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Abstract

Weaving frames in separable Hilbert spaces have been recently introduced by Bemrose
et al. to deal with some problems in distributed signal processing and wireless sensor
networks. Likewise weaving K-frames have been proved to be useful during signal recon-
structions from the range of a bounded linear operator K. In this paper, we study the
notion of weaving and its connection to the duality of K-frames and construct several
pairs of woven K-frames. Also, we find a unique biorthogonal sequence for every K-Riesz
basis and obtain a K*-frame which is woven by its canonical dual. Moreover, we describe
the excess for K-frames and prove that any two woven K-frames in a separable Hilbert
space have the same excess. Finally, we introduce the necessary and sufficient condition
under which a K-frame and its image under an invertible operator have the same excess.
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1. Introduction and motivation

Frame theory has been converted as a useful tools in order to solve many problems from
signal and image processing to differential equation and so on [9,12,16, 18].

The notion of K-frames has been introduced by Gavrua [28] to study the atomic system
with respect to a bounded linear operator K in a separable Hilbert space H. There exist
many differences between frames and K-frames. Indeed, K-frames are more general than
ordinary frames in the sense that the lower frame bound only holds for the elements in
the range of K. Also, a K-frame is the image of an orthonormal basis under a bounded
linear operator K, whereas a frame is the image of an orthonormal basis under a bounded
linear surjection [28].

Traditionally, frame coefficients of a given frame have been used to represent every
element of underlying Hilbert space as a linear combination of the frame elements. The
concept of woven frames, which is motivated by some problems in signal processing [11],
is used to write this linear combination by at least two frames. See [7,17,20, 23,27, 29]
for more results on K-frames and weaving. Study and analysis of woven K-frames is the
main purpose of this article. Motivation of this work is study the dual of K-frames.
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2. Preliminaries and notations
2.1. Discrete frames

A sequence ® = {p;}ics in a separable Hilbert space H is called a frame for H if there
exist constants 0 < Ag < Bg < oo such that

Aol FI? <D Kfoen)P? < BallfI?,  (f € H).
i€l
The constants Ag and Bg are called lower and upper frame bounds, respectively. If just
the right inequality in the above holds, then ® is called a Bessel sequence. A sequence
® = {;}icr in a Hilbert space H is called a Riesz sequence if there are constants 0 <
Ag < By < oo such that for every sequence {c;}icr € 22 we have

Ag Yierleil® < | Sier cipill” < Ba Xieq leil.
The constants Ag and Bg are called lower and upper Riesz bounds, respectively. A subset
A subset H is called complete whenever (y,z) = 0 for all x € A implies that y = 0. In
addition, if ® is complete in H, then it is called a Riesz basis for JH.

Given a Bessel sequence ® = {¢;}icr, the synthesis operator Ty : £ — H is defined
by To{ci} = Sercipi- Its adjoint, T : H — %, which is called the analysis operator,
is given by T3 f = {(f,¢i)}ticr. Moreover, Sg : H — FH the frame operator of @, is
given by Sof = TeTgf. If ® is a frame with frame bounds A and Bg, then Sg is
invertible and Aglyc < S¢ < Bgly, for more details see Subsection 5.1 of [15]. The
sequence ¢ = {Ss YoiYier, which is also a frame, is called the canonical dual frame. A
frame {t;}icr is called a dual of {p;}ier if

F=Y i), (f € H).
el
Also if ® = {g;}icr is a frame, then every dual frame of ® is of the form of Pl =
{Sg i + witier [19] where {u;}ics is a Bessel sequence such that

i€l
Throughout the paper, H is a separable Hilbert space, I a countable index set, I3 the
identity operator on Hilbert space H and K is a closed range operator in B(J), the set of
all bounded operators on H. Also, we denote the range of K € B(H) by R(K), and the
orthogonal projection of HH onto a closed subspace V' C H is denoted by 7. Moreover we
denote ® = {p;}icr for a frame with Ag and Bg as the lower and upper frame bounds.
Also we use of [m] to denote the set {1,2,...,m}.

