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Abstract: In a recent paper, a novel class of generalized compact sets (briefly, g-T4-compact sets)
in generalized topological spaces (briefly, 7, -spaces) has been studied. In this paper, the concept is
further studied and, other derived concepts called countable, sequential, and local generalized compactness
(countable, sequential, local g-T4-compactness) in Jg-spaces are also studied relatively. The study reveals
that g-%-compactness implies local g-T4-compactness and countable g-T;-compactness, sequential g-%4-
compactness implies countable g-T,-compactness and, g-Ty-compactness is a generalized topological
property (briefly, J; -property). Diagrams establish the various relationships amongst these types of g-Tg-

compactness presented here and in the literature, and a nice application supports the overall theory.

Keywords: Generalized topological space (.7;-space), generalized compactness (g-%4-compactness),
countable generalized compactness (countable g-%4 -compactness), sequential generalized compactness (se-

quential g-T4-compactness), local generalized compactness (local g-Tg -compactness).

1. Introduction

Since the study of such fundamental topological invariants as ordinary and generalized compactness
in ordinary and generalized topological spaces (briefly, T, g-T-compactness in 7 -spaces and Ty,
g-T 4 -compactness in Ty -spaces), a variety of weaker and stronger forms of ¥, g-Tcompactness
in 7 -spaces and Ty, g-T;-compactness in J;-spaces have been introduced and investigated [1-
3, 5-8, 13-19].

Bacon [2] studied a class of .7 -spaces in which closed countably ¥-compact subsets are
always T-compact. Butcher and Joseph [3] gave theorems embracing known characterizations of

many of the g-T-compactness properties. El-Monsef et al. [6] generalized and studied the notions
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of T-compactness, para ¥-compactness, and many weak forms of such types of T-compactness.
Greever [7] studied the extent to which Hausdorff .7 -spaces with various combinations of ¥-
compactness can exist, just to name a few.

Having studied a novel class of g-Ty-compact sets in J-spaces recently [12], it is proposed
in this paper to advance the study a step further by studying other properties and other derived

concepts called countable, sequential, local g-T;-compactness in J-spaces relatively.

The paper is organized as follows: In Section 2, preliminary notions are described in
Subsection 2.1 and the main results of g-T;-compactness in a 7;-space are reported in Section 3.
In Section 4, the establishment of the relationships among various types of g-%;-compactness

are discussed in Subsection 4.1. To support the work, a nice application of the concept of

g-T,-compactness in a J;-space is presented in Subsection 4.2. Finally, Subsection 4.3 provides

concluding remarks and future directions of the notion of g-%-compactness in a Ty -space.

2. Theory
2.1. Preliminaries

Standard references for notations and concepts are [9-12]. The mathematical structures T f

(Q,7) and T, e (R, F), respectively, are .7, Jy-spaces [9], on both of which no separation

axioms are assumed unless otherwise mentioned [4, 10]. A J;-space T, = (Q,7;) endowed
with a g-T; y-axiom is called a g—ﬁgH) -space g—féH) def (Q,g—yéH)) [9-11]. The sets IO, I*
and I, I% , respectively, are finite and infinite index sets [9]. Sets of the class 7; and of
its complement class —.7;, respectively, are called J;-open and J;-closed sets [9]. The class

g-v-S [Tgy,\] = UEe{O,K} g--K [Tg] is called the class of all g-T,-sets of category v € I3 (briefly,

g-v-T-sets) [9, 12]. Accordingly, the class of all g-T-sets [9] are

gS[T) = |J ev-S[T) = U  er0E]= (J oE[T]. (1)

vell (v,E)eI{x{O,K} Ec{O,K}

Definition 2.1 ((T40,%Tyx)-Map [9]) A map 7y : Tygo — Tyx from a Ty-space Ty =

(Q, F4,0) into a Ty-space Ty = (X, Tyx) is called a (Tg0,Tq5)-map.

