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ABSTRACT

In this paper, the relationships between spectrum and pseudospectrum of the direct sum of linear operators in
the direct sum of Hilbert spaces and its coordinate operators have been researched. Also, the analogous
relations of some numerical characteristics (spectral and pseudospectral radii) of such operators have been
investigated.
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1. INTRODUCTION

The importance of determining spectra of linear operators does not need much explanation as
such spectra are essential in quantum mechanics, both relativistic and nonrelativistic, and in
general in mathematical physics. Although, we should draw attention to the importance of non-
selfadjoint operators and their spectra. The growing interest in non-Hermitian quantum
mechanics, nonselfadjoint differential operators and in general nonnormal phenomena has
emphasized the importance of nonselfadjoint operators and pseudospectral theory. In this article,
we aim to show that there are ways of computing spectrum of a linear operator. Thus, we fill in
the long standing gap in the computational spectral theory. The arithmetic operations carried out
are not exact, when we should do a computation of the spectrum on a computer. Hence, we may
get the true solution to a slightly perturbed problem. The problem above does not occur, when we
are considering the pseudospectrum in bounded case.

In 1994 [1], according to William Arveson's view on the situation of the computational
spectral problem, there is a dearth of literature on this basic problem and there are no proven
techniques. This is related to the general problem. If we have more structure available (for
example, self-adjointness), we can say much more. On the other hand, the non-normal operators
and their spectra have become increasingly important during the last two decades. The interest in
non-selfadjoint differential operators [2,3], in non-Hermitian quantum mechanics [4,5] and in
general non-normal phenomena [6,7] has increased. Therefore, non-selfadjoint operators and
pseudospectral theory have become inevitable. This points to the importance of the general
question. Moreover, it poses a slightly philosophical problem: could there be operators whose
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spectra we can never determine? Since these operators lead to serious restrictions to our possible
understanding of some physical systems, they are inevitable in areas of mathematical physics.
Fortunately, there are the recent developments on this subject. We can be optimistic for the future
according to the results in [8]. We can refer to [9,10] for other papers related to the ideas
presented in this paper.

In [11], the infinite direct sum of Hilbert spaces H,,n € Z in sense of [,(Z) and the direct
sum of linear densely defined closed operators A, in H,,n € Z are defined as

1/2

H= ® Hy={x=(a)ix €H, nez, ||x||=(Z||xn||2) <o

n=-—oo
and
A:D(A) cH - H,

A= @ A,DA)={x=(x,) EH:x, €D(A,), n € Z,Ax = (A,x,) EH },
N=—00

respectively. Recall that H is a Hilbert space with the norm induced by the inner product

(o]
) = Y Couddn = (), y=OweH,
n=—oo
where (-, +), isan inner productin H,,n € Z.

In the mathematical literature, it is known that the spectral theory of linear operators in direct
sum of Hilbert (or Banach) spaces should be examined in order to solve many physical problems
in life sciences. These and other similar reasons led to the emergence of the topic examined in
current paper and the need for review.

There are numerous physical problems arising in the modelling of proceses the physics of
rigid bodies, multiparticle quantum mechanics and quantum field theory. These problems support
to study the theory of linear operators in the direct sum of Hilbert spaces (see [12, 13, 14, 15] and
references in them).

Let £ be a Hilbert space, C,(#) be a class of linear compact operators in ' and T €
Co () . The eigenvalues of the operator (T*T)Y/2 € C,,(H) are called the s — numbers of the
operator T. We shall enumerate the nonzero s — numbers in decreasing order, taking account of
their multiplicities, so that

sn(T) = 2,((T*TYY2),n =12, ..

(see [16]).

The Schatten-von Neumann operator ideals are defined as

Cp(H) ={T € Cor(H): Typoy sSE(T) <}, 1<p< o

in [17, 18].

Throughout this paper, the set of linear bounded operators and the identity operator in a
Hilbert space 7 are denoted by B(H) and I, respectively.

Our aim in this paper is to investigate the spectrum, e —pseudospectrum and

(n, €) —pseudospectrum of the infinite direct sum of operators. Then, some examples are
provided as an application of our results.

2. SPECTRA AND PSEUDOSPECTRA OF THE DIRECT SUM OPERATORS

In this section, we will investigate the spectrum, e —pseudospectrum and
(n, €) —pseudospectrum of the infinite direct sum of operators.
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The following result can be easily proved using the similar method in [19, 20, 21, 22].

Theorem 1. In order to A € B(H) the necessary and sufficient condition is sup,ez|lA,|l < oo.
Moreover, in the case that A € B(H), the norm of A is in the form ||Al|=sup,ezllAnll-

By the definition of compactness of an operator in [11], we have that if A € C,,(H), then
A, € C(Hy) forn € Z.
Let us prove the following result.

Theorem 2. Let A, € C,,(H,,) forn € Z. A € C,(H) if and only if

limn—)ioo”An” =0.
1 0
Proof. If A € C(H), the restrictions A|;_ = @ Ay and Aly, = @1 A,, of the operator A to the
N=—w n=

1 0
linear subspaces H_. = @ H,andH, = @1 H,, are compact operators, too. Hence, using the
N=—w n=!
presented methods in [20, 21] we can obtain the following results
lim,,_,_»||4,|l = 0 and lim,_,[|A4,]l = 0.

