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Abstract

The main objective of this research manuscript is to establish various existence and uniqueness results as well
as the Ulam—Hyers stability of solutions to a Coupled system of ¢)—Caputo fractional differential equations
without and with delay in generalized Banach spaces. Existence and uniqueness results are obtained by
applying Krasnoselskii’s type fixed point theorem, Schauder’s fixed point theorem in generalized Banach
spaces, and Perov’s fixed point theorem combined with the Bielecki norm. While Urs’s approach is used to
analyze the Ulam—Hyers stability of solutions for the proposed problem. Finally, Some examples are given
to illustrate the obtained results.
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1. Introduction

Nonlinear fractional differential equations (NFDEs) play an important role in describing many phenomena
in applied sciences and engineering applications the reader can consult [20, 291 B34 [43]. Some recent results
on the topic can be found in the following monographs [1, 2l 3, 241 34} [47]. During the last few years, different
variant of fractional differential operators have been introduced [7, 9], 14, 22] 27, [41]. Existence and uniqueness
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of solutions as well as the Ulam stability for fractional differential equations without and with delay in scalar
and abstract Banach spaces have been wildly considered; see for instance [4] 5l 8l 10, [1T), 12, [13] 16, 17, 21,
23, 25, 28, 30, 39, 40, 42, 44]. In this regard, different methods have been employed to verify the qualitative
properties of their solutions. Moreover, the study of coupled systems of fractional order is also important in
various problems of applied sciences, see [15] [18| [19] 26| [33]. Additionally, in papers [6, 31,32} 35] 36}, 38, 46],
the authors studied the existence and uniqueness of solutions for a system of ordinary or fractional differential
equations using some well-known fixed point theorems in generalized Banach spaces. As far as we know, there
are no contributions associated with the solutions of a system of fractional differential equations without and
with delay in generalized Banach spaces in the frame of ¥-Caputo derivative. Therefore, this paper comes
to fill this gap in the literature. Motivated by aforementioned reasons, in this research article first, we deal
with the existence and uniqueness results as well as the Ulam-Hyers stability of solutions for the following
system of differential equations involving the 1-Caputo derivative of fractional order:

{( CDZTZ')(T) = Ax(71) + Gy (7, 2(7),y(T)), €] :=a,b], (1)

(DAL Y)(r) = Aoy(7) + Go(7, 2(7), y(7)),
subject to the initial conditions
m(a) i ¢17 (2)
y(a) - gb??

where CID)Zﬁ/), C]D)Z fﬁ are the -Caputo fractional derivative of order v, u € (0, 1], respectively which was
recently proposed by Almeida[7]. G1,Gy : J x R x R — R"™ are a given continuous functions, a and b are
positive constants such that a < b, ¢1, P2 € R™ and Ay, Ay € R™*"™,

Next, we turn our attention to study the existence and uniqueness of solutions to the following delayed
coupled system of the form:

C]D)V%w =T ),
( ]D)ajk y)(T) = F2(7—7 Tr, yT)v
along with the initial conditions
S @
y(r) = B(7),

where § > 0 is a constant delay and F1,Fy : J x C([—6,0],R™) x C([-4, 0], R") — R™, are given continuous
functions and «, 5 : [a — §,a] — R™ are two continuous functions. For any function z defined on [a — 4, d]
and any 7 € J, we denote by z; the element of C([—¢, 0], R™) defined by

zr(p) = 2(T +p), p€[=4,0]

Hence z.(+) represents the history of the state from times 7 — § up to the present time 7.

Our paper is organized as follows: In Section [2| we provide some basic definitions needed for our work.
In Section , we prove the existence and uniqueness of solutions for problem f by using Perov’s and
Krasnoselskii’s fixed point theorems in generalized Banach spaces together with the Bielecki norm. Further,
the Ulam-Hyers’s stability of the above-mentioned problem is also investigated. In Section |4l we discuss
the existence and uniqueness of solutions for problem subjected to initial conditions via fixed point
techniques of Schauder’s and Perov’s in generalized Banach spaces. Finally, we close up this paper by
providing some examples to illustrate the applicability of the obtained results.

2. Background material

In this section, we provide some fundamental material about fractional calculus, matrix analysis, and
fixed-point theorems that will be used throughout this paper.
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First, we introduce the essential functional spaces that we will adopt in this paper. We denote by
C([a,b],R™) the Banach space of all continuous functions z from [a, b] into R with the supremum norm

[2llja,5) = sup [l2(7)l.

T€[a,b

Let € = C([a — 6,b],R™), denote the Banach space of functions from [a — J,b] into R™ equipped with the
supremum norm ||z|le. In addition, Let us denote by €5 := C([—4,0],R™) the Banach space of functions w
from [—6,0] into R™, endowed with the norm

lwlle; = supJw(p)l-
pe[_évo]

Now, we present some facts from the theory of fractional calculus.