Definition 2.2 (g-v- (T4.0,%;x)-Map [9]) Let Ty0 = (Q, T40) and Tyx = (X, Ty 5n) be Ty-
spaces, and let opy () € %4 [E} . Then, mg : Tg0 — Tg5 s called a g- (Tg.0,%yx)-map if and

only if, for every (Ogu, Hyw) € g0 xTq there corresponds (Oy 5, Hg) € Tg5 X Ty 5 such
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that:
[71'9 (ﬁgw) C opg (ﬁGJ)] \ [779 (*%/gw) 2 T0pg (%70)]' (2)
A g-(%F4,0,%g,x) -map is of category v if and only if it is in the class of g-v-(Tq,0,%y,x)-maps:
def
g—l/-M [‘Ig Q’ {ﬂ-g : (Vﬁgx‘-’-” %7“’) (Elﬁgxo-7 %)0’ OpgvV ()>
[(7g (Og.) S0Py, (Og.0)) V (g (Hgw) 2 ~opg, (Hg0))] ) (3)

Definition 2.3 The classes of g-v-(T4.0,%45)-open and g-v-(Tga,%Tq,5)-closed maps, respec-

tively, are:
g-v-Mg [sg 0T {Wg : (Vﬁg,w) (Hﬁgm OPyg ()) [Wg (ﬁg,w) c ODPg,v (ﬁgya)] },
g-v-Mg [Tg0; T dCf {mg : (VL) (3A g0 OPg,» () [ (Hgw) 2 T OPgp (Hao)] - (4)

Accordingly, the class of all g- (%40, %4 x)-maps [9] are

gM[Tg0:Tn] = UQ‘V‘M[{ZQ,mEg,Z]
uEIg

= U g--Mg [Tg,0; Ty x] = U g-Mg [Tg.0:Tgxn]. ()
(v,E)eI9 x{O,K} E€{OK}

Definition 2.4 (g-v- (T4,0, %4 5)-Continuous [9]) Let Ty o = (Q, Ty ) and Tyx = (X, Tyx)
be Ty-spaces, and let op, (-) € Z4[Q]. Then, my : Ty — Tan is said to be g-(Tg0,Tqx)-
continuous if and only if, for every (Og o, Hg,s) € Tg5 X 7Ty 5 there corresponds (O ,, Hg..) €

Ty0 X Ty such that:

[75 ! (Oa0) Copg (Og)] V [75" (Hg0) 2 ~opg (Hqw)]. (6)

g g

A g- (Z4.0,%4,5) -continuous map is of category v if and only if it is in the class of g-v- (Tg.0, %y x) -

continuous maps:
0-0-C (T Tox] © {7y (¥04.0, Ho.0) (30y.0, Hr, 0P, ()
(75" (Og.0) S opg, (Ogw)) V (15! (Hgo) 2 m0pg, (How))] ) (T)

Definition 2.5 (g-v- (%40, %, 5)-Irresolute [9]) Let T30 = (Q, Tg.0) and Tyx = (X, T.n)
be Ty -spaces, and let op, (-) € Z [Q]. Then, mg : Tg0 — Tq,x is said to be g-(Tg0,Tgx)-

irresolute if and only if, for every (Oys, Hg,6) € Ty x X 7Ty 5 there corresponds (O ., Hgw) €
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g0 x 7Ty such that:

[Wg_l (Opg (ﬁgﬂ)) C opg (ﬁgaw)] v [Wg_l (ﬁ OPyg (%U)) 2 0P, (%w)} (8)

A g- (%40, %q,xn) -irresolute map is of category v if and only if it is in the class of g-v- (Tg.0, %y x) -

irresolute maps:

def

g-v-1 [59,95‘592] = {”gz (Vﬁgm%ya) (aﬁg,w»%,w’of’g,u('))

[(,/TEI (Opg,u (ﬁg,a)) g Opg,y (ﬁg,w)) Vv (ng (_‘ Opg,u (‘%,U)) 2 _'Opg,y (‘){’/va))] } (9)

The classes of g- (%40, %4 x)-continuous and g- (T4 0, T4 x)-irresolute maps, respectively, are:

0C [T Tgxl = |J 0v-ClT0i Tysl, 01[T0;Tas] = | ov1[Th0: Tyl (10)

vell vell

By a g-J3-open set and a g-J;-closed set are meant a Jy-open set 0y € J; and a J-closed
set Hy € =T, satisfying Oy C op, (0y) and Jy 2 —op, (Hy), respectively. Likewise, by a g-7;-
open set of category v and a g-;-closed set of category v are meant a Jj-open set Oy € J
and a Jy-closed set ., € .7, satisfying 0y C opy , (0y) and J5 O —op, , (Hy), respectively;
g- T -sets of category v will be called g-v-.7;-sets [9].

