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1. Introduction and Preliminaries

In this study, we shall denote by N the set of natural numbers. Let (E, ||.||) be a Banach space and C be a nonempty convex subset of E. The
distance from a x € E to a nonempty subset C C E is defined by

dist (x,C) :=inf{|x—z| : z € C}.
The radius of C relative to x is defined by
R(x,C) =sup{|lx—z| : z€ C}.

Definition 1.1. A Banach space E is said to be uniformly convex if for each € € (0,2], there is a 8 > 0 such that for every x,y € E

[lx]| <1
Iyl < 1 ;»”’“ZLy”gps,
lx—yl|>¢€

We shall denote the family of nonempty compact subsets of C by K(C). The Hausdorff metric H on K(C) is defined as follows:
H (A,B) = max { supdist (x,B), supdist(y,A) p for A,B € K(C).
XEA yeB

A multivalued mapping T : C — K(C) is said to be nonexpansive if

H(Tx,Ty) <|lx—yl||, foreach x,y€C.

A point x € K is a fixed point of a multivalued mapping 7 : C — K(C) if x € T (x). Moreover,if T (x) = {x}, then x is called an endpoint (or
a stationary point) of 7' . We shall denote the set of all endpoints and the set of all fixed points of T by E7 (or End(T)) and Fr, respectively.
It is clear that End(T) C Fix(T). Endpoint for multivalued mappings is an important concept. Many researchers have studied the exsitence
of an endpoint of a multivalued mapping. In 1980, Aubin and Siegel [1] proved that every multivalued dissipative mapping on a complete
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metric space has always an endpoint. In 1986, Corley [2] showed that a maximization with respect to a cone is equivalent to the problem of
finding an endpoint of certain multivalued mapping. In 2018, Panyanak [3] showed that the modified Ishikawa iteration process converge to
an endpoint of a multivalued nonexpansive mapping in Banach spaces. In 2020, Laokul [4] proved Browder’s convergence theorem for
multivalued mappings in Banach space without the endpoint condition by using the notion of diametrically regular mapping. Abdeljawad et
al. [5] introduced the modified S- iteration process for finding endpoints of multivalued nonexpansive mappings in Banach spaces. Ullah et
al. [6] proved the strong and A-convergence results of endpoints for multivalued generalized nonexpansive in Metric spaces.

Definition 1.2. A Banach space (E,||.||) is said to have Opial property [7] if for each sequence {x,} in E which weakly converges to x € E
and y # x, it follows that

limsup ||x, — x|| < limsup||x, — y|.
n—oo n—yoo
Definition 1.3. [3] A mapping T : C — K (C) is said to satisfy condition (J) if there exists a nondecreasing function h : [0,00) — [0, ) with
h(0) =0, h(r) > 0forr e (0,) such that
R(x,T(x)) > h(dist(x,End(T)) for all x € C.
Definition 1.4. [3] The mapping T : C — K (C) is said to be semicompact if for any sequence {x,} in C such that

lim R (x,,T(x,)) =0,

n—soo
there exists a subsequence {x,, } of {x,} and q € C such that limy_, ., x,, = q.

Definition 1.5. A sequence {x,} in E is said to be Fejér monotone with respect to C if

%11 =PIl < llxn = pll
forallpe CandneN.

The purpose of this paper is to introduce a modified iteration process to approximate endpoints of multivalued nonexpansive mappings in
Banach space.

Let C be a nonempty subset of a Banach space and 7 : C — K(C) be a nonexpansive multivalued mapping. Let 04, B, %, € [a,b] C (0,1) are
real sequences. We introduce our iteration process as follows: x; € C

Zn=(1=%)%n+ Yavn, n €N
where v, € T (x,) such that||x, — v,|| = R (xn, T (x,)), and

yn = (1=PBn)va+ Bawn (1.1)
where wy, € T (z,) such that||z, — wy|| = R (24, T (z)), and

Xnt1 = (1= 04) vy + Oty

where uy, € T (y,) such that ||y, — un|| =R (yn, T (yn))-
Following lemmas will be useful to prove our main results.

Lemma 1.6. [3] For a multivalued mapping T : C — K(C), the following statements hold.

(i)xe F(T) & dist(x,T(x)) =0.
(i) x € End(T) < R(x,T (x)) =0.
(iii) If T is nonexpansive, the mapping g : C — R defined by g(x) := R(x, T (x)) is continuous.

Lemma 1.7. [8] A Banach space E is uniformly convex if and only if an arbitrary k > O, there exists a strictly increasing continuous
Sunction ¥ : [0,00) — [0,00) with ¥ (0) = 0 such that

gim e+ (1 - @)y < P+ (1 - @) [y~ (1 ) ¥~y

).

forallx,y € B(0) = {x € X : ||x|| <k}, and a € [0, 1].
Lemma 1.8. [9] Let {0, },{B.} be two real sequences such that

1) 0 < oy, B < 1,
(ii) B, — 0 as n — oo,
(111) Z anﬁn = 0o,

Let {3, } be a nonnegative real sequence such that )" ¢, 8, (1 — f8,,) 6, < e=. Then {8, } has a subsequence which converges to zero.