2.2. K-frames

Now, we recall some definitions and primary results of K-frames, which are used in the
present paper. For more information see [4,21]. Let K € B(%), the set of all bounded
operators on a Hilbert space H. A sequence ® := {¢;}?°; in H is called a K-frame for H
if there exist constants 0 < Ag < B¢ such that

Aol FI? < D [(fwad? < BallfI?% (F € 30).
i€l
Every K-frame ® = {p;}icr is a Bessel sequence. Hence Ty, T§ and in particular Se
are well-defined. For a Bessel sequence ®, it is proved that ® is K-frame if and only if
R(K) C R(Ty) [21] where R(K) is the range of the operator K. Because of the higher
generality of K-frames, the associated K-frame operator need not be invertible and if K
has close range, then
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Bt fI < 1S5 1 < AGHIETIPIAL  (f € R(K)),

where KT is the pseudo inverse of K, see [15] for more details. More precisely, KK is the
orthogonal projection on R(K), this easily follows

I ITHIE SN < IKFKFI, (f € 90), (2.1)

i.e., K* is bounded below on R(K). Thus, Sg is invertible on R(K). However, S¢|p(x) :
R(K) — S3(R(K)) is not self-adjoint, in general. More precisely,

(Selr)" = Tru)S0,  ((Selr)  Tsa(rix))” = ((Solr) ™) TR, (2.2)

where () is the orthogonal projection of H onto a closed subspace R(K). Indeed, for
every f,g € H we have

Tr(k)Se(Sg ) f = Sa(95 )" f = (S5 Se) f = f.

Hence,
(S5 Tr(K)So9 = (S5")*S39 = ((SeS3")* g = g.

This proves the first equality of (2.2) . Also, for every f,g € H we have

<f» 551W5¢(R(K))9> = <f, WR(K)S;IWS¢(R(K))9> = <(S<£1)*7TR(K)fa9>-

So, we obtain the second equality in (2.2).
For simply, we denote (Sa|g( K))_1 by Sz . Let {¢i}icr be a Bessel sequence. A Bessel
sequence {v; }ier C H is called a K-dual of {p;}ier if

Kf=> {f,¢)mru)%i, (f € 30). (2.3)
el

In [4], it is shown that ® := {¢;}32; and ¥ := {¢;}?2, in (2.3) are interchangeable if and
only if K is self adjoint [4]. In this case, ® and ¥ are K-frame and K*-frame with the
lower bounds Bg' and By [4]. Let K € B(%) have close range and {¢; }ic; be a K-frame
with bounds Ag and Be. Then {K*Sg ' mg, (r(x))@itier is a K-dual of {¢;}ic; with the
bounds By' and BaAy'|| K |?|| K |2, respectively, [25]. Tt is called the canonical K-dual
of ® = {;}ier and is denoted by @ for brevity.

The following theorem describes all K-duals of a K-frame with respect to its canonical
dual.

Theorem 2.1 ([4,25]). Let K be a bounded linear operator on H with closed range.
Suppose ® = {p;}icr is a K-frame. Then ¥ = {1; }ier is K-dual of ® if and only if
vi=pitu, (i€,
where {u;}icr is a Bessel sequence such that
> {f i) Tryu = 0, (f € H). (2.4)
el

For more information about frames and K-frames and its application in pure math-
ematics and engineering such as image processing, signal processing and sampling see
[2,5,6,10,12-14].
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2.3. Woven frames

Recently a new notion in frame theory has been introduced by Bemrose et al. [11].
This fact help us to decompose elements of a Hilbert space by the partitions of frame
coeflicients of at least two frames.

A family of frames {y;; }icr for j € {1,...,m} for a Hilbert space H is said to be woven
[11] if there are universal constants A and B such that for every partition {o;}72; of
I, the family {gpij}?éamzl is a frame for H with lower and upper frame bounds A and
B, respectively [11]. Each family {pi;}ig,, ;-1 is called a weaving. Two frames {¢;}icr
and {v; };er for Hilbert space H are weakly woven if for every subset o C I, the family
{@itico U{ti}icoe is a frame for 3.

One of our aim is to find K-duals of a K-frame ® which are woven with ®, see Section
3. Moreover, in Section 4, we prove that the wovenness can be transferred from K-frames
to their K-duals and vise versa. Finally in Section 5, we study the weaving property for
K-Riesz bases. For example, a unique biorthogonal sequence for each K-Riesz basis is
given. Roughly speaking we show that every K-Riesz basis is woven as K-frame with its
canonical dual and two woven K-frames have the same excess.