Given the Ty-sets #q, S5 C Ty, X4 is said to be equivalent to Sy, written £y ~ S, if
and only if, there exists a Ty-map 7y : Zy — /3 which is bijective. A Ty-set Sy C Ty is finite
if and only if ./ =) or S ~ I’ for some p € I3, ; otherwise, the Ty-set 7 is said to be infinite.
A Ty-set #y C Ty is denumerable and satisfies the condition card (%) = X (aleph-null) if and

only if .4y ~ I . The Ty-set Z, is called countable if and only if it is finite or denumerable [9].

The symbol <<797a € g-v-S [‘Sg]> denotes a g-T;-sets sequence of category v in T,

a€ll

[9, 11]. The sequences (. € g-S[Tg]) (%0 € 3-0[%,)) and (¥g,q € 0-K[Tq))

a€ly’ €l a€lz’

respectively, are simply said to be a g-Ty-covering, a g-T4-open covering, and a g-Tg-closed
covering of a Ty-set .y C Ty whose cardinality is at most o € I3, if and only if the corresponding

relations .75 C Upers Laias “s € Unerr %g,0 and %3 € cr #5.0 hold true [9, 11]. The map

¥ (Lga € 0-S[T,)) — (Fao(a) € 8-S [Eg]>(a,ﬁ(a))e,éx,* (11)

aclx 3(o)

is said to realise a g-T4-subcovering <‘5ﬂ9ﬂ9(a)>(a sepersxr: . of g from the g-Tg-covering

9 (o)

<‘5ﬂ9’a>a61; if and only if 7 C U(a’ﬁ(a))a:x[*

9 (o)

Fa9() 19, 11]. The Tg-set Sy C Ty of a
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Ty-space Ty is g-v-Tg-compact if and only if, for every <%g7a € g-v-0 [Tg]>a€I*’

3<%9719(a)>(a,19(a))61;><1* RO U Uy.9(c)s (12)

?(e) * *
(a,9(v)) el Xlo(a)

where ¥ (o) = card(I:;(g)) < card (I}) = o [9, 11]. The class of all g-v-Ty-compact sets is:

gv-A [T, {yg W g € 80-0 (%)) . M o)) e ess s,

9(o)

<y C U %ﬁ(a)) } (13)

(o, 9())el: x[q’;(@

A g-T4-covering (Fy.o € g-S [S’:‘Dael* of a Ty-set Sy C Ty of a Fy-space Ty = (Q, F) is a

g-T4-refinement [9, 11] of another g-Tg-covering (%45 € g-S [Tq)) of the same T,-set .7, if

BEL:

and only if:

(VaeI;)(3B el})[Spa S Zyp). (14)

Definition 2.6 (g—u—ﬂgA]-Space [9, 11]) A Fy-space Ty = (R, T,) is called a g—y—ﬁgA]—
space denoted g—y—i[gA] def (Q,g—y—ﬂ[A]) if and only if each g-v-Ty-open covering <%g,a €

g

g--0[T]) of T4 has a finite g-v-Ty-open subcovering.

aclk

By g-v-TiM o (2, -7 M), go-gBA o (Q,g-v-7 ), and g-v-glA o (Q, -7 ),
respectively, are meant countably, sequentially, and locally g-v-T LA] -spaces; by a g-7 EJE] -space
g—‘IgE] = (Q,g-ﬂ[gE]) is meant g-‘I[gE] = \/uelg’ g-y-‘I[gE} = (Q,\/Velg g—z/—ng]) = (Q,g—ﬂ[gE]),

where E € {A,CA,SA,LA}.

Definition 2.7 (Finite Intersection Property [9, 11]) A sequence (%3 € ¢-S [‘Ig]>ael* of
g-Ty-sets is said to have the “finite intersection property” if and only if every finite subsequence

of the type <y975(0‘)>(a,,8(a))61;><1;; has a non-empty intersection:

v<ygﬁ(a)>(a,g(a))61; Iz <y97a>a61; : ﬂ Z4.8() # 0- (15)
(e.Ba))els <1

Definition 2.8 (g-T,-Accumulation Point [9, 11]) A point § € Ty of a Fy-space Ty =
(R, Fy) is called a “g-T; -accumulation point” (or “g-T -limit point”, “g-T; -cluster point”, “g-T -

derived point”) of a Ty-set Sy C Ty of Ty if and only if every g-T -open set Uy e € g-O[T]
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containing & (whether £ € Sy or £ ¢ /) contains at least a point ¢ € S\ {£}:
€ € Uy € 0-0[T] = SN (% \{E}) #0. (16)

The set dery () C Ty of all g-T; -accumulation points is called the “g-T -derived set of Sy "

Definition 2.9 (Countably g-T -Compact [9, 11]) A Ty-set S5 C Ty of a Ty-space Ty =
(2, Fy) is said to be “countably g-T -compact” if and only if every infinite T, -subset £y C S

of Sy has at least one g-%;-accumulation point £ € S .

