+t)]Dn( )du
F(x+t+ x+t [1
2/

which ensures that

2/
Therefore
m m . 1
I, <317 o), =03 2w 557
j=1 Jj=l
o[ W(f)du (4.19)
n/n oy
Similarly we can prove that , for i= 2,3,4
|, (-0, =07, = ( . (420

Integrating by parts, we get
4CI:MD'n (u)du =4C[x(D, (x)-nD, ()]~ ["D, (u)du

n

=0(1) 4.21)
Using (4.20) and (4.21) in (4.17), we get

Ik (o, =0, W @22)

/”M

Using (4.16) and (4.22) in (4.15), we get
d x w(u)
25t =o(1)| du

T/n M2
which proves Lemma 3.

Lemma 4. ([2],17_3 1).
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< sinkt - /o
o £ " 2cos(za/2) (@ +1)

5. PROOF OF THEOREM 1.

We have from (4.5) and Lemma 4,

J~0 S, (x, )d ——ZZB J~0 sinkt

t1+y t1+Y
:—Lzﬂ:kYBk (x) (5.1
COS%F('Y-FI) k=l
Now from (2.1) and (5.1)
. —1"(y+1)cosﬂ
1 (Xt =S, (
Iy(x,;j—;kYBk(x)= T : [ n t(lx _.[ P )}dt
Ty
y+l cos—
2 )C l) 1/n Sn(x,t) 52
|: ]/n dl+J.0 Y di 62
Using Lemma 2, we get
S,t)-wlot) | S, (1) -w(.1)]
1/ 1+y t1+7 dt
1n wiu )du - dt
_0(1);.[n/n u? -[lln Pt
1 = wlu)du
=0(1) IYJ‘M ) . (5.3

u’
As § (x,0)=0, we get S (x,7)=S, (x,1)-S,(x,0)=15",(x,6),0<0<r.
Therefore, by Lemma 3,

Sn (’t)‘

1/n »
<,
0 [

Jal/n S, (1) dr

0 t

20(1)[ [ bej‘) duj j;’”%

J" W(”)du. (5.4)

2
u

=o(1)
Using (5.3) and (5.4) in (5.2), we get

Iy(x,rllj—gkYBk (x)zo(l)%j: w(f)du

-y
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which completes the proof of Theorem 1.
By taking w(t) =1*,0<a <1, in Theorem 1, we obtain the following corollaries:

Corollary 1. If feC, NnLip(a,p),p2L,0<a<l and f is of monotonic type
then

1
:0(1) nH,O<ySoc<1

logn
= ,O0<y<oa=1

Putting p = oo, in Corollary 1, we get

Corollary 2. If fe C,,NLipa,0<a <1 and f is of monotonic type then

log ,O0<y<a=1
}’l

Note: In Corollary 2 in the special case when y =g, the result reduces to second part
of Theorem A due to Salem and Zygmund.

6. ADDITIONAL NOTATIONS AND LEMMAS FOR THEOREM 2

We Write

0 (xt)=f (x+1)+f (x—1)
0(x1)=0¢" (x.1)=2f (x)
)=

(x t,u (x,t+u)+¢(x,t—u)—2¢(x,t)
_llogn| 1
m_{logZ}’n_ 2"
We know ([4] Vol. I, p. 50) that
ZZA )cos nt (6.1)
S (1) = =23 (1-coskr) A, (x)- 6.2)
k=1

We need the following additional lemmas for the proof of Theorem 2.

Lemma 5. Let ¢(x,z) and h(x,t,u) be defined as above, If
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fe Cthip(w,p), p=1
then

@) Hh(x,t,u)Hp =0(w(u))
(i) H¢(x,t+u)—¢(x,t—u)Hp=0(w(u)).

Proof:
(i). By Minikowski’s inequality

Hh(x,t,u)Hp =H(l)(x,t+u)+¢(x,t—u)—2(|)(x,t)Hp = O(W(u))

proceeding as in Lemma 1 (i)
(ii). By Minkowski’s inequality
Hc})(x,t+u)+¢(x,t—u)Hp =Hf(x+t+u)+f(x—t—u)—2f(x)—f(x+t—u)—f(x—t+u)+2f(x)Hp
~0(w(w)-

proceeding as in Lemma 1 (ii)

Lemma 6. Under the hypotheses of Theorem 2
" = o(n/n)

where SNn (x,t) is defined in (6.2).

