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Highlights
» This paper focuses on higher order Jacobsthal quaternions.
» We examined the basic properties of these numbers in this study.
» We have given some identities of these numbers.
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1. INTRODUCTION

Hamilton defined a quaternion as the division of two vectors orientated in a three-dimensional space, or the
division of two equivalent vectors in 1843 [1]. It is possible to see the effects of Hamilton's discovery today
in astronautics, robotics, navigation, computer visualization, animation and special effects in movies, and
many other areas. Quaternions are also vital to the control systems that guide airplanes and rockets.
Quaternions have generated a growing interest in algebra. Now, many studies have emerged by combining
quaternions with algebra. Horadam defined Fibonacci quaternions in 1963 and gave a generalization of
these numbers [2]. Halici examined the basic properties of Fibonacci quaternions as number sequences [3].
In [4-10], some applications about quaternions were made with the Fibonacci and Lucas numbers.

Now let's give some basic properties about quaternions.

Quaternions are defined in the following form. Let p be a quaternion. p is written as:
P = Do + pif + pof + p3k

where py, p1, 2 and p; are real numbers, and 1, j, k are the main quaternions which are satisfy rules in
Table 1.
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Table 1. The main multiplications

. i Ji k
i -1 k —J
j -k -1 ii

k J —1i -1

We can write p = p, + u where u = p;i + p,j + psk.

Let p* and ||p|| show conjugate and norm of the quaternion p, respectively. Then we give them

p* =po —uand [Ipll = ypo? +p12 + p,2 + ps2.
Note that, ||p||? = pp*.
Many scientists have been interested in number sequences for many years, as they find application in nature
and in many sciences [11-15]. Many generalizations of number sequences were then described and studied
[15-18]. One of the most well-known number sequences is the Jacobsthal numbers [19-23]. Now, let’s give
them now.
The Jacobsthal numbers J,, are defined by

Jnsz =Jns1+ 2, n=20
with J, = 0and J; = 1 [23].
Similarly, the Jacobsthal-Lucas numbers j,, are defined by

Jn+2 =Jn+1+ 2jp,n 20

with j, = 2 and j; = 1 [23].

Binet formulas for J,, and j,, are given by, respectively:

an_bn
]n ~ a-b
and
Jon=a"+b" (1)

where a = 2 and b = —1 are roots of the equationx? —x —2 =0.

In [24], Jacobsthal and Jacobsthal-Lucas quaternions are presented and given many principal identities
about the quaternions.

The Jacobsthal quaternions J@,, and the Jacobsthal-Lucas quaternions JLQ,, are defined as

JOn =Jn + Uns1 + i/nsz + Kngs
JLQn = jn + U1 + Jinsz + Kings
respectively [25].

Recently, many generalizations of quaternions have been studied [24-29].
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One of the recent studies in this field is [5] where higher order Fibonacci quaternions are introduced and
given their basic properties.

In this paper, we introduce higher order Jacobsthal numbers. Then we define higher order Jacobsthal
quaternions by using higher order Jacobsthal numbers. We present the concept of the norm and conjugate
for these quaternions. We give some propositions related to these quaternions. In addition, we find the
recurrence relation, the Binet formula and the generating function which are basic concepts in number
sequences for these quaternions. Finally, we calculate Cassini, Catalan, Vajda and d’Ocagne identities
which are the main identities in the literature for higher order Jacobsthal quaternions.

2. MAIN RESULTS
2.1. Higher Order Jacobsthal Numbers

Definition 2.1.1 The higher order Jacobsthal numbers described by

ahs—_pns

(S) _ ]ns _ —a—b _ ans_bns a—b _ (aS)‘n_(bS)‘n 2

n _?_ aS-bS T T 4_p aS—bS as—bs ()
a-b

Since J,,¢ is divisible by J, , the ratio ]]"—S is an integer. So, all higher order Jacobsthal numbers are integer.

Note that for s = 1, higher order Jacobsthal number],(f) is the ordinary Jacobsthal numbers.

Proposition 2.1.2. The higher order Jacobsthal numbers provide the following identity.

JO, =g - (=2,

Proof. jJ$ — (~2)9%, = (@ + b) () - (~2)s (2,

as—-bs as—bS

Since (—2)% = (ab)?,

ash — psn aSh—s — psn-s
jS]T(LS) - (_2)511(1531 = (as + bs)( ) - (ab)s ( as — >

aS — bS bS

<asn+s — aShS™ 4 pSaST — pSn+s _ gsnps 4 asbsn>
- as — bs

asSnts_psn+s as(n+1)_bs(n+1) (s)
= () = (=) =i

Thus, the proof is completed.