Definition 2.1 (|7, 24]). For v > 0, the left-sided 1Y—Riemann—Liouville fractional integral of order v for
an integrable function z: [a,b] — R with respect to another function v: [a,b] — R that is an increasing
differentiable function such that /(1) # 0, for all T € J is defined as follows

ifid _ ! T's ) —(s)) Lz(s)ds
L25(0) = g7 [ V00— o) 2(s)ds &)

where I'(+) is the (Euler’s) Gamma function defined by
“+oo
I'(v) = / ™ teTmdr, v >0,
0

Definition 2.2 ([7]). Let n € N and let ¢,z € C™([a,b],R) be two functions such that 1 is increasing and
(1) #0, for all T € J. The left-sided yh—Riemann—Liouville fractional derivative of a function z of order v
1s defined by

v; 1 d\" n—v;
]D)aibz(T) = ( dt) L% 2(r)

where n = [v] + 1.

Definition 2.3 ([7]). Let n € N and let 1,z € C™([a,b],R) be two functions such that ¢ is increasing and
V(1) #0, for all T € J. The left-sided -Caputo fractional derivative of z of order v is defined by

VY _ n—v;) 1 i "
D'¥z(r) = I} ( 70 dt) 2(7),

where n = [v]+ 1 forv ¢ N, n=v for v € N.
For the sake of brevity, let us take
[n] _ 1 d\"
Zy (1) = <1/)’(7')dt> z(T).
From the definition, it is clear that
T (s )—=(s))* v~ [n .
CDVW}Z( ) _ fa . )(w(F)(nz—pi ; pr](s)ds ) ny ¢ Nv
at 2T 2l (1) ifreN
P ’ :

Some basic properties are listed in the following Lemma.

Lemma 2.4 ([7]). Let v,3 > 0, and z € C([a,b],R). Then for each T € J we have



C. Derbazi, Z. Baitiche and M. Benchohra, Results in Nonlinear Anal. 5 (2022), 4261 45

(1) DT 2(r) = 2(r),

(2) I7YD"Y2(1) = 2(1) — 2(a), 0<v <1,

(3) I ((r) — ()P~ = iy (¥(7) — ¥(@)) P+,
(4) Do ((7) = h(@)?~ = 2 ($(r) — (@)Y,

(5) DY (W(1) — Y(a))* =0, for allk €{0,...,n—1},n € N.

The following lemma has an important role in proving our main results.
Lemma 2.5 ([I1]). Let w,0 > 0. Then for all T € [a,b] we have

0(Y(1)—(a
Pt -via) ¢ O

< 0
Remark 2.6 ([40, 42]). On the space C(J,R™) we define a Bielecki type norm || - || as below
,_ [l
2]l := SUD o) —@) > 0. (6)
Consequently, we have the following proprieties
1. (C(J,R™),]| - ||s) is a Banach space.
2. The norms || - ||s and || - || are equivalent on C(J,R™), where || - || denotes the Chebyshev norm on
C(J,R™), i.e;
all-lls < - lloo < 2l - [lss,
where

=1, 1= PO -@)

For more properties on Bielecki type norm see [10, 40, [42)]

Let z,y € R™ with x = (x1, 22, ..., Zm), ¥y = (Y1,Y2,- - -, Ym)-

By x <y we mean z; < y;,i =1,...,m. Also,
|'7;| = (|l’1’, |1‘2|, R |l‘m|),
max(z, y) = (max(z,y), max(z,7), . .., max(Tm, ym)),
and

RT:{wERm:xieR+,i:1,...,m}.
IfceR, then x <cmeans z; <c,i=1,...,m.

Definition 2.7 ([31]). Let X be a nonempty set. By a vector-valued metric on X we mean a map d: X x X —
R™ with the following properties:

(1) d(z,y) >0 for all x,y € X, and if d(x,y) =0, then x = y;
(i4) d(z,y) = d(y, 2) for all 2,y € X;

(i7i) d(z,z) < d(x,y) +d(y, 2) for all z,y,z € X.
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We call the pair (X,d) a generalized metric space with

di(z,y)
da.g) dg(ﬂf,y)
dun(z,y)
Notice that d is a generalized metric space on X if and only if d;,i = 1,...,m, are metrics on X.

Definition 2.8 ([45]). A square matriz A of real numbers is said to be convergent to zero if and only if its
spectral radius p(A) is strictly less than 1. In other words, this means that all the eigenvalues of A are in
the open unit disc, i.e., |[\| < 1 for every A € C with det(A — A\I) = 0, where I denotes the unit matriz of

A (R).
Theorem 2.9 ([45]). For any nonnegative square matriz A, the following properties are equivalent
(1) A is convergent to zero;
(i) p(A) < 1;
(7i1) the matriz I — A is nonsingular and
I—A)'=I4+A+ +A"+..-;

-1

(iv) T— A is nonsingular and (I — A)™" is a nonnegative matriz.

Example 2.10 ([35]). The matriz A € Agyxo(R) defined by

(0 a)
converges to zero in the following cases:
(1) b=¢=0,a,d >0, and max{a,d} < 1.
(2) c=0,a,d>0,a+d<1, and =1 <b<0.
(3) a+b=c+d=0,a>1,¢c>0, and |a —c| < 1.