Definition 2.10 (Sequentially g-T ,-compact [9, 11]) A Ty-set Sy C Ty of a TF-space

Ty = (Q,T,) is “sequentially g-% . -compact” if and only if every sequence (£, € .7, . in
g g g9 8/aelx,

Sy contains a subsequence <§19(a)>( acr+ Which converges to a point § € Sy .

a,9(a))els XTI = <€0‘>

Definition 2.11 (g-T,-Neighborhood [9, 11]) Let £ € T, be a point in a Ty-space Ty =
(Q, Ty). A Ty-subset Ny C Ty of Ty is a “g-Ty-neighborhood of §7 if and only if Ny is a
Ty -superset of a g-T;-open set Uy ¢ € g-O[T,] containing § :

(€ Ma: Uyc) € Ty x Ty x g O[Ty] 1 £ € Ue C Ny (17)
The class of all g-T;-neighborhoods of £ € Ty, defined as

def

g-N[E] = {AM C Tyt (e € 9-0O[F,])[€ € e € A} (18)

is called the “g-T -neighborhood system of £

Definition 2.12 (Locally g-T;,-Compact [9, 11]) A T;-set Sy C Ty of a Ty-space Ty =
(R, Fy) is said to be “locally g-T;-compact” if and only if, given any (E,(/Vgé) € Sy x g-N[¢],
there is a g-%, -neighborhood Ny € g-N[€] of € such that Age C Nge and Nge Uderg(Age) €
g-A[Ty].

By omitting the subscript g in almost all symbols of the above definitions, we obtain very

similar definitions but in a J -space; see [9, 11, 12].

3. Main Results

The main results of the theory of g-T4-compactness are presented in this section.

Lemma 3.1 If ; € g-A[%,] is a g-Ty-compact set of a g—ﬂéH) -space g—TéH) = (Q,g—féH))
and suppose & ¢ Sy, then there exists (Ug,a. Uy3) € 8-O[Tg] x g-O [T4] such that ({£},.S,) C

(%g,av %9,5) and ﬂuza,@ Uy =10.
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Proof Let ./; € g-A[T4] be a g-Ty-compact set of a g-ﬂgH) -space g-TgH) = (Q,g-féH)) and
suppose { ¢ /. Since £ ¢ .7, it results that ( € ./ implies £ ¢ {¢}. But by hypothesis, T, is a
g—ng) -space g—EéH) = (Q,g—yéH)) and therefore, there exists (%g,c, 0229,4) € g-0[%y] x g-O[T]
such that (£,¢) € %y,c x Uy,c and Uy N U, = 0. Hence, it follows that ., C Uceyg Uy,

meaning that <?297<> is a g-Ty-open covering of ;. But .7; € g-A [T4]. Consequently, there

CES,

exists (%g.c(u)) et xry = \Zat)ces, SUch that Lo C U cuers wry Zacin - Now let

Uy,o = m %g,c(u)v Uyp = U %g{(#)‘
(1, (R)ELZ X F g (1:C(w))€ls x g
It is evidently that, (%g,a, %y,8) € 8-O [Tg] x g-O [T4], since (% () ?2974(#)) € g-0 [Ty xg-0[%T]
for every (u,¢ (n)) € 1% x 7. Furthermore, ({¢},.%) C (%0, ) , since & € Uy () for every

(i, ¢ (1)) € I x 4. Lastly, let it be claimed that () Uy, = 0. Then, U,y N 02/;,,4(“) =0

p=a,pB
for every (u,¢ (u)) € 1% x %y which, in turn, implies that % Q%Ag,C(u) = for every (u,( (u)) €
17 x 5. Hence,

ﬂ Uy = Ug,a N ( U %AgyC(#)> = U (%g,a N %Q»C(M))
(

p=a,p G () EL3 X (G (1) €T %

This completes the proof of the lemma. o

Theorem 3.2 Suppose #; € g-A[Ty] be a g-Ty-compact set of a g—yéH) -space g—TfBH) =
(Q,g—ﬂéH)). If € ¢ S, then there exists a g-Tq4-open set Uy € g-O[Z4] such that & € Uy C