2.2. Higher Order Jacobsthal Quaternions
Definition 2.2.1. The higher order Jacobsthal quaternions is denoted by Ojr(f) and defined by

J+J8). Kk @3)

n+3

017(15) = Y(lS) +]1(1$421ﬁ + 1(1522
where i, j and k are quaternions unit and ],(f) is higher order Jacobsthal numbers.

If we take s = 1 in (3) then we get the Jacobsthal quaternions. The real and imaginary parts of the higher
order Jacobsthal quaternions in (3) are as follows
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Re(01;7) = 1y

and
)Y — (s) = () (S)
(0] ) =v= n+1Il +]n+2]] +]n+3

Thus, we have
0/ =1 +v.

The conjugate of 0] is denoted by 0J¢ )"and given as follows
0](5) © 17(1533111 17([?2]] 17(153311( ) - 4
Norm of the higher order Jacobsthal quaternions is denoted by N(0J (s)) and given as follows
(V@) = 01201 = 09 + 02 + U) + 02%)" ©)
Proposition 2.2.2. We have

0] 4 0] = 2J©).
Proof. By using (3) and (4), the result is easily seen.
Proposition 2.2.3. We have the following identity

(o ](s)) _0/90)9" 4 2/9 0,

Proof. By using (3) and (4), we obtain that
(00)" = (12 + 152 1520+ 1500) 00 + 201+ £ + 1)

== () + 08)"+ 052) + (82) )+ 282 08 + 120+ /b + k).
From (8), we get
(0 ]<s)) —0J907" 4 2] ),

Theorem 2.2.4. The Binet formula of the higher order Jacobsthal quaternions as follow

o = e ®

where @ = (1 + a°i + a®5j + a35k) and b = (1 + bSi + b%5j + b3Sk).
Proof. Using (2) and (3), we have

0](5) (S) +](S)1]1+](S)2D +](S) k

n+3

()"
aS — bS

_ (aS)Tl

— [1+ a’i+ a®§+ a®> K] —

[1+ bSi + b%5j + b3°K]
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_ (aS)nd _ (bS)TLB _ (aS)na_(bS)nB

asS—bS asS—bS as—bSs

Thus, the proof ends.

Theorem 2.2.5. The higher order Jacobsthal quaternions is given by
0](5) ]sO (5) ( 2)50](5)

Proof. From (1) and (6), we find that

0 (S) (aS)n+1" (bS)TL+1b 1
]n+1 bs

= (aS(aS)na _ bS(bS)TlB)

(@ @)"a - a*(0)"b +a*(b)"b — b (b°)"B)

1 . - 1 - -
=——3;0° (@)= 3)"b) + ——a*((b*)"b — b*(b)"b)

= (a° + b%)0J¢ (s) bSO](S) (aS(bS)nb bS(bS)TLb)
= 01 = 22 (@)™ 1a — (b*)"1B) = j;0J — (-2)°0J,.

Thus, the proof is obtained.

Theorem 2.2.6. If we take n and s negative integer numbers for 0](5) then we get the following properties:

—(a®)"b
as—bs !

D 0J = (2
ll) 0]( S) ( 2)50](5),
iii) 0JC9 = —(=2)50J%).

Proof. By using (6), we have

~ a b . ~
b 0/ — (aS)-"a ~ ()b _ @y w0 — @)1
- —bs as — bs (@)n(bS"  a’—bS
_ sn (0)"a (as)nb
( 2) as—bs !
s @HTMa-0")"b _ (@)"a-(b)"b (a*)"a— (b*)"b
ii) OJEnS) = S —p=s - bS—a$ = (=2 bsS —as
SbS
— _( 2)50 (s) ¢
e @)"a-(b)"h (@) "a— ()b (a)™a— (b°)"h
iii) 0]1(1 Y = =s _p-s = bS—as =—(-2)° s _ ps
asb’s

= —(-2)0/%).
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So, the desired is achieved.