Definition 2.11 (|36, B7]). Let (E,d) be a generalized metric space. An operator T: E — E is said to be
contractive if there exists a matriz A convergent to zero such that

d(T(x), T(y)) < Ad(z,y), forallz,y e E.

We close this section by introducing the following fixed-point theorems that will be employed in the
sequel.

Theorem 2.12 (|32, 36]). Let (E,d) be a complete generalized metric space and T: E — E be a contractive
operator with Lipschitz matriz A. Then T has a unique fixed point xo, and for each x € E, we have

d(T*(z), 29) < AR — A)~td(x, T(z)) for all k € N.

Theorem 2.13 ([31]). Let Q be a closed, convex, non-empty subset of a generalized Banach spaces X.
Suppose that U and V map Q into X and that

(1) Uz +Vy € Q for all x,y € Q;
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(73) U is compact and continuous;
(131) V is an A-contraction mapping.
Then the operator equation Uz + Vz = z has at least one solution on €.

Theorem 2.14 ([31]). Let X be a generalized Banach space, D C X be a nonempty closed convex subset of
X, and K: D — D be a continuous operator with relatively compact range. Then K has at least a fixed point
mn D.

3. Existence, uniqueness and stability results for problem ((I)—(2).

In this section, we prove the existence and uniqueness of solutions for the given problem f. We also
study the Ulam—Hyers stability of the mentioned system.
Before starting and proving our main result, let us define what we mean by a solution of the problem

O-@-

Definition 3.1. By a solution of problem (1)—([2) we mean a coupled function (z,y) € C(J,R") x C(J,R™)
that satisfies the system

and the initial conditions
x(a) - ¢17
y(a) = ¢
For the existence of solutions for the problem (I))—(2), we need the following lemma:

Lemma 3.2. Let w € (0,1] be fizred, A € R"*"™ and h € C(J x R",R™). Then the Cauchy problem

{( DY) (1) = Az(r) + f(r,2(1)), T€J,
z(a) = ¢ € R,

1s equivalent to the following integral equation,

T (s 7) —(s))w1
2(1) = ¢+/ LA )(d)(l“)(w)w( ) (Az(s) + f(s,2(s)))ds. (8)

Proof. Let z(7) be a solution of the problem (7). Define h(t) = Az(7) + f(7, 2(7)). Then
(“D¥Y2)(r) = h(r), 0 <w <1,

that is L
epwit — [w _
(D) =15 (s

Taking the ¥-Riemann—Liouville fractional integral of order w to the above equation, we get

z) (1) ="h(1), 0 <w < 1.

. 1 d o
]Ii’f (W(T)dTZ> (r)= ]Iajrwh(T), O0<w<1.

Since

LY () 0 =B (552) 0 =) - 20
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we get
2(1) = ¢+ 157 h(7).

Using the definition of h(7), we obtain (8). Conversely, suppose that z(7) is the solution of the Eq. (8).
Then it can be written as

2(r) = ¢ + I, h(r), (9)
where h(7) = Az(7) + f(7,2(7)). Since h(7T) is continuous and ¢ is a constant vector, operating the the
1—Caputo fractional differential operator C]D):f’ on both sides of Eq. (9) we obtain

(Dy¥z)(r) = Di¥o+ (D)L h(r).
Using Lemma it yields
(D 2)(7) = Az(r) + F(7, 2(7)).

From (9), we get z(a) = ¢. This proves that z(7) is the solution of Cauchy problem which completes the
proof. O

As a consequence of Lemma we have the following result which is useful in our main results.

Lemma 3.3. Let v, u € (0,1] be fized, A1, Ay € R™™™ and G1,G2 € C(J x R™ x R™,R™). Then the coupled
systems f 1s equivalent to the following integral equations
_ s v—1

P (Aga(s) + Ga(s, (s), y(s)) ) ds,
_b(s))E—1

)w( D* (Agy(S) + GQ(Sv .Z'(S),y(S)))dS,

, TEJ (10)

Our first result on the uniqueness is based on the Perov’s fixed point theorem combined with the Bielecki
norm.

Theorem 3.4. Let the following assumptions hold:
(H1) G1,Gy: J x R® x R™ — R"™ are continuous functions.

(H2) There exist continuous functions p;,q;: J — Ry, i = 1,2, such that
1Gi(m, z1,91) — Gi(T, 22, 92)| < pi(7)l|21 — 22| + Gi () ly1 — 2l
for all T € J and each x1,y1,x2,y2 € R™.

Then the coupled system f has a unique solution.