3. Woven K-frames

In this section, the definition of woven K-frames is introduced. Then some results are
presented in regards to weaving families of vectors. Throughout the rest of the paper for
ease of notation, let [m] = {1,...,m} and [m| = N\[m| ={m+1,m+2,...} for a given
natural number m.

Definition 3.1. A family of K-frames {{Lpij}?‘;l (i€ [m]} for 3 is said to be woven [17]
if there exist universal positive constants A and B such that for any partition {0 }icpm)
of N, the family U,cpm{¢ij}jeo; is a K-frame for 3 with the lower and upper K-frame
bounds A and B, respectively. Each family Uie[m]{%‘j }ieo, is called a weaving. A family
of K-frames {{;;}52, : i € [m]} for I is said to be weakly woven if for any partition
{oi}icim) of N, the family U;cpn{#ij}jes; is a K-frame for 3. In fact, the frame bounds
for weakly woven K-frames depend on the partition {o;}ic(m-

To show two K-frames are woven, due to Proposition 3.1 of [11], we only need to prove
the existence of a universal lower bound. In this section, we continue to study the concept
of woven K-frames and try to find some conditions under which two K-frames are woven.

Theorem 3.2 ([17]). Two K-frames are woven if and only if they are weakly woven.

A strategy to find woven K-frames is that we consider K-frames small enough closed to
each other. We begin with the following result whose proof is similar to Theorem 6.1 of
[11].

Proposition 3.3. Let & = {p;}icr and ¥ = {1;}icr be K-frames for H, there exists
0 < X <1 such that

Ag N
ATl + | Tw]) < 7HKTH ?,

and for every {a;}ic; € £? we have

> ai(ei — i)

el

< Al{ait]. (3.1)

Then ® and ¥ are woven K -frames with the bounds ‘42—‘1’ and By + By.
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Proof. For each o C I, denote

{CLZ}ZEI ZazSOza

i€o

T§({ai}ier) Z a; ;.

i€0

By an argument similar to Theorem 6.1 of [11] we see that ||T¢|| < |[|Ts|| and ||| < [|Tw]|-
Moreover by (3.1) we observe that || T§ — T§|| < ||Te — Tw|| < A. Hence, for every f € H
we have

T3 (Tg)" f—Tg(Tg) fll < |T8(Tg)" f —Tg(Tg)" fIl + |TZ(Tg)" f — Tg(Tg)" f|
< NTENITE)™ — (TE) Il + 1178 — T [(Tg) || £]]
< |Toll[|[Te = To| | fII + | Te — Tl [|[Twl|| £

Ag _
< ATl + 1 Twl) £ < 7HKTH 2.

For each f € HH by the last inequality we have

i€0 €0
= Z” f:‘Pz |2 <Z|f¢z Z|f7$0z )H
el €0 €0
> Z|f7901 Z‘fwz Z‘f:%pz
el €0 €0
> Ag||K*fI? = (TG(TG)" — T3(T3)*) £, f)
* A —
> Aol K7 FIP = ZHIETIHIAP
* A‘l’ — *
> Ag||K f\|2—7||KTH 2 IR
_ Aq) * £12
= e
So, the lower frame bound is ’424 ]

Let H = R? and {e;}3_; be an orthonormal basis of . Also, let Ke; = e1 + eg, Keg =
ez, Kes = 0. Then K*e; = e1, K*ey = €1 + e2, K*e3 = 0. So, for ® = {ej,e9,e3} and
U = {ey, e, %63} we have

IK*fI? = [IK*)  cieil|” = [[erer + caer + e2)|)?

3
= e+ o + [ < 2e1]* + 3leal* < 3D s
=1

Therefore,

3
IK"‘fH2 Z (f: i)l —Zlcz'|2=|!fH2-
=1

i=1

Hence, ® and ¥ are two K- frames with frame bounds A¢ = Ay = % By = By = 1. Also,
ITa|| = || Tw|| = 1. Soif A < 108, we have
1

Aq>
T. T 2K = —.
ATl + 1 Twl) < < I1K7] 51
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Also,

3
1
13" ai (01— i) | = ozlasl < Al{ai}
i=1
which satisfies to the condition of Propositions 3.3.

The following lemma is a generalization of Theorem 3.5 of [24].
Lemma 3.4. Let ® and ¥ be woven K-frames for Hilbert space H and U € B(H) a with
closed range such that UK = KU. Then

(1) U® and UV are woven UK -frames for H.
(2) If R(K*) C R(U) (for example U is onto), then U® and UV are woven K-frames
for H.

