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Abstract

In the paper, with the aid of a known integral identity, the authors establish some new inequalities, similar
to the celebrated Simpson's integral inequality, for di�erentiable MT-convex functions.
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1. Introduction

In [13], Tunç and Yildirim introduced the concept of MT-convex functions.

De�nition 1 ([13, Section 2]). Let I ⊆ R be an interval. A nonnegative function f : I → R0 = [0,∞) is
said to be MT-convex if the inequality

f(tx+ (1− t)y) ≤
√
t

2
√
1− t

f(x) +

√
1− t
2
√
t
f(y)

hold for all x, y ∈ I and t ∈ (0, 1).
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In [4, 6, 7, 10, 11, 13, 14], integral inequalities of the Hermite�Hadamard type for MT-convex functions
have been presented. In [9], integral inequalities of the Hermite�Hadamard type for MT-convex functions
on di�erentiable coordinates were established. In [7, 8], integral inequalities of the Hermite�Hadamard type
for MT-convex functions via classical integrals and fractional integrals were given.

Motivated by De�nition 1, Bai, Wang, and Qi de�ned in [2] so-called HT-convex functions. Also motivated
by De�nition 1, Wang, Sun, and Guo de�ned in [15] so-called GT-convex functions. Meanwhile, some integral
inequalities were set up in the papers [2, 15].

Due to wide applications of various convex functions, some mathematicians have dedicated to studying
integral inequalities of the Hermite�Hadamard type for di�erent classes of convex functions. For details,
please refer to [1, 3, 5, 12, 16, 17, 18, 19, 20, 21, 22, 23] and closely related references therein.

In this paper, we will establish some new integral inequalities of the Simpson type for so-called MT-convex
functions.

2. A lemma

In order to prove our main results, we need the following lemma.

Lemma 1 ([20, 22]). Let f : I ⊆ R→ R be a di�erentiable function on the interior I◦ of an interval I and

let a, b ∈ I with a < b. If f ′ ∈ L[a, b], then

1

6

[
f(a) + 4f

(
a+ b

2

)
+ f(b)

]
− 1

b− a

∫ b

a
f(x) dx

=
b− a
4

∫ 1

0

[(
2

3
− t
)
f ′
(
ta+ (1− t)a+ b

2

)
+

(
1

3
− t
)
f ′
(
t
a+ b

2
+ (1− t)b

)]
d t.

3. Inequalities of the Simpson type for MT-convex functions

Now we start out to establish some new integral inequalities of the Simpson type for MT-convex functions.

Theorem 1. Let f : I ⊆ R → R be a di�erentiable function on the interior I◦ of an interval I and let

a, b ∈ I with a < b. If f ′ ∈ L1([a, b]) and |f ′|q for q ≥ 1 is MT-convex on [a, b], then∣∣∣∣16
[
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4
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, (1)

where
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1
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and
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)
.

Proof. Using Lemma 1 and noted Hölder's integral inequality, we have∣∣∣∣16
[
f(a) + 4f

(
a+ b

2

)
+ f(b)

]
− 1

b− a

∫ b

a
f(x) dx

∣∣∣∣
≤ b− a

4

∫ 1

0

[∣∣∣∣23 − t
∣∣∣∣∣∣∣∣f ′(ta+ (1− t)a+ b

2

)∣∣∣∣+ ∣∣∣∣13 − t
∣∣∣∣∣∣∣∣f ′(ta+ b

2
+ (1− t)b

)∣∣∣∣]d t
≤ b− a

4

{(∫ 1

0

∣∣∣∣23 − t
∣∣∣∣d t)1−1/q[∫ 1

0

∣∣∣∣23 − t
∣∣∣∣∣∣∣∣f ′(ta+ (1− t)a+ b

2

)∣∣∣∣q d t]1/q
+

(∫ 1

0

∣∣∣∣13 − t
∣∣∣∣ d t)1−1/q[∫ 1

0

∣∣∣∣13 − t
∣∣∣∣∣∣∣∣f ′(ta+ b

2
+ (1− t)b

)∣∣∣∣q d t]1/q}.
(2)
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By the MT-convexity of |f ′|q on [a, b], direct calculation yields∫ 1
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Further straightforward computation gives
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Substituting those inequalities and equalities between (3) and (4) into the inequality (2) results in the
inequality (1). The proof of Theorem 1 is complete.

Corollary 1. Under conditions of Theorem 1, if q = 1, then∣∣∣∣16
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Theorem 2. Let f : I ⊆ R→ R be a di�erentiable function on I◦ and let a, b ∈ I with a < b. If f ′ ∈ L1([a, b])
and |f ′|q for q > 1 is MT-convex on [a, b], then∣∣∣∣16
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Proof. By Lemma 1, noted Hölder's integral inequality, and the MT-convexity of |f ′|q on [a, b], we obtain∣∣∣∣16
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The proof of Theorem 2 is complete.
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