For computational convenience, we introduce the following notations:
p; = suppi(7), ¢; :=supqi(r), ¢; = lloill, A7 = [|Ail,
TEJ TEJ
(¥ (b) — ¥(a))” (1(b) — ¥(a))"
G} :=sup [|G;(7,0,0)||, ¢}, := 20—~ =T T
SR IG OO 6= Ty T TG

Proof. Consider the Banach space C(J,R™) equipped with a Bielecki norm type || - || defined in (). Con-
sequently, the product space X := C(J,R") x C(J,R") is a generalized Banach space, endowed with the
Bielecki vector-valued norm
x
lolien = (212 ).

||ZJH%
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We define an operator T = (Tl, Tg) : X — X by:

T(z,y) = (T1(z,y), T2(z,y)). (11)
Where
(Tuto)r) = o+ [ SN (o 15) -Gt (12)
and
(Tate))r) = -+ [ ID I (4 5) 4 G a(5),0069)) . (13)

Now, we apply Perov’s fixed point theorem to prove that T has a unique fixed point. Indeed, it enough
to show that T is Ag-contraction mapping on X via the Bielecki’s vector-valued norm. For this end, given
(z1,91), (z2,92) € X and 7 € J, using (H2), and Lemma [2.5, we can get

| (T4 ( ml,yl))(T) (T (22, 92)) (7)]|

7' s))v1
/ V(HEI) ﬁ‘” (01 () 21(5) — 23(3)]] + a1 (5) 1 (5) — () ) s
Ws (r) —p(s)~!
+wAw/’ e () = (o) s
/ Y'(s ¢(3))”71P1(3)H$1(8) — 22(3)|| + a1($)1y1(5) = v2 () pws)—w(@) 4
((s)—(a))
s sz —
+WA”/'w #m» o)~ (0] -,
_ s v—1
§«M+AWWrﬂﬂm+ﬁMrwﬂ®l; LN Z B rvt-viongs
() —(a))
< (0 + Al — aalls + ailn — welle).

Hence £ LA .
p q
HT1($1,y1) - Tl(l"z,yz)H% <= o Ly — 22|l + 9*,1,||y1 —y2||s-

By the same technique, we can also get

HT2($173J1) — Ta(w2,y2) H% = 0u||£1?1 — a2l + 9 2||y1 — Y2 |-

This implies that
| T(21,91) — T($2’y2)HX7(B < Ag||(z1,11) — (22, 92)|Ix 8,

where
PI+A] a4
— ov ov
or or

Taking 6 large enough it follows that the matrix A is convergent to zero and thus, an application of Perov’s
theorem shows that T has a unique fixed point. So the coupled system f has a unique solution in
X. O

Now we give our existence result for problem f. The arguments are based on the Krasnoselskii’s
type fixed point theorem in generalized Banach spaces.
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Theorem 3.5. Let the assumptions (H1) and (H2) are satisfied. Then the coupled system (I)—[2) has at
least one solution.

Proof. In order to use the Krasnoselskii’s fixed point theorem to prove our main result, we define a subset
B¢ of X by

Be = {(z,y) e X: |[(z,y)lxs < &}
with £ := (&,&2) € R% such that
{51 > 1My + 72Mo,
§2 > 13M + 1M,

where My, M> and ~;,7 = 1,4 are positive real numbers that will be specified later. Moreover, notice that

B¢ is closed, convex and bounded subset of the generalized Banach space X, and construct the operators
U= (Ul,[UQ) and V = (Vl,Vg) on Bg as

{rul(x,y)m il
Ua(e,y)(r) = J7 S

and

Vilz,y)(r) = ¢ _,_faT 1/1/(8)(1#(12
Valz,y) (1) =  ¢o +faT 7,!)(3)(1#(;

Obviously, both U and V are well defined due to (H1) and (H2). Furthermore, by Lemma the operators
form of system may be written as

(z,y) = (Ui(z,y), Ua(z,9)) + (Vi(z,9), Va(z,9)) := T(z, y). (15)

Thus, the fixed point of operator T coincides with the solution of the coupled system f. We shall
prove that U and V, satisfy all conditions of Theorem [2.13] For better readability, we break the proof into
a sequence of steps.

Step 1 : U(z,y) + V(2,7) € Be, for any (z,y), (Z,y) € Be. Indeed, for (z,y), (Z,y) € X and for each 7 € J,
from the definition of the operator U; and assumption (H2), we can get

101, y)(7)]]

T (s ) — S v—1
- / v ><¢<F>(V)¢< D (161(5,0(5), 9(5)) - Ga(5,0,0) [ +]|G1(5,0,0) ) s

0(¢(m)—¢(a)

e ) * « . Twlsw’f—qu”*l
< W(P1’|x||%+q1]y||%)+(gl/ (s)( (I?(]/> (s)) ds
fW()—¢(@) ) >
= —————illzlls +allylls) + Gity.

Hence

i qi v
Ui(z,y) s < gfille% + H%Hyll% + Gily,.

By similar procedure, we get

D5 7 X
|Ua(z, y)|ls < inllch% + e%llyllza + Gl
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Thus the above inequalities can be written in the vectorial form as follows

Ui(z,y)| ) <||x||%> (Gif”>
U —([D@v]s ) o i 16
el = (ol ) <2 (luta )+ (ciét ) "
where oq
P 4f
By = ( @ )
T
In a similar way, we get
- Vi(z,9)| > <||x||%> <¢)
V(. (Vi@ D ) o, (12 c ) 17
v len = sz ple ) <2 (lsts )+ ( & Y

where

Combining and (7)), it follows that

o = EVG* +¢*
0+ 9D <Bo (o2 ) +me (W12 )+ (Gigiiss ) o9

Now we look for £ = (§1,&) € Ri such that U(z,y) + V(Z,79) € Be for any (x,y),(Z,y) € Be. To this end,
according to , it is sufficient to show