Proof. Let ® and ¥ be woven K-frames for H with a lower frame bound A. So for every
o C I we have

DEUe+ X KLU = D WU el + >0 (U™ f, i)l
i€o i€0° i€o i€o¢
> A|KUf|? = A|(UK)*f|I%,

and this proves (1). Since U € B(H) is closed range, so U* is bounded below on R(U)
and by the assumption we have

DEUe+ X KLU = D WU feal*+ >0 (U™ f, i)l

€0 1€0¢ €0 i€oc
A|K*U*f|I* = A|U* K f||?
A@)HIP R f )12
This proves (2). O
Proposition 3.5. Let ® = {p;}2, be a K-frame for H and U € B(H) an onto operator
such that UK = KU and

[ (TIoc =U) fIl <l K fIL (F € H)

AVARAVS

where o < g—i. Then U® is a K-frame woven by ® with the universal lower bound

(VA — a/Ba)”.

Proof. By the above lemma we can conclude that the condition UK = KU implies that
UdP = {Ugp;}2, is also a K-frame. Since ® = {p;}2, is a K-frame, so for every f € H
and o C I, a non trivial subset of I, we have

(Z e+ 3 I, UW)Q

€0 1€0°

1
2

= (Z (o2 + > [(fopid = (T =U") f, soi>|2>

1€0 1€0°

> (z\<f,soi>|2)2 - (Z \<<I—U*>f,soi>r2>2
el i€0c

> VAS|K* | — VBal(I - U]

> VAR|K* | — VBaal K f|

> (VAs — av/Ba) | K/
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Now we introduce an example that satisfies in condition of Proposition 3.5. Let Ke; =
es, Keg = e, Kes = 0. Then, K*e; = eg, K*ea = €1, K*e3 = 0. Also, let U € B(H) a
Ueiy =U*e; =1+ ‘[el,Ueg U*eg =1+ f@Q,U@;} U*e3 = e3. Then ® = {261,62,63}
is a K-frame with bounds Ap =1,Bgp = 4. Also, for every f € H we have UK f = KU f,
and

IK*fII* = |lerez + caen||® = |er]* + |eal?,

and
* 1 *
1@ =TI = 5 (lea + [ea?) < @l K*F1] = @ (Jeaf* + [eal® + [es]?)

which a < ‘/% = % This gives the condition of the last proposition.

We end this section by discussing an example which shows that the woven property for
K-frames is not transitive, in general.

Example 3.6. Let H = ¢2(N) and K be the orthogonal projection of H onto {e;}°,. Con-
sider K-frames ® = {ej,e9,0,e3,¢€4,...}, U ={0,€1,€2,€3,¢e4,...} andn = {e1,0, ez, €3, €4, . ..
on H where {ej,ea,...} is the standard orthonormal basis of H. Then ® is woven with ¥
and ¥ is woven with 1 by the universal bounds A; = A3 = 1 and B; = By = 2. However,
K-frames ® and 7 are not woven. Indeed choose o = N\{2}, then {p;}ico U {n;}icoe =
{e1,0,0, e3,eq, ...} which is not a K-frame.

In order to solve the above problem, we consider a condition on bounds. More precisely,
suppose that {¢;}icr and {¢;};c; are woven K-frames by a universal lower bound Aj,
and {1;}icr is woven with a K-frame {n;};c; by a universal lower bound A, such that
Ay + Ay — By > 0. Then for each 0 C I and f € H we obtain

(A1 + A2 = By) | K F I < DIl + D KF P+ D [f vl

€0 1€0°¢ €0
1€0¢ i€l
€0 1€o¢

< (Bo+By) Il £

Hence, {;}ier is woven with {n;}ier.

4. Stability of dual Woven K-frames

In this section, we state some stability results for woven K-frames. Given two woven
K-frames. The following questions naturally arise: how can we construct more woven
K-frames and does the duality preserve the wovenness? The next proposition shows that
under some condition, there are infinitely many K-dual of one of them which they are
woven with the image of another one under a bounded operator.