Definition 1.9. [/0] Let T : C — CB(C) be a multivalued mapping. A sequence {x,} in C is called an approximate fixed point sequence

(resp. an approximate endpoint sequence) for T if lim dist(x,, T (x,)) = 0 (resp. lim R(x,,T(x,)) = 0). The mapping T is said to have
n—oo n—roo

the approximate fixed point property (resp. the approximate endpoint property) if it has an approximate fixed point sequence (resp. an
approximate endpoint sequence) in C.
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Let C be a nonempty subset of a metric space (X,d) and {x, } be a bounded sequence in X. The asymptotic radius of {x,} relative to C is
defined by

r(C,{xn}) = inf{limsupd(xn,x) X €E C} .

The asymptotic center of {x,} relative to E is defined by

n—eo

A(CAx}) = {x € C: limsupd (x,,x) = r(C, {x,,})}

Lemma 1.10. [71] Let C be a nonempty closed convex subset of a uniformly convex Banach space and T : C — K(C) be a mutlivalued
nonexpansive mapping. Then the following implication holds:

{xn} CC xp = x, R(x,,T (x)) = 0= x € End(T).

Proposition 1.11. [10] Let C be a nonempty subset of a metric space (X,d),{x,} be a sequence in E, and T : C — K(X) be a mapping.
Then R(xn,T (xn)) — 0 if and only if dist (x,, T (xn)) — 0 and diam(T (x,)) — 0.

Theorem 1.12. [10] Let (X,||.||) be a uniformly convex Banach space, C be a nonempty bounded closed convex subset of X, and
T : C — K(C) be a nonexpansive mapping. Then T has an endpoint if and only if T has the approximate endpoint property.

2. Main Results

We start with the following lemma.

Lemma 2.1. Ler C be a nonempty closed convex subset of an uniformly convex Banach space E and T : C — K (C) be a multivalued
nonexpansive mapping with Er # 0. Let {x, } be a sequence as defined in (1.1). Then limy,_,e ||x, — p|| exists for each p € Er.

Proof. Let p € End(T). By (1.1), we have

%1 = pll = [[(1 = @) v + Ottt = p|
< (1= [[va = pll + & [Jun = pll

= (1—ay)dist(va, T (p)) + Ondist(un, T (p))

<(I=an)H(T (xn),T (p)) + 0H (T (ya), T (p))

< (1= 0t) lxn = pll + 0 [lyn — plI - (2.1)
and

lyn = pll = (1 = Ba) va + Bawn — p||

< (1= Ba) [lva = pll =+ Ballwn — pll

= (1= PBu)dist(va, T (p)) + Budist(wn,T (p))

S (1 =PBu)H(T (xn), T (p)) + BnH (T (20) ., T (p))

< (1=Ba) [ = pll + Bullzn — Pl (2.2)
and

llzn = Pl = 1(1 = %) %0 + Yavn — Pl
< (L =%) ln = pll + Y llva — Pl
= (1=%) %0 = pll + Wudist (v, T (p))
< (L=1) [lxa = pll +%H (T (xa), T (p))
< (1 =%) 0 = pll + % [|%2 = Pl
= |lxn —pll- (2.3)
Using (2.3) and (2.2) ,we obtain

[yn = pIl < (1= Ba) 0 = pll + Ba[lxn = pll = llxn = pll
which implies that
X1 =PIl < (1= 06) |2 = pll + & [[xn — pll = llxn — | -

Thus{||x, — p||} is nonincreasing sequence and bounded, which implies that lim,_ ||x, — p|| exists for each p € Er. Also {x,} is
bounded. O

Theorem 2.2. Let E be a uniformly convex Banach space with Opial property, C be a nonempty closed convex subset of E and T : C — K (C)
be a multivalued nonexpansive mapping with Er # 0. If {x, } is the sequence defined by (1.1) with oy, By, v, € [a,b] C (0,1) forallnin N,
then {x,} converges weakly to an element of Er.
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Proof. Fix p € Er. Then, as in the proof of Lemma 2.1,{x, }is bounded and so {y, }.{z,} are bounded. Therefore, there exists k > 0 such
that x, — p, yn — p, zn — p € Bi(0) for all n > 0. Since E is a uniformly convex, by Lemma 1.7, there exists a strictly increasing continuous
function W : [0,00) — [0,00) with ¥ (0) = 0 such that

llzn — plP=11(1 - Yn)xn+7’nvn_P||2

2 2

(L=2) [ = 1"+ Y lva = U™ = % (1 = %) ¥ (10 — vl
(1=%) llxn *I’Hz + Yndiﬂz i, T(P)) =Y (1= %) ¥ (IIxn — vall)
(1= 1) [0 = pI> + 1> (T (50) . T (P)) = ¥ (1 = %) ¥ ([l = va)
Fn = pI* = Y (1= %) @ ([t = vl - (2.4)

By Lemma 1.7 and (2.4), we have

ININIA

IN

lyn = pIP=11(1 = Ba) v+ Bawn — pI?