&1 M, 1
s ) (o )=(8)

M \ _ [ GG +o1

My ) \ G5 +¢5 )

(ﬁ;)gﬂ—fm(g). (19)

For a sufficiently large 0, matrix Ay is convergent to zero. It yields, from Theorem that the matrix
(I — Ayp) is nonsingular and (I — Ag)~! has nonnegative elements. Therefore, is equivalent to

<2 ) Z(H—A9)1<$; >

([—Ag)~' = < neom >,

Y3 V4

where

Equivalently

Moreover, if we denote

then we obtain
&1 > My + Mo,
&2 > 3My + 4 M.
Which means that G(z,y) + H(z,y) € Be.

Step 2 : V is Dy-contraction mapping on Be. In fact for each 7 € J and for any (z1,y1), (2,92) € Be. By
the same way of the proof of Theorem we can easily show that

[V(z1,91) = V(2. 92) || o < Doll(21,51) — (2, 92) |8
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Taking 6 large enough it follows that the matrix Dy is convergent to zero and thus, V is an Dy-contraction
mapping on B¢ with respect to the Bielecki norm.

Step 3 : U is compact and continuous. Firstly, the continuity of U follows from the continuity of G; and
Gs. Next we prove that U is uniformly bounded on Be. From (16)), and for each (z,y) € B¢ we can get

= (ool ) <, (8 (S8
me,y)\\x%-—(\\m(m, s /=% Ve ) e ) ==

This proves that U is uniformly bounded.
Finally, it remains to show that U(By) is equicontinuous. Let (x,y) € B¢ and any 71,7 € J, with 7 < 7.
Taking assumption (H2), into consideration, together with Remark we can find

101(z, y)(72) = Ur(z, y) ()]

T (s) [(W(r2) — ()" — ((71) — (s))" ]
< / ) IG1 (s, 2(s), y(s))ds
v—1

+/72 P () ((r2) = Y(s))"~ 1G1 (s, z(s), y(s))]|| ds

. I'(v)
L) (s ) — ()Y = (¥(m) — P(s))V !
<l e+ ) [ LB == ) =g,

™ ()W) ~ ()
I'(v)

+ 0illelloo + 4 lylloe + GT) /

T1

Pielzls + giellyls + G [(W(71) — (@) + 2(4(12) — ¥(11))” — ((72) — ()]

- I'v+1)
pieeél + qieée + G v
<2 T+ 1) (¥(72) —(m1))".
Similarly,
V(e )(72) — Vao, ) ()| < 22T L2 ) — ()
Therefore,

1U1(z,y)(72) _Ul(xvy)(Tl)H >
U(x,y)(m2) — U(z,y) ()| :=
IWte. () = Vol = (i = e o)
+ +G}
B = Vi o W) v’
— + + .
p2b2£1F(,th2<:i£2 ( (7_2) _ 1/](7-1))#
As 71 — 72, the right-hand side of the above inequalities tends to zero independently of (z,y) € B¢. Hence,
we conclude that T(Bg) is equicontinuous. By Arzela—Ascoli’s theorem, we deduce that U is a compact
operator. Thus all the assumptions of Theorem [2.13] are satisfied. As a consequence of Krasnoselskii’s
fixed point theorem, we conclude that the operator T = U + V defined by has at least one fixed point
(x,y) € B¢, which is just the solution of system f. This completes the proof of the Theorem. O

Now, We close this section by studying the Ulam-Hyers stability for problem f by means of integral
representation of its solution given by z(7) = Ti(z,y)(7), y(7) = Ta(z,y)(7), where T; and Ty are defined

by and .

Define the following nonlinear operators S1,Sg : X — C(J,R):

{( DYYF) (1) — ArF(7) — Ga(
(“DXFG)(r) — Agfi(r) — Gaf
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For some €1, > 0, we consider the following inequality:

{HS@@MH <en, g (20)
1S2(&,7)(7)|| < e2,

Definition 3.6 ([387? |). The coupled system (1)-(2) is Ulam—Hyers stable if we can find a positive constants
wi,i = 1,4 such that for every e1,e1 > 0 and for each solution (Z,7y) € X of inequality , there exists a

solution (z,y) € X of (1)—(2) with

{‘F(T) - x(T)H < wiel + waey, ]

|9(7) = y(7)|| < wser + waea,

Theorem 3.7. Let the assumptions of Theorem hold. Then problem f 1s Ulam—Hyers stable with
respect to the Bielecki’s norm.