Proposition 4.1. Let K be a self-adjoint operator, also let ® = {p;}ier and ¥ = {1;}icr
be woven K-frames for H such that Se(R(K)) C R(K). Then there are infinitely many
K-dual frames of ® which are woven with K*Sglﬂsq)(R(K))\I/

Proof. By the assumption R(K) is invariant under S, hence
R((S5")") € Sa(R(K)) € R(K).
Using the fact that K* is bounded below on R(K) (see (2.1)), we obtain

KT Sel gl < K (5619 (9 € R(K)). (4.1)
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Assume that U = {u; }icr is a Bessel sequence satisfying in (2.4). Then

S f oo KK mpioyus = KK (f, 0i)mriryuwi = 0, (f € 30).

icl icl
So, ® = {ip; + eKKTwR(K)ui}iej is also a K-dual frame of ® by Theorem 2.1. Let € > 0
be small enough such that

AT ISa] 7t = eBy | K1)? — 26/ By Bal S5 1151 > 0, (4.2)

where A is a universal lower bound of weaving ® and ¥ . To see K*Sg lﬂsq)( r(k)Y and

®? are woven, we only need to prove the existence of a universal lower bound. Suppose
o C I, applying (2.2) and (4.1) we have

S UK Sy g raey O)P + > [(f, @9

i€0 1€0¢
= S S KL+ S (S5 K o) + (K K )|
i€o 1€0¢
> ST KRR+ 3|S5 K L o] = [0 F, e ey ||
1€0 1€0°
> S ELe)P+ Y (e E S| — X (K ek mpeus)|
i€o 1€o¢ 1€0°
- QZ‘ DK f, i) ’(KfaGKTﬂ'R(K)ui>
i€0C
> AR (551 K| eBol KK I = 26/Bu Bollsg KT £
> (AIKT ISl = eBull &P ~ 26/ BuBalS ) 1 7P,

So, by (4.2), we obtain infinitely many K-dual frames of ® which satisfies the desired
condition. This completes the proof. O

Now, we construct a family of woven K-duals from a pair of woven K-frames.

Theorem 4.2. Let K be a self-adjoint operator, ® = {@;}icr and ¥ = {1;}icr be woven
K-frames with a universal lower bound A such that S3(R(K)) C R(K) and

VA| KT 7S |~ 2
> cilpi —i)|| < — — > e (4.3
pyt ( VB[S 1S5l (VB + vBa) 161’ il )

for every sequence {c;}icr € £2. Then there are infinitely many K-dual frames ®¢ of ®
and U of U which are woven K*-frame.

Proof. By the assumption Sg : R(K) — S¢(R(K)) C R(K) is invertible and (4.1) holds.
Choose arbitrary K-dual frames ®? = {; + u;};e; and ¥¢ = {Jz + vitier of ® and U,
respectively such that U = {u;}ier and V = {v; };cr are Bessel sequences satisfy (2.4). By
using (4.3) we have

155" — S

155" (So — Sw) S5

< 18585 1Se — Sul
< 1S5 IS N TeTs — ToTy + To Ty — To T3l
< 1S5 1155 11 Te — T |l (I Tall + I Tw)
_ 4 [A
< IENTHISe ™ [ 5

By
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Choose 0 < a < 1 such that

_ _ vVBu + By _ A
155" = Sg 'l + o KTl (m < ET7HSe] Be (4.4)

So, ®¢ = {z; + ozKKTwR yUitier and vl = {wZ + aKKTﬂR yitier are also K-dual
frames of ® and V. Hence, by using (4.1) for every o C I we have

Z|<f, ¢i>\2+2|<f, v

=> [, somaKKTwR \2+Z|f,wz+aKKT7rR< K)i)|?

2

=% (S K f0) + (KT K™ £ i)

+Z) VR + (KR )
= 3 [((S5) K o) + (K K )|
#3581 L)+ (31" = (551K 00) + (0T K )

Thus, using (2.1) follows that

OMITLHIEDNITAHIY

N

|=

(Z( VK f, i)

+2] VK f,v)

> (Z’ (KK £, v;) )2
- (Z \<(<sal>* — (S51)) K f.u) 2) 5

> VAIK* (S5 K fl = (VBu + VB ) of K[| K* ]| - JBTHS”—S”IIIIKfH
> (VAIET 71867 = all Y| (VBu +VBv) — VBuliSg' = S3M1) IKf]

A B B
VB (| (WH ol - @l (%)—rrsﬁ—ssu) K1,

where in last inequality we have used the fact that K is self-adjoint. By attention to (4.4),
K*-frames ®¢ and ¥ are woven. 0