< (1=Bn)llva— P” + B llwn — P”z_ﬁn(l_ﬁn)\P(HVn_WnH)
(1= Ba) dist® (va, T () + Badist® (W, T () = Ba (1= Ba) ¥ ([[va — wl])
(1= Ba) H? (T (x) T (p)) + BuH* (T (z0) . T (P)) = B (1 = B) ¥ ([l = wall)
( )
(1—Bx)

ININ

IN

1= Ba) 1% = p1I* + Bullzn = pII* = Ba (1= Ba) ¥ (||vee = wil])

||xn_P||2+ﬁn||Zn_PH2
< [n =PI = Buta (1= 20) ¥ ([l = vall) 2.5)
from (2.4), (2.5) and by Lemma 1.7 , we have

IN

w1 = PIP=11(1 = ) v+ attn — p|>

< (1= ) [[va = Pl + 0 n — plI* = 0 (1= 06) ¥ ([[vn — )

< (1= ) dist* (v, T (p)) + Qudist® (un, T (p)) — 0y (1 — 0, ) ¥ (|| vy — 4]])

< (1= 0) H* (T (xa) T (p)) + 0uH> (T () . T (p)) = 0 (1 = 0) ¥ (|| = un)
< )

(

IA

Q

n

Q

1 — o) [0 — P” + Qi [lyn — P”z_an(l_an) W ([[vi — uall)
< 1_O‘n)Hxn_P|| +an||yn—17||
< lxn 7p‘|27anﬁn7n(l — Y)Y (Ixn —vall) - (2.6)

S0,

[l2+1 _P||2 < lxn _PH2 — 0B Yo (1= ¥) ¥ (||xn — va]) -

This implies that

oo

Y Bt (1= 1) ¥ ([l —va) <o

n=1

By Lemma 1.8, we have lim, e ¥ (||x;, — va||) = 0. As W is strictly increasing and continuous, we get limy,_,c ||X, — v4|| = 0. Hence

lim R (xn, T (x,)) = nh_r)rol<> || — v || = 0. 2.7)

n—soo

We want to show that {x, } converges weakly to an element of E7. For this, it must be showen that {x,} has unique weak subsequential
limit in Er. Therefore, we assume that there are subsequences {x,,} and {x,,j} of {x,}such that x,, — u and x,;, = v. By (2.7),
limy,; o0 R (2, , T (x;) = 0. It follows from Lemma 1.10 that u € E7. Similarly, we can be shown that v € E7. Now, suppose u # v. By
Lemma 2.1 and the Opial property, we get

lim ||x, —ul| = LHm |]x,, — ul|
n—soo nj—oo
< lm ||x,, —v||
nj—oo
= lim lx =

lim Hxn va
nj—eo

A

lim Hxn —uH
nj—oo

lim ||x, — ul|
n—oo

which is a contradiction. Hence {x, } converges weakly to an element of Er.

Next, we prove strong convergence theorems in uniformly convex Banach spaces.
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Theorem 2.3. Let E,C and T be as in Theorem 2.2. Let {xy}be the sequence defined by (1.1) with Oy, By, Y € [a,b] C (0,1). If T is
semi-compact, then {x,} converges strongly to an element of Er.

Proof. In view of (2.6), we have

0B (1= V) W (|20 — vnl[) < oo

By Lemma 1.8, there exists subsequence {v,, } and {x,, } of {v,} and {x,}, respectively, such that limy_,c. ¥ (||x,;, — v, ||) = 0. Since ¥ is
strictly increasing and continuous, limy_, ||x,, — v, || = 0. So,

lim R (x,, T (xn,)) = ](151010 1%, — Vi || = 0. (2.8)

k—yo0

Conversely, T is semicompact, we may assume, by passing through a subsequence, that x,, — ¢ for some g € C. We need show that ¢ € ET
and x, — ¢. By Lemma 1.6 (iii), together with (2.8), we have

R(q.T()) = Jim R, T (x,)) = 0. 9

It follows from Lemma 1.6 (ii) that ¢ € Er. By Lemma 2.1 lim,_e ||x, — g exists for each ¢ € Er and hence g is the strong limit of
{xn}. O

Proposition 2.4. [12] Let C be a nonempty closed subset of a Banach space and {x,} be a Fejer monotone sequence with respect to C.
Then {x,} converges strongly to an element of C if and only if limy_,dist(x,,C) = 0.

Theorem 2.5. Let E,C,T and {x,} be as in Theorem 2.2. If T satisfies condition (J), then {x,} converges strongly to an endpoint of T.

Proof. Since T is a nonexpansive mapping, Er is closed. As T satisfies condition (J), lim,_se dist (x,, E7) = 0. Lemma 2.1 implies that
{xn} is Fejer monotone with to respect E7. By Proposition 2.4, {x, } converges strongly to an element of E7. O
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