Conversely, assumed that lim,_i«l[4,ll = 0. In case when A, € C,(H,), n €Z the
operator defined as

n
By= @ ApnBp:H->Hn>1
m=-n
is a compact operator. On the other hand, for each x € H and n = 1 we have

1CA = Boxll = || EnZ8) At + Zinss A || <
(supms—(ns 1 Amll + supmzns1 1 Aml)lxll.
Consequently, for any n > 1 we get
14 = Bull < supms—g+n) [Amll + supmen+1llAmll.

t
Since lim;4[lA,|l = 0, then B, T A as > oo, Thus, by the important theorem of

compact operators theory in [11], the operator A belongs to the class C,, (H).

Hence, the proof of theorem is completed.

With the use of the Theorem 4.8, Theorem 4.9 and Corollary 4.11 in [21], for the singular
numbers of the direct sum operator A in H we can easily obtain the following result.

Theorem 3. Let A, € C,, (H,),1<p, <o forn € Z and p = supp, < ». A € C,(H) if and
nez
only if the series
Yoo Zin=1 S (An)
is convergent.

Definition 1. [11] The spectrum and resolvent sets of a linear densely defined closed operator
T € B(#) in any Hilbert space 7 are defined as

o(T) :={z € C:zI — T does not have an inverse in B(H)}
and
p(T) = C\ o(T),

respectively.
Let us prove the following assertion.
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Theorem 4. The resolvent and spectrum sets of the operator A are of the forms

p(A) ={z € Npz—w p(An): suppezllR;(An)Il < oo}
and
g(4) = Une—o U(An) ufze Ni=—w p(An): SuanZ”Rz(An)” = Oo}:

respectively, where R, (+) is the resolvent operator of an operator.

Proof. Let z € p(A). Then, the operator A,: D(A) € H —» H,A, := zI — A is one to one from H
onto H. Hence, the restriction operator Az|,, to the linear subspace Hy,,n € Z is one to one from
H,, onto H,, too. This means that the operator Az|y_:D(A) € H, —» Hy, Az|y, =zl —Ap,n €L
is boundedly solvable, i.e. z € p(4,),n € Z. On the other hand, since (zI —A)~* € B(H) and

(zZI —A)t= @ (21 —A,)7 %, then sup,ezllR,(4,)]] < . Hence, we have
nN=—o0

,D(A) c {Z € n‘?LO:—oo ,D(An): SuanZ”Rz(An)” < Oo}
On the contrary, let z € Ny-_o p(A,) with the condition sup,ez||R,(4,)]| < . Thus, we
get z € p(A). Consequently, we have
p(4) = {z € Ny=—co p(An): SuppezlIRz(An)Il < o0}
Finally, we obtain
0(A) = Unz-0 0(An) U{z € N7=—wo p(An): supnezllRz (Al = o0}
Remark 1. The analogous result for the direct sum of operators in the direct sum of Hilbert

(Banach) spaces in the case of I, (N) has been obtained by using the another methods in [19, 20].
Let us give the definitions of € —pseudospectrum and (n, €) —pseudospectrum of an operator.

Definition 2. [7, 23, 24, 25] Let T be a densely defined closed operator on a Hilbert space 7 such
that ¢(T) # Cand € > 0.

(1) The e —pseudospectrum set of the operator T is defined as
0e(T) = a(T) U{z & o(T):1I(zl —T)7*|| > 1/€}

or
0.(T):={z€C|(zl —T) ! > 1/¢€}

(2) Letn € Z,. The (n, €) —pseudospectrum set of the operator T is defined as
_omy1/2™

ne(T) = 0(T) U {z ¢ o(T): ||zl =27 > 1/6}
or
_omy1/2"
One(T) = {Z € C: ||(z1 = )72 > 1/6}.

Let us prove the following assertion.

Theorem 5. The € —pseudospectrum of the direct sum operator A in the direct sum of Hilbert
spaces is of the form

0:(A) = Up=_ow 0c(4y) , € > 0.
Proof. Let z € a.(A). Hence, ||(zI — A)~!|| > 1/e. On the other hand, by Theorem 1 we have
suppezll(zI — Ap)7HI > 1/
This means that there is an integer number n, € Z such that
[ Gz1 = 40,) 7" || > 17e.

Thus, we have z € g(4,,). Therefore, z € Ujp-_o 0. (4,,). Consequently,
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0.(A) c US-_w 0. (4,).
On the contrary, let z € Us-_o, 0.(A,). Hence, there is at least one ny € Z such that z €

ae(Ano).
Namely,

||(z1 — Ay, _1|| > 1/e.
From this realation, we obtain

l(z1 = )7 = supll(zl — 4)7 | > 1/e.
nez

Hence, we get z € g.(A4) and

Un=-w 0e(4y) € 0c(A).
Finally, we have

0e(A) = Une_c 0c(Ap).