(Z\ (KN K™ f, u;)

We introduce an example that satisfies to the condition of the last theorem. Let

€; 1= 2k 23 1= 2k
Pi =9 e . ’ ¢l: . )
9 ¢=2k+1 0 i=2k+1

)

and K = Typanfey:ken}- Then @ = {@;}ies and ¥ = {1); };c; are two K-frames with frame
bounds Ag = By = Ay = By = 1. Then R(K) = span{ey, : k € N} and Sg|r(xk) with
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Sof = 721(f, ear)ear is the identity operator. Also,

_ €2k+1 [ L 12
||§:CZ pi— i)l = H%C2k+12k+1 Z |2k:—|—1|2 2§’cz|

el
JZHKTII*HS@II ! el
VBullSz ISg | (VBy + VBe) &

which is satisfied in the condition of Theorem 4.2.

Corollary 4.3. Let K be a self-adjoint operator and ®, ¥ be woven K-frames with a
universal lower bound A such that Se(R(K)) C R(K) and

_ _ _ _ A
||S<1>1_S\111H < ||KT|| 1||S(I>|| ! B
\' By

Then ® and U are woven K* -frames.

In next theorem we check out under some condition the converse of the previous result

holds.

Theorem 4.4. Let K be a self-adjoint operator and ® = {pi}icr and ¥ = {¢;}ier be
K-frames. If ® and ¥ are woven K*-frames with a universal lower bound A such that
Se(R(K)) C R(K) and

VA
155" = Sg'll < = : (4.5)
v T VBIKTIENISE NSl
Then ® and ¥ are woven K-frames on R(K).
Proof. Applying (2.1) easily shows that
K= f]] 1/l " "
< < 1S5 £1 < ISallIIET |1 £1], (4.6)

1S I 1155l

for all f € R(K). Now for every o C I we have

Z| frei) ’2+Z| fﬂ/}z

_Z| KKTS@fa(Pz‘ +Z’ KKTS(I)JC ¢z>’

o¢

= S KTSEL e+ Y ]<K*S$f, K* S5 mgeyn)|
= kT3, 00

S KEISEf + ((557)" - (S)) KRS vl
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By using (4.6) we obtain

STUF e+ 1)

= S UK £ a0 + D0 K Sa .00 + (((S1)" = (S51)°) KKTS £, 00

NI

> (S UK it 0l + 3 |13 .3
~(ZI(eseh) = (531 a7, waf?)]
> (VAIKK'S3 ]| - VBylS5" - 5515 f1)°

2
> (VAIS3 £l = VBallSy' = Sg 11K N Se [ 5 £1)

2
> (VAIS3 IPUIE I = VB ISoll | 85" = S50 1) 1K £
This completes the proof by using (4.5). O

Notice that the condition S¢(R(K)) C R(K) in the above results can be reduced to the
condition K* is bounded below on Sy (R(K)).

5. Weaving and excess

In this section we are focused on discussing the relation between weaving and the excess
of K-frames. The following proposition plays a key role in this respect. First, we recall
the definition of K-Riesz bases.

Definition 5.1. A family ® = {p;};cs is called a K-Riesz sequence for H if there exists
an injective bounded operator U : H — 3 such that {mrx)pi}icr = {Uei}icr, where
{€i}ier is an orthonormal basis for 3 [26]. In addition, if ¢ is a K-frame, then ® is called
a K-Riesz basis. A family ® = {p;}ics is called near K-Riesz basis for H if there exists a
finite set o for which {¢;},¢, is a K-Riesz basis for 3(.

Proposition 5.2 ([26]). Let {@;}icr be a Bessel sequence in H. The following are equiv-
alent:

(1) {pitier is K-Riesz sequence for H.

(2) {mr(x)¥itier is a Riesz sequence.

(3) {Tr(r)¥itier is w-independent.
Moreover, let {p;}icr be a K-frame. Then {@;}ics is K-Riesz basis if and only if {7 r(x) i tier
s w-independent.

The following proposition shows that associated to each K-frame there exists an ordinary
frame sequence. Applying this fact we obtain a pair of woven frames from woven K-frames.