Now let's give the following lemma which we need to obtain the generating function and the sum formula.
Lemma 2.2.7. The following equations are provided

i) @—b=(a®—b)(d+ s+ (s + (=2))k),

it) ab® — ba® = (a® — b%)(—1 + (—2)%] + (—2)%jsk),

iii) aa® — bbs = (a® — b5)(1 + jsh + Gs + (=2)9f + (js® + (=2)5 Y k).
Proof.

i)a—b=(1+at+a®*j+a*k) — (1+ bt + b>j + b3Kk)

= (a® — bS)i + (a® — b?)j + (a*° — b3k

= (a® = b*)(A +jsj + (s + (=2)7)).

ii) abs — ba® = (1 + a®i + a®*j + a®k)bs — (1 + b1 + b5 + b35k)a’

= —(a* - b%) + (aZSbs _ szas)ﬁ + (a35b5 — b3a%)k

= (@® = b°)(=1+ (=2)°j + (=2)*(a® + b)k)

= (a® = b*) (=1 + (=2)%] + (=2)°js k).

iii) da® — bb®s = (1 + a’i + a®j + a>k)a’ — (1 + b*i + b5j + b>°k)b®
— (as _ bs) + (aZ.S‘ _ sz)ﬁ + (a3s _ b3s)jj + (a4-s _ b“)k

= (@ = b1 +Jsi + Us + (=29 + (s + (=2)"*)s)lk).

() ;

Theorem 2.2.8. The generating function of 0/, is given as follow

) S 0 O Gt (DI = (L4 (-2 + (D)% x
¢r0= ZO’ - A —Jox ¥ (~2)°x%)

Proof.

6O0) = z 0jx" 2 (87 + 101+ IS0 + Ji3date) 2

=0

o a™s — (b™)S a1 — (pn+1ys a™t2)s — (pn+2)s a™*3)s — (pn+3)s
:Z[( ) ( )+( )¥—=( )ﬁ+( )¥=( )ﬁ+( )¥=( )]kx"
— bS as — bS as — bs

n)Sx™(1 4 ast + a?j + a i + b25§ + b3k)
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e Z(a")sx a-— pr: i bs i(b”)sx”l;
n=0
- (as f bs) (1 —1a5x) Bl (as f b5> (1 —1b5x)

a — absx — b + ba’x
(a5 =b5)(1 —a’x)(1 — bSx)

B a—b — (ab° — ba®)x
"~ (@5 = b1 - (as + bS)x + (—2)5x2)

_ (@ = D) (A + ) + Gas + (=2))k) — ((@® — b*) (=1 + (=2)°] + (=2)%jsk))x
B (as —b%)(1 — (a* + bS)x + (—2)x?)

_ (+)si+Uas+ (=2 - (1+(=2)°j+(= Z)Sjsk)x
(1—jsx+(=2)5x2)

Thus, the desired is obtained.

Theorem 2.2.9. Sum of the higher order Jacobsthal quaternions 0](5)

(s) _ (s) (i+ s+ (s +(=2)) k)= (1+(=2)5j+(— 2)51511«)
S0Jn" = Xn=0OJn (1-js+(=2)%)

Proof. If we write x = 1 in Theorem 2.2.8, the proof is clear.

Theorem 2.2.10. For n,m € Z, we have

(s)

() _ O0Jn —(=2)°0Jp
Zn OOInim "= 1+]Sx+( 2)$x2

(S)

Proof.
Z 0](5) N Z (aS)n+mA bS)TL+mb o
n+m bs
had (aS)n+ma . had (bS)n+mE . aasm had o Bbsm © m
B b ©  Lias—bs " =aS—bsza * _as—bszb *
n=0 n=0 n=0 n=0

_dasm(1)5b5m<1)
" \as=b5/\1—asx a’s—bs)\1—bsx

( 1 ) [dasm — 4a’™bSx — bbS™ + Bbsmasx]

1—b%x — a’x + (ab)5x?

1 a(aS)m _ B(bS)m aSbS(a(aS)m—l _ B(bS)m—l)x
as bs) [1 —jox + (=2)5x% 1—jox + (—2)5x? ]
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0Jm ™ _ (=2)°0)m @
1—jx+ (=2)5x? 1—jox+ (—2)5x?

0J)~(-2)50J)  x

1+jgx+(—2)Sx2

So, the proof is done.

Theorem 2.2.11. Exponential generating function of 0],(15) is given by

¥ 0 (s) x™ _ de¥*_peb’x
n=0 Olnim 3y =~y —

Proof. Let U, ©) = =D 00](5) be the exponential generating function of 0](5).
From (6), the following is obtalned

) _ (s) B (aS)n" _ (bS)nb
0. = ZO! —Z( )
_a — (asx)™ b = (bSx)™
_as—bsz n! _aS—sz n!

n=0 n=0

~ aS ~ pS ~ aSx = BS
Ge®x beb x _ Ge® "—beb x

asS—bS as—ps as—ps

Thus, the proof is obtained.
2.3. Some ldentities for Higher Order Jacobsthal Quaternions

Lemma 2.3.1. There are the following equations

b =a—Vgp
and
ba=a+Vp

where a = (1 = (=2)° = (=2)% = (=2)% + jifi + josf + jas1),
B = (2% 1= + (-2)¥); k and V= (a® - b°).