Hence, the proof of theorem is completed.
Let us prove the following assertion.

Theorem 6. Let n € Z, and € > 0. The (n, €) —pseudospectrum of the direct sum operator A4 in
the direct sum of Hilbert spaces is of the form

O-n,e(A) = Un=-o O-(n,e)(Am)-
Proof. One can easily notice that foranyn € Z,

(zI —A) ' = gj-) (z1 — A) %z € p(A).

From this relation, for any n € Z, we have
ZI-A) = @ (21 —Ay)~2"
m=—0

Therefore, for any n € Z, we get

”(ZI - An)_zn” = SumeZ”(ZI - An)_zn”-
Then, forany n € Z, and z € p(A) we obtain

Gt = 22" = (supmeal| @l — 4,) 2 )" = suppeal|(al — 4) 2"
Thus, with the use of the method in the proof of Theorem 5 we have
o-n,e(A) =Um=-o o-n,e(Am)-

Definition 3. [11] The spectral radius r(T), the € —pseudospectral radius 7.(T),e > 0 and the
(n, €) —pseudospectral radius 7, (T),n € Z,, € > 0 of the operator T € B(H) in any Hilbert
space H are defined as

”1/2"

r(T) = sup{|z|:z € o(T)},
17.(T) = sup{|z|: z € 0.(T)}
and
rn,e(T) = Sup{|2|1 AS O'n,E(T)}r

respectively.
Let us prove the following assertion.
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Theorem 7. The spectral radius, the e —pseudospectral radius and the (n, e) —pseudospectral
radius of the direct sum operator A € B(H) in the direct sum of Hilbert spaces are of the form

7(A) = suppez T(4y),
7. (A) = suppez 7e(4,)
and
rn,e(A) = SUPmerz rn,e(Am):

respectively.
Proof. Let us prove this theorem for the e —pseudospectral radius. By Theorem 5, the
€ —pseudospectrum of the operator A is of the form

UE(A) = U-;.loz—ooo-e(An)-
Since 0.(4,) c a.(A),n € Z, we have
1e(4,) < 7(4).
Consequently,
SUPpez re(An) < re(A)-

On the contrary, in the case of sup,ez 7.(4,) < r-(4), we must obtain at least one element
z, € 0.(A) such that

Suppez Te(An) < lz.| < 1.(4).
In this case, there is an integer number n, € Z such that z, € ae(An*). Hence, we have
7e(4n,) < lz.l.
However, this is a contradiction. Thus, it seems that
7:(A) = supyez e (4n).
Similary, one can obtain that
7(A) = supyez (Ay) and 7, (4) = suppmez e (Am).

3. APPLICATIONS

In this section, we will provide some examples as an application of our results. Throughout
this section, the circle with radius » and center z, the open region in a plane bounded by this
circle are denoted by C(z,7) and D(z, 1), respectively.

Example 1. In the direct sum H :== @ (2, consider the direct sum operator A :== @ A,,, where
n=-ow n=-o0
Apxp: = Apxn, X, A, € C. By Theorem 4, we obtain
0(4) = Upz-oofn}.
On the other hand, it is easy to see that

IR, (Al = ﬁ,n €7,z € p(Ay).
Hence, for any € > 0 the inequality

IR, (ANl > =
is equivalent to the following relation

lz—2,] <e.
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Then, we have
0.(A) ={z€C|z— 2, <e}=D(A,€)
and
Ome(An) = DAy, €), n€EZME L.
Thus, by Theorem 5 and 6 we have
0:(A) = Uge_oo D(A4, €)
and
Om,e(A) =D(Ay,€),m € Z,,
respectively.

Example 2. In the direct sum H:= @& C?, consider the direct sum operator A:= @ A,
where A4, = (1(/)n g) Ap:C? > C%neZ\ {0} and 4y = 0,4y: C? — C2. In this case, it is
clear that
1
A3 =0, |44l = 2,n € Z\ {0}
and

A € Coo(H), A2 = 0, ]|All = suppzo- = 1.

Then, forn € Z \ {0} and A # 0 we get

1Ry (A1 = sup {7, =}
and

IRz (Aol = 7.
Consequently, by Theorem 4 we obtain
o(4) = {0}.

Since A% = 0, then by Theorem 5 for each e > 0

0.(4) = D(0,Ve? + ¢).

On the other hand, for any n € Z and m € Z,, we have
(zl — A,)?" = 722" —2mz2"-14,
Hence, for any z € p(4,) and € > 0 we get
(1 = 4027 = 1212zt = 2m )M > 2

For each z € €(0,7) we have

(2l = 2™ 4,) " > =

ri-2mg2m’

neZmeL,.

Thus, by Property 1.1 in [11] we obtain

O'rl—zmgzm(zmAn) =2Mg re2m (An)-

@)™
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Consequently, we establish

Gm,e(An) = sz.(A) =2m Urs>0 0 re2m (An)

@)™

Therefore, by Theorem 6 we have

Um,e(A) =2m U1°10=—oo Urs00 rem (An)

@)™
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