Proposition 5.3. Let ® = {p;}icr and ¥ = {¢;}icr be woven K-frames such that
span{piticr = span{titicr. Then {mr(k)piticr and {Tr(x)Yitier are woven frames on
TrR(K)Span{SDi}iEI-
Proof. Applying (2.1), for every f € R(K) we have

Ag|KTITHIA? < AsllK* £

el

= Z ’<7TR(K)f7 <Pi>f2 = Z I(f, FR(K)‘Pi>‘2'

il i€l
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Hence, {7 p(k)¢itier and {7Tr(x)¥i}icr are frames on the Hilbert space

M := Tpk)span{p;tier C R(K).
Moreover, for every o C I and f € M we have
AIKTITHIAP < ALK FIP < Do+ Y0 [ v
1€0 1€0°¢

= > lrrao froal + D Urrao £

€0 €0

= S W mraoen? + 3 1 Trio w2,

€0 €0

where A is a universal lower bound for weaving ® and W. This completes the proof. [

It is well known that a Riesz basis has a unique biorthogonal sequence, see [15]. In the
following we prove this fact for K-Riesz bases.

Theorem 5.4. Let ® = {p;}icr be a K-Riesz basis. Then {KTTI'R(K)QDZ'}ZE[ is the unique
biorthogonal sequence of {@; }ier in R(KT).
Proof. By using (2.3) for f = KTTFR(K)(,D]‘ we obtain

Trye; = KK mpc0; = > (K mpiyei, @) R @5
el
Applying Proposition 5.2 follows that {7 gx)i}ier is w-independent. Hence,
L, 1=y,
0, i# 3.
Now, suppose that ¥ = {¢;};c; € R(KT) is another biorthogonal sequence, then for
every f € H we have

(f.mruoye;) = (f, KK 'mrye;)
= <K*f,KT7TR(K)§0j>

= <Z<f7 TR(K)Pi)Pis KT?TR(K)SOJ‘>
iel

_ Z<f,7rR ><§o7,KT7rR(K)90j>

1S

= <f77TR ><¢17K TR(K )90>

el

(KT piry s, i) = 0ij = {

~

.

.

Thus, by (2.3) we obtain
K*'f = Y <fa7TR(K)SDj> ey

Jel
= 23 (fmnuoei) (Vo K o e ) 25
jel iel
= > (Fmnaoen) (K v mreres) 63
i€l jel
= Z<fa7TR(K)W>K*(KT)wi:Z<f’7rR(K)%>wi'
i€l el

Therefore, ¥ is also a K-dual of ®. On the other hand, every K-Riesz basis has a unique
K-dual, see Proposition 2.5 of [26]. Hence, ¢; = KTWR(K)%, foralli e I. d
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As a consequence, by attention to Theorem 3.5 of [3], we obtain the following result.
Corollary 5.5. Let ® = {¢;}icr be a K-Riesz basis for H. Then

(1) {mr(r)pitier and {S;lﬂsé(R(K))goi}ie[ are woven frame on Tg(x)SPan{;}icr-
(2) {pitier and {Sq_)lTqu)(R(K))npi}ieI are woven frames on R(K).
(3) {KTTFR(K)QDZ'}ie[ and {@; tier are woven K*-frames.

The excess of a K-frame ®, denoted by Ef(®), is the greatest integer n so that n
elements can be deleted from the K-frame and still leave a K-frame, or 4+oo if there
is no upper bound to the number of elements that can be removed. Every K-frame
® = {pi}ier with Ex(®) = n can be written as ® = {p; }icn (iy,...5,} U{is» - - - i, }, Where
{@itien\{ir,..in} 13 @ K-Riesz basis for H and {¢;,, ..., } are redundant elements of ®.
If K = Iy, then ® is a frame and Ex(®), denoted by E(®), coincides with the usual
definition of excess of frames [8]. Dual frames and woven frames have the same excess
[1,8].

The next lemma follows immediately from Theorem 5.4 of [11].

Lemma 5.6. Let ® = {p;}icr be a Riesz sequence and ¥ = {1;}icr be a frame sequence
such that span{p;}icr = span{;}icr. If ® and VU are woven frames, then ¥ is also a
Riesz sequence.

Proposition 5.7. Let K be a closed range operator on a Hilbert space H, ® = {p;}icr be
a K-Riesz sequence and W = {1;};c1 be a K-frame for H. If ® and ¥ are woven K-frames
such that span{y;}ticr = span{;}ticr, then ¥ must actually be a K-Riesz sequence.