Proof. Let (z,y) € X be the solution of problem (I)—(2) satisfying and (13). Let (Z,9) be any solution
satisfying :

{Wmﬁ@h%~%ﬂﬂ+Gﬂﬂﬂﬂﬁﬁw+&ﬁﬁﬂﬂ7TGJ
(D) (1) = Bai(7) + Go(r, 8(7), (7)) + Sa(i, §)(7).
So
T W (s ) — s v—1
z(7) :Tl(i,gj)(T)—i—/ i )(¢(13(V)¢( ) Si(z,7)(s)ds, (21)
and
T (s ) —(s))H 1
i) =Ta(a)(r) + [ PO g ) sy, (22)
It follows from and that
T (s ) — s v—1
o) - i@ @) < [ W”(F)(V)d’( D" lis1 (2, 3)(s) s < e, (23)
and
Hﬂ(T) _ TQ(f,?j)(T)H < 4 ¢/(3)(¢(7) - w(S))“il HSZ( Hds < €w€2' (24)
IN(D)
Thus, by (H2), Lemma [2.5] and inequalities (23), (24), we get
|2 ()] = [|#(7) = Tu(@ y)( )+ T, §)( H
< [[#(7) = T @ 9)(7)]| + | Ta (@ y)( ) y)()]

v pi +A] P—v(a
§g¢51+<19 L|z —x\l%+ IIy y\l%> v(r)—vla),

Hence we get

. y py + AT qi -
17— allz < £her + 220G — wle + 215 - vl (25)

Similarly, we have

_ P g5+ AS
Hy—yH%S%Eﬁe%llfv—wll%Jr ZQV 2115 — ylls- (26)
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Inequalities and can be rewritten in matrix form as

T — Y eq
H—A9<Hgf ﬂf!%>§<w )7 27
=800 15— vl ey (27)
where Ag is the matrix given by . Since the matrix Ay is convergent to zero for sufficiently large 6, it
yields, from Theorem that the matrix (I — Ag) is nonsingular and (I — Ay)~! has nonnegative elements.

Therefore, (27) is equivalent to
12 — o > -1 < tier >
v <(I—A ,
(5 vla ) <040 they

12— zlls < nljer +2lye,
19— ylls < v3lier +yalye2,

which yields that

where 7;,i = 1,4 are the elements of the matrix (I — Ag)~L.
Hence, the coupled system (I))—(2) is Ulam—Hyers stable with respect to Bielecki’s norm || - . O
4. Existence and uniqueness solutions for problem f.

In this section, we focus on the existence and uniqueness of solutions for the given problem f.
Before proceeding to the main results, we start by the following definition.

Definition 4.1. By a solution of problem (B)-[{]) we mean a coupled function (z,y) € C([a — §,b],R™) x
C([a — 0,b],R™) that salisfies the system

{wwﬁm&>:mvwﬂ%x

) TEJ,
( CDZLrwy)(T) = FQ (7_7 Zr, yT)v

and the initial conditions
T € la—d,al.

To prove the existence of solutions to 7, we need the following lemma that was proven in the recent
work of Almeida [§].

Lemma 4.2 ([8]). Let g : [a,b] x C([—0,0],R™) — R"™ be a continuous function. Then z € C([a — ,b],R™)
is the solution of

{CDZﬁpZ(T) = g(T, zT), , T € [a, ],
2(7) = a(7) , TE][a—14,al,

if and only if it is the solution of the integral equation

T ' (s)(Y(7)—7 v—1
dﬂ:{mw+ﬁ @Dy (5, 2)ds 7€ [ab, 25)

)
a(T) , TEla—14,al.

As a consequence of Lemma we have the following result which will be used in the sequel in the proofs
of the main results.
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Lemma 4.3. Let v,u € (0,1] be fized and F1,Fy : J x C([—6,0],R™) x C([-6,0],R") — R™ are a given
continuous functions. Then the coupled systems f s equivalent to the following integral equations

T () (W (1) =(s))V !
() = ala) + fa o) Fi(s,xs,ys)ds T € [a, ], (29)
a(T) , TEJ[a—14,a,
and
T Y () (W ()= p(s))H !
y(r) _ Bla) + fa T(h) Fao(s, xs,ys)ds 7 € [a,b], (30)
/B(T)’ ) TE [CL—(S,CL].
We assume that the conditions given below stands hold throughout the remainder of the paper:
(C1) Fq,Fs:J x C([-6,0],R") x C([-9,0],R™) — R™ are continuous functions.
(C2) There exist positive constants LL;, M;, i = 1,2, such that
[Fs(7, 2z, y) = Fi(7, 2,9) || < Lillz — Zlle; + Milly — lle;
for all 7 € J and each (z,y), (Z,7) € €5 X €.
For the sake of brevity, we set
F;( ‘= Sup H]Fl(T7 07 O) ||
TE€J
Define a square matrix A, as
iy M
— Tt S
- (5 ). -

Firstly, we prove the uniqueness result by means of the Perov’s fixed point theorem.