Proof. We have
S, (x.1)= —ZZn:(l—coskt)ziJ‘n 0" (x,u)cos kudu
TE -7

= LI_" ¢*(x,u)i{cosk(u—t)+cosk(u +t)—2cosku}du
,j [(]) xt+u)+o (xt—u)-20 (x, u):| () du
- %J-:h(Xt u)D, du—fj' O(x,u)D, (u)du+= q)(x ;)J D, (u)du (63)

—J du 1
from (6,3), it follows that
~ 1 T
S, (x,t)—q)(x,t):;joh(x,t,u)D u——j ¢ xu ( )du
Proceeding in the lines of proof adopted in the proof of Lemma 1, h( x,t,u) takes

the place of g (x,7,u), it can be shown that
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=0(1)o(n/n)-

p

1 ¢
H;J.O h(x,t,u)Dn (u)du

As Hq)(x’u) and "g (x,t,u)" have the same estimate, adopting the argument used
P P
in the proof of Lemma 1 it can be shown that
2 e
‘;L ¢(x,u)Dn (u)du ,, = Om(n/n)-
This completes the proof of Lemma 6.
Lemma 7. Under the hypotheses of Theorem 2
9| ~
> S (x,t) || =0@nw(x/n).

p

Proof. We have

35,1 (x.2) =—Zn:2k sin ktA, (x)
ot =1

= _kZZI:Zk sinkt(z—itfnq)(x,u)cos kuduj

= _LG:kfnq)(x,u)[sink(u+t)—Sink(bt—l)]d’/i

2n S

- L[ oo,

- l(ﬂ*L )[¢(X’f—u)—¢(x,t+u)]D'n(u)du. (6.4)

T
Using Lemma 5(ii), we get

J:[¢(x,t—u)—¢(x,t+u)]D'n (u)du

<[Mo(t=u)=0(.t+u)] [P, (u)|du
= 0(n*)[" o(u)du=0(1)no(n/n) (6.5)
Writing p (x)-cy in place of f (x) , we get
Flolest =)= ot + )]0

=—I:[F(x+t+u)—F(x+t—u):|D'n (u)du+I:{F(x—t+u)—F(x—t—u)}D'"(u)du.

As the expressions in the curly bracket are increasing functions of u, proceeding as
in Lemma 3, it can be shown that
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:O(I)J.n o(u)

p T/n u2

du -

Hf:[‘b(%f—u)—cb(x,wu)]D'n (u)du

This completes the proof of Lemma 7.

Lemma 8. ([2], p.32)
=sin’ kt/2 Tk
j ———dt =— .
0o ¢ 4sin(mo/2)T(o+1)

7. PROOF of THEOREM 2

Now for 0 <y<1

Using (7.1) and Lemma 8 we get

=S, (x,1)
L e dt = Ty 2 ZkYA

1
C(y+ )sm 5

From (7.2) and (2.2) we get

B,(x)=J ( jZkYA

y+1)sm— L3
I( { [ o(x.1) D s | S"()fiyt)dt}
1 0 t

T o g

= 8, (x1)-0(x1)

F(Y+I)Sin1;y|:j1/"§ (x,t)

2 ) ntl+"{ dt + Il/ll t1+'y
I (y+1)sin =

- 2 [Al(x)+A2(x):|.

By Lemma 6

58
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8. () =0 ()]

A, (x)"p < L,n e 2 dt (7.4)

As S~n (x,0)=0, we have

§(x.1)=35, (x.1)- n(x,0)=t[%§n(x,t)} L 0<6<t.

Hence by Lemma 7,

. 9 ~
5.0l =0t 55.00) |
= 0(1)rno(n/n). (1.5)
Using (7.5) , we get
1/n §n (x,t1|

&, G}, =0 | 2 dt

= 0(1)no(n/n) [t

= O0(1)n'w(n/n). (7.6)
Using (7.5) , (7.6) in (7.3) , we get

”Bn (x)”p =0(1)n"o(n/n).

and this completes the proof of Theorem 2.

1
7

By taking o(7)=1*,0<a <1, in Theorem 2, we obtain the following

corollaries:

Corollary 1. If fe C, NLip(a,p),p=1,0<a<1 and f is of monotonic type

then
—,0<y<a<l1
B, =0
" lognO 1
PR <y<o=

Putting p = oo, in Corollary 1, we get

Corollary 2.If fe C,, Lip(a),0<ca<1 and f is of monotonic type then
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%,0<y<0¢<1
n

B.()

¢ =o(1) logn
F’ 0<'Y<(X:1

Note: In Corollary 2 in the special case when Y=o the result reduces to second
part of Theorem B due to Salem and Zygmund.
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