C(7)-

Proof Let .7y € g-A[%y] be a g-Ty-compact set of a g—ng)—space g—TéH) = (Q,g—ﬂéH))
and suppose { ¢ .75. Since T, is a g-féH) -space g-‘IgH) = (Q,g—ﬂgH)), there exists then
(%9,0229) € g-0[Ty] x g-O[Ty] such that ({&},.7) C (%9,0229) and %, N %, = (. Hence,

Uy NSy =0 and consequently, £ € %; C C(.#,). This proves the theorem. a

Proposition 3.3 Suppose .#; € g-A[Ty] be a g-T4-compact set of a g—ng) -space g—‘IgH) =

(Q,0-7M), then S € gK[T,) in g-TI.
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Proof Let .7 € g-A [T ] be a g-T,-compact set of a g—?éH)—space g—TgH) = (Q,g—ﬂéH)). It
must be proved that .%; € g-K [T,] which is equivalent to prove that C(.7;) € g-O [T4] in g—TéH) .
Let £ € 0(F); that is, € ¢ 7. Since £ ¢ .7, there exists a g-Ty-open set %, ¢ € g-O [T,] such
that & € %, ¢ C 0(,). Consequently, C () = Uect(#,) #a.c- Therefore, C(S) € ¢-0[F,],
since % ¢ € g-0 [T, for every ¢ € C(#). Hence, .7, € g-K[T ] in g—EgH). This proves the

proposition. O

Lemma 3.4 If T, = (Q,7;) is a Jy-space whose g-topology Ty : & (Q) — P (Q) is cofinite

on Q, then Ty is a g¢-TN -space ¢-TN = (0, g- 7).

Proof Let T; = (Q,.9;) be a J-space whose g-topology J; : & () — & () is cofinite

on ) and suppose <ﬁ2/g’a € g-O [Sg]> be a g-Z-open covering of Q. Then, [(%,.) €

acll
g-K [T, for any chosen a € I}. Furthermore, since J; : & () — (1) is cofinite on €,
Uyg,o, it follows that, for every a € I%, C(%,.) is a finite g-F;-closed set. Set C (%) =
{gﬁ(a) s (o, B (a)) € IF x Is(g)}. Since (%g,o € 9-O [S9]>a61* is a g-J-open covering of (2,

for every (o, B()) € Iz X I, &pa) € C(%g,) implies the existence of % (a), Where

<%97"/(0‘)>(a,'y(a))elc’;><l* =< <%97O‘>a61;’ satisfying £g(a) € % (o). Hence, it follows that

(o)

C(%.0) U(a,'y(a))elj;xl:(a) %q,(o) and therefore,

Q= U0 U (Uy0) = U0 U < U %;m(a))

(ay(a))els XI:(U)

Thus, T4 is a g—ﬂgA] -space g—IgA] = (Q,g—ﬂg\]) . This completes the proof of the lemma. O

Theorem 3.5 If (%4, ) € 9-A[Zy] x g-A[T,] is a pair of disjoint g-Tg-compact sets of a
g—ﬂgH) -space g—iéH) = (Q,g—ﬂgH)), then there exists a pair (Ug,a, %y,5) € 6-O [T4] X g-O [T4] of

disjoint g-Ty -open sets such that (R, Sy) C (Ug,a, Uy,3) -

Proof Let (%y,-73) € 9-A[T4] x g-A[T4] be a pair of disjoint g-T-compact sets of a g—ﬂgH)—
space g—‘ZgH) = (Q, g—ﬂgH)) and suppose & € Zg. Then, since Z3N.7; = 0, it results that & ¢ 7.
But by hypothesis, .7, € g-A [T,] and consequently, there exists (%, ?/Agé) € g-0[%y] x g-0 [T]

such that ({€},.74) C (%.e, Zgc) and Uy ey = 0. Since & € Uye , it follows that (%g.e ),
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is a g-T-open covering of Zg. Since Z, € g-A [T, a g-T4-open subcovering
<%v<€>><£,v<s>>e%x%g = <%5>5e%g’

where ,%A’g C %, is finite, can be selected so that Z; C U(g,v(g))e@gx%g Uy, v(¢)- Furthermore,
s C m(c,ﬂ(ﬁ))ejgxfg 02/;719(5), where ,5’?9 C ., is finite, since .y C ?29,19(5) for every (¢,9(()) €

5’% X Sy. Now let

Uy,o = U Uywie)y Uop = m Uy,9(0)-
(E,0(E)ER G xRy (¢H(Q))EF X F

Observe that (%Zy,%y) € (%o ,3). Moreover, (%o, %) € §-O[T4] x g-O[F,], since
Uy(e) € 9-0[F,] for every (§,v(E)) € %A’g x #y and 622&19(0 € g-0[%,] for every ((,9(()) €
Sy xSy . The proof of the theorem is complete when the statement %, oN%, s = () is proved. First
observe that, for every (¢,{,v (€),9(¢)) € @g X 5’?9 X Ry x Sy, the relation % ey N %Agﬂg(g) =0

implies %g.(¢) N %y,3 = (). Consequently,

() %u= ( U %v(f)) NU.p U (g (e) N Uy )

p=a,B (E,0())ERy X By (&0(8))€Rg xRy

= U 0=0.

(f,v(&))e@g XRg

This proves the theorem. O

Theorem 3.6 Let Ty 0 = (Q, Ty ) and Tyx = (X, Ty x) be Ty-spaces. If 1y : Ty — Ty s
a g- (T4.0,%4,x) -continuous map and Sy, € g-A [‘ZQ,Q] in Tg0, then im(7rg|y;g w) € g—A[ngg]

m {3:972.

Proof Let T30 = (2, J0) and Ty5 = (X, J5 ) be given J;-spaces, 1y € g-C[Tg.0; T3],

Faw € -A[Ty0] in Ty and suppose (%) be a g-T4-open covering of im(ﬂ'g‘yg w) in

aclx

Ty,x. Then,

Faw Syt omg (Fgw) S gt ( U Uy.o) C U T (%y.a) -

a€elx aelx

Thus, (73" (%)) is a g-Ty-open covering of Z,, in Ty 5, because my € g-C [Ty 0; % 5]

acly

and for every a € I}, %o € 9-0[%gq] implies 7' (%,0) € 9-O[Tyx]. But, the rela-

tion S € g-Al:‘}:gJZ} holds and consequently, there exists <7r;1 (62/9,19(&))>(a 9(a)) eIz X I
7 o 9 (o)
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71'94_1 (%g’ﬁ(a)) holds. Accord-

(mg ! (%9701)>04€I; such that the relation g0 € U4, 9(a))

erxxI®

9 (o)
ingly,
g (Sgw) C Mg 0 7@1( U %ﬂ(a)) - U Uy 0(c)-
(,9(e))ETs XI5, (a,9(a))Els XI5,

Thus, <02/9’19(a)>(a,19(o¢))61;><I;(U) is a g-T4-open subcovering of im(ﬂ-g‘yg,w) and hence, it follows

that im(ﬂg‘yg w) € g-A [‘5972] in ¥y 5. The proof of the theorem is complete. ]

Theorem 3.7 Let %y, C Tgq be a Ty-set and let w1y € g-1[T5.0; Ty 5] be a g-(Tg0,Tgx)-
irresolute map, where Ty 0 = (Q, Ty a) and Tyx = (X, Ty x) are Ty-spaces. If Sy, € g-A [SQ} ,

then im(ﬂﬂlfg,w) € g—A[igyg] .

Proof Let ;. C T4 be a Ty-set and let my € g-1[T5.0; Ty 5] be a g- (T4, Ty xn)-irresolute
map, where Tg0 = (Q, Z0) and Ty = (3, Fyx) are Jy-spaces. Suppose Sy, € g—A[‘IQ],

let <9/g’a € g—O[‘ZgD be any g-Tg-open covering of 74 (W) C Tgx. Then, since 7y €

a€Ell

0-1[%5.0; %q.x], it follows, evidently, that the relation .4 Uy es- 75 ' (%g,0) holds. On the other

hand, since 7., € g-A [EQ] , it results that, a g-T4-open subcovering <%g’19(a)>(a S(ayelzxr -
' X9 (o)

<%9=“>ael* exists such that the relation .., C U(a,ﬂ(a))eI*XI;( )ng(%g,ﬁ(a)) holds. Conse-

quently, it follows, then, that my (FG..) C U(a 9(a))ELx X I* Ug,9(a) and hence, im(7rg‘y,g ) €

9 (o)

g-A [Sg’g] . The proof of the theorem is complete. O

Lemma 3.8 Let g—")’:gA] = (Q7g—3£A]) be a g—ﬁgA] -space. If Sy € g—K[g—‘IgA]], then Sy €

g-A[g-T] in gz

Proof Let g—igA] = (Q,g—ﬂgA]) be a g—ﬂgA] -space and suppose 