Theorem 4.4. If the assumptions (C1) and (C2) are true along with the matriz Ay, defined in converges
to zero. Then the coupled system B))—(d]) possesses a unique solution in the space C([a — 6,b],R"™) x C([a —
5, b, R™)

Proof. Consider the Banach space € = C([a — 9, b],R™) equipped with the norm

[2]le == sup [[2(7)].
TE[a—d,b]

Consequently, the product space X := € x € is a generalized Banach space, endowed with the vector-valued

norm
||x\¢>
T, Y)llx = .
9l <Hy\¢

We define an operator K = (Kl, Kg) X = X by:

K(z,y) = (Ki(z,9), Ka(z,y)). (32)
where
Ky (2, )(r) = {a(a) ] B (5, y)ds 7€ [a,b] (33)
a(T) , TEla—14d,al
and

T (s)(P(r)—tp(s))H L
Km,y)(ﬁ—{ﬁ () + ] LSOO o (s 1y )ds 7€ o),

B(r), , TE[a—14,al
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Now, we apply Perov’s fixed point theorem to prove that K has a unique fixed point. To do this, it enough
to show that K is Ay-contraction mapping on X. In fact, for all 7 € [a — 0,b], (z,y), (T,7) € X. When
T € [a — 6, al], we have

IK1(z, y)(1) — Ki(@,9)(7)] = 0.

On the other hand, keeping in mind the definition of the operator K; on [a,b] together with assumption
(C2), we can get

s (2 y)( > K@ﬂ)(ﬂ!!
) 1/ 1

/ P'(s )¢<3 IF1(s, s, ys) — Fi(s, Ts, ys)||ds
s v—1
/ w )¢( )) (Llnxs — js“@a JrMIlHys - gs”@é)ds
T (s —(s))rt
g(L1|Ix—xH¢+M1Hy—yH€)/a 4 )(¢(F)(y)w( —

(p(b) — Y(a))”
W(Ll\lx
=0, (Lallz — Zlle + Mully — 7lle)-

< — #||e + My ly — 7l

Hence

[K1(2,y) = Ki(@,9)|] 4 < 0 (Lalle — Zlle + Mully — Flle).

[a,]

By similar procedure, we get

1K2(z,y) — Ko(Z, 9)lja—54 = 0
K2 (2, y) — Ko(Z,9)[la,p) < £ (Lallz — Zlle + Mally — glle)-

Consequently,

i) - K@) = (e ) < sl - @Dl

where Ay is the matrix given by (BI). Since the matrix A, converges to zero, then Theorem implies
that coupled system f has a unique solution in X. O

Next, the following result is based on Schauder’s type fixed point theorem in generalized Banach spaces.

Theorem 4.5. Let the assumptions (C1) and (C2) are satisfied. Then the coupled system B)-H) has at
least one solution, provided that the spectral radius of the matriz Ay is less than one.

Proof. In order to apply Schauder’s fixed point theorem type in a generalized Banach space, we need to
construct a nonempty closed bounded convex set B, C X such that

K(B,) € By, (35)
where the operator K: X — X defined in . Let us consider the set
B, = {(z,y) € X : [[(z,y)[x <},

where r := (r1,79) € Ri will be specified later. Now we try to find 71,79 > 0 such that holds. Indeed,
for all 7 € [a — 0,b], (x,y),€ X. When 7T € [a — 0, al], we have

1K (2, ) (D] < lellja—5.a1;
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which yields
1K1 (@, 9) a6, < l¥llfa—s,a); (36)

and if 7 € [a, b], we have

T (s) () —(s))" !
1K1 (2, ) ()| <[leca)] +/ (IF1 (s, 25, ys) — F1(s,0,0)]]
+ [[F1(s,0,0)]|)ds
<lle(a)ll + & (Lallzle + Mullylle + F7).
Hence, we get
1K1 (2, ) lljap) < lla(@)l| + €5 (Lallz]le + Millylle + F). (37)
So from and , we get
1K1 (2, y)lle < 1K (2, 9)llja—s.0] + 1K1 (2, ) lja,0)
< llella-sa) + le(a)ll + € (Lallzlle + Millylle + F7).
In a similar way, we get
IKz(z, y)lle < 1Bllja—s,0) + 1B(a)ll + €} (Lellzllc + Mallylle + F3).
Thus the above inequalities can be written in the vectorial form as follows
1K1 (2, ) e > ( ]| ) ( Py >
K(z, = <A + , 38
o= (e ) <4 (i )+ (7 (38)
where Ay, is the matrix given by (31]), and

( Py ) _ ( CF; + (@) + [ollfa—sa) ) |
P2 5+ 1B@)]] + [1Bllia—s.a

Now we look for r = (r1,72) € R% such that [|K(z,y)|le < r, for any (z,y) € B,. To this end, according to

(38), it is sufficient to show
1 P 1
< .

(B )=a-an( 7). 39

Since the matrix A, is convergent to zero. It yields, from Theorem that the matrix (I—Ay) is nonsingular
and (I — A,)~! has nonnegative elements. Therefore, (39) is equivalent to

( " ) > (- Ay)™! ( . > (40)

[—Ay)~" = ( o >

K3 K4

Equivalently

Furthermore, if we denote

Then becomes
r1 2> k1P + KkoPo,
{7‘2 > k3P + KkqPo.
Which means that K(B,) C B,. Moreover, by a similar process used in [§], it is easy to show that the operator
K is continuous and, K(B,) is relatively compact. Combining this facts, with Arzela—Ascoli’s theorem, we

conclude that K is a compact operator. Invoking Theorem we get a fixed point of K in B,., which is just
a solution of system (B)—(). This completes the proof of the Theorem [£.5 O
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5. Applications
In this section, we provide some examples to illustrate our results constructed in the previous two sections
Example 5.1. Consider the following fractional relazation differential systems