Proof.
ab = (1 + a®i + a®%j + a®>k)(1 + b%i + b>5j + b35k)

=1+ bSi + b%5j + b3’k + a°i — a’h® + a’b*k — a®b35j + a®5j — a®* bk — a®b?S
+a25b35ﬁ + a3S]k + a3SbSﬁ _ a3SbZSﬁ _ a3sb3$
=1+ bt + b%j + b3k + a°i — (=2)S + a*b®k — a’b3Sj + a®*j — a®> b’k — (—2)%*

+a25b35ﬁ + a3S]k + a3SbSﬁ _ a3SbZSﬁ _ (_2)35

()

(8)
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=(1-(=2)5—(-2)% = (=2)3) + (a® + b5 + a®b3° — a>5bh*)i
+(a% + b2 + a35hs — a*h3%)j + (a3 + b3 + a*h? — a2k
= (1= (=2)° = (=2)% = (=2)* + jsi + 5§ + jask) — (=2)*(a® — b*)i
+(=2)°(a* = b*)j — (—2)°(a® - b9k
= (1= (=2)° = (=2)% = (=2)* + sl + o + jash) — (~2*V/ Vi
+(=2)5V)5 — (=2’ ¥k
= (1= (=2)° = (=2)% = (2% + sl + oo + o) = V((-2)ZV1-(=2)5) + (-2)Y7k)
=a—Vp.
Equation (8) can be similarly proved.
Theorem 2.3.2. (Vajda ldentity) For n,m,r € Z, we get
OJ 3t mOR2y = O 0L e = 2™ [l + B
Proof. By using (6), we find that

((aS)n+m (bS)n+mb> ((aS)TL+T" (bS)Tl+Tb>

Olr(l?m 017(15-2r 0](5) Olr(LS-I?mH” - — bs bs
((aS)na _ (bS)nb> <(a5)n+m+r'~ (bS)n+m+Tb>

— bS bS

) (_(aS)n+ma(bS)n+rB _ (bS)n+mB(a5)n+ra + (aS)na(bS)n+m+rE
+ (bS)nB(aS)n+m+ra)

1 ~ ~
ﬁ (_ab(aS)n(bS)nH‘((aS)m — (bs)m) + ba(bS)n(aS)nH‘((aS)m — (bs)m))

1 - -
=z (@)" ()" ((=ab(®*)" + ba(a*))) (@)™ = (b*)™))

i

(—=ab(b*)" + ba(a*)")((@*)™ - (b*)™)

_2 ) (—(@ = VBIB*)" + (@ + VB )@y

-2
:( ) (s)(a(( Y — (b5)") +VB((as)r + (bs)r))

= (- 2)sn](s)( (s) +,B]sr)

Thus, the equality is proved.
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Theorem 2.3.3. (Catalan Identity) For n,m,r € Z, we get

0](5) 0]7(1527' _ ( (5)) ( Z)Sn](s) [ (s) + .Bjsr]-

Proof. The proof is derived from the special case of Vajda identity.
OLi2mOlity = O Oftmar = 2™ |@)s + B |

For m = —r, we get

](5) 0](5) _( (5)) (- 2)sn](5) [a (s) +.Bjsr]-

Theorem 2.3.4. (Cassini Identity) We have

019,018, — (0/8)” = ~(=2)"™V[a + ]
Proof. If we take m = —1 and r = 1 in Catalan identity, the following is obtained.
0](5) Ojr(LSle ( (S)) (- 2)571](5) [a](s) + ﬁjs]-
= (=2)" = (=2)"*[a + Bjs]
= —(~2*"D[a + pj].
Theorem 2.3.5. (d” Ocagne ldentity) We have
01701 = 010013y = (= 2) ™yl + Bjs).

Proof. If we take for m +n = k and r = 1 in Vajda identity, the following is obtained.
OOt = 01 0) e = 2™ | + B |

0170t = 010 012y = 2™ 2yl + Bjs).
3. CONCLUSION

In this work, we introduced higher order Jacobsthal numbers with recurrence relations. We defined higher
order Jacobsthal quaternions by using these numbers. We gave the concept of the norm and conjugate for
higher order Jacobsthal quaternions. We proved some propositions for these quaternions. Also, we obtained
the recurrence relation, the Binet formula and the generating function which are basic concepts in number
sequences for these quaternions. Finally, we gave Cassini, Catalan, Vajda and d’Ocagne identities which
are the main identities in the literature for higher order Jacobsthal quaternions.

This work can be extended to higher order Jacobsthal-Lucas quaternions.
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