Proof. Using Proposition 5.3 follows that {mr(x)pitier and {7px)¥i}ier are woven
frames on 7g(x)5pan{pitics. On the other hand, {7gk)¥i}icr is a Riesz-sequence by
Proposition 5.2. Applying Lemma 5.6 gives that {mr(x)ti}ier is a Riesz sequence. Using
again Proposition 5.2, follows that {1;},cs is also a K-Riesz sequence. ([l

We are now ready to discuss the excess of K-frames.
Theorem 5.8. Let ® = {y;}icr be a K-Riesz basis. Then dim <k‘€’l“(7TR(K)Tq>)) < o00. In
fact, ker (WR(K)Tq)) is finite dimensional if and only if {¢;}icr is near K-Riesz sequence.

Proof. Assume that {¢;}ics is a K-Riesz basis, then {mrx)pi}ics is a Riesz sequence
by Proposition 5.2. In [15], it is introduced that if {p;}icr is a Riesz sequence such
that 322, a;p; is convergent then {a;}72, € ¢*(N). So, if 322, a;mp(x)pi is convergent
then {a;}2, € (3(N). Hence, by Theorem 2.3 of [22], it follows that ker (WR(K)TQ) =

ker (T,,R(
finite dimensional. Then {7r(x)®i}icr is near Riesz basis by Theorem 2.4 of [22] and
so {@;}icr is near K-Riesz sequence by Proposition 5.2. Conversely, suppose that {¢;}icr
is near K-Riesz sequence for J{. So there is a finite set o for which {¢;};¢, is a K-Riesz
sequence for H. Hence, by Proposition 5.2, {WR(K)QOi}Z'¢O. is a Riesz sequence and so

dim (kzer(wR(K)T@)) < 0o by Theorem 2.4 of [22]. O

K>q>> must be finite dimensional. For the second part, let ker (TﬂR(K)cp) be

As a consequence, we obtain the following result.

Theorem 5.9. Let ® = {p;}icr be a near K-Riesz basis. The following are equivalent:
(1) ker(mrk)Te) is finite dimensional.
(2) E(WR(K)(I)) < 00.
(3) Ex(®) < o0.

Moreover, for a K-frame ® we have

Ex(®) = dim (ker (rrg0To ) ) = E(rrg ®)- (5.1)
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Proof. (1) and (2) are equivalent by Theorem 5.8 and Proposition 5.2. Now suppose that
E(®) < oo. Similar the given argument in Theorem 5.8 we obtain Ef (®) = E(mgrx)®).
Now applying Theorem 3.1 of [22] follows that

Er(®) = E(tr(r)®) = dim(ker (7 . 0)) = dim (ker(TrR(K)Tq))) .

Moreover, if Ex(®) = oo and E(mp)®) < oo, then there exists a finite set o C I
such that {mpx)¢i}igs is a Riesz sequence. Using Proposition 5.2 follows that {;}i¢s
is a K-Riesz sequence. In particular, Ex(®) < cardo < oo which is contradiction. So,
E(Tr(r)®) = co. In addition, by Lemma 4.1 of [8], we have

dim (kzer (WR(K)Tq))) =dim (k‘erTﬂR(K)q)) > F (WR(K)CD) = 00.
The proof of other parts are similar. O

Corollary 5.10. Let ® = {p; }ier and ¥ = {1; }ic1 be woven K-frames such that span{y;}icr =
span{;ticr. Then Ex(®) = Ex (V).

Proof. Since ® and ¥ are woven K-frames and span{y; }icr = span{v;}ics then {mpx)@i}tier
and {7 (k) Vi bier are wove frames on 7 g1y Spanip; pies by Corollary 5.3. So, by using The-
orem 3.1 of [1] and equation (5.1) we obtain

Ex(®) = B (nr0®) = B (a0 ¥) = Ex(¥). (5.2)
O

Let ® be a frame on H and U € B(H) be an onto operator. Then U® is also a frame
on H. It is easy to see that E(®) = E(U®) if and only if U is also injective. Combining
our results with the fact that Urpx) = mr(k)U if and only if R(K) and (R(K))* are
invariant under U. We state this result for K-frames as following:

Corollary 5.11. Let ® be a K-frame and U € B(H) be an onto operator such that
UK = KU. Then U® is also a K-frame. Moreover assume that (R(K))* is invariant
under U. Then Ex(®) = E(Urgx)®) = Ex(U®) if and only if U is also an injective
operator.
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