{( D) (7)
(“Dg2y)(7)

0.52(1) + Gy (7, z(7),y(1)),
0.5y(7) + Ga(7, z(7),y(1)),

{:1:(0) - i (42)

TeJ:=][0,1], (41)

with initial conditions

where
v=p=05A~A=~A=¢c=05a=0,b=1,¢(1)=7,n=1.
and
Gi(r,z(1),y(r)) = (t + 1) In(1 + |2(7)]) + € arctan y(1),

2
GQ(TJ $(T)7 y(T))

T 1t ()] + ()]

Clearly, the functions Gi,Gg : J x R? — R are continuous. Moreover, for any x1,y1,22,y2 € R and 7 € J
we have

G1(7,21,y1) — G1(7, 22, 92)| < p1(7)|71 — 22| + q1(7)|y1 — ¥
Ga(7, 21,y1) — Ga(7, 22, y2)| < p2(7)|21 — 22| + @2(7) |y1 — Y2l
where

pi(t)=7+1, q(r)=¢€", p1)=0q(1)= 2.

Obviously,
pi=2, ¢ = py=q5 =1,
Furthermore, the matriz Ag given by has the following form

1 (25 €2
Ag = — .
N ( 1 15 )
Taking 6 large enough it follows that the matrixz Ay is convergent to zero and thus, an application of Theorem

shows that the coupled system f has a unique solution and is Ulam—Hyers stable.
Example 5.2. Let us consider problem f with specific data:

v=08u=09a=0,b=1n=2,
2.5 €2 2.5 €2 (43)
Al_( 1 1.5)’A2_< 1 1.5>'
In order to illustrate Theorem [3.5, we take (1) = o(7) where o(7) is the Sigmoid function [27] which can
be expressed as in the following form

B 1
Cl4e T’

o(T) (44)
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and a convenience of the Sigmoid function is its derivative

o'(r) = o(r)(1 - o(71)).
Taking also G1,Gy : J x R? x R?2 — R? such that, x = (x1,2),y = (y1,y2) with
@)+ m)e
510D = (s 4 it - () ) )

(1 + T)e_(yl (T)+y2(7))
e sin(z1 (1) + 22(7))

Gatr.a(r)alr) = (

Clearly, the functions G, Go are continuous. Moreover, for any x,y,%,7 € R? and 7 € J we have

1G1(7, 2, y) = Gu(7, 2, 9) 1 < pr(7)llz — 21 + au(7) ]|y = 7lla

1Ga(7, 2, y) = Ga(7, 2, 7)1 < p2(7)llz — 2|1 + q2() |y — ¥ll1,
where || - ||1 is a norm in R? defined as follows

[zll1 = 21| + |z2l, = = (21, 22).
Hence the hypothesis (H2) is satisfied with
p(r)=¢, q@)=7 p(r)=7+1 qr)=¢€".

It follows from Theorem that the system f with the data , and has at least one

solution.

Example 5.3. Consider the following fractional delayed coupled system of the form:

( CHD?EQ:)(T) = IE‘?1(73 L7, y‘r)v
J:=]1 46
{( CHDOS)) (1) = F(roap )y el 10)
with initial conditions
o(r) = o) = (Dcalr) .
y(r) = B(7) = (B1(7), B2(7)), Y
where
v=p=05¢()=Ihra=1b=c¢,l, :% = 57?
and

|:E1,T|+|:E2,T|
. €T+1
Fi(r2r,9r) = | sin(usz|tyos)) |-
7+9

1 In(1+ |y1.7| + |y2,7])
F = ! 7).
2(7_71'7'7y7') (T+ 1)2 < ‘xlﬂ" 4 |$277—’

Clearly, the functions F1,Fy are continuous. Moreover, for any x,y, T,y € & and T € J we have
IF1(7, 2, y) = Fu(7, 2, 9) [y < Lafle — Zlles + Mally — glles
[Fo(7, 2,y) = Fao(7, 2,9) |1 < Loz — Zlles + Mally — 7lles,
Hence the hypothesis (C2) holds with
Li=e2, M; =01 Ly=DM,=0.25
Furthermore, the matriz Ay given by has the following form

2 [ e? 01
Ay =— :
Vo \ 025 0.25
Using the Matlab program we can get the eigenvalues of Ay, as follows o1 = 0.0276, 02 = 0.4072, which show
that Ay, is converging to zero. Therefore, by Theorem the coupled system f has a unique solution.
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6. Conclusion

The present work addressed some basic results on the existence, uniqueness, and Ulam-Hyers stability
of solutions for a new problem of FDEs containing ¢—Caputo fractional derivative without and with delay
in generalized Banach spaces. The results are obtained through the techniques of fixed point theory and
nonlinear analysis. At the last, we yielded some examples that fulfill our findings. It will be also interesting
to look for some qualitative properties of solutions for a coupled system of nonlinear fractional differential
equations involving ¥—Riesz-Caputo fractional derivatives. This case will be taken into account in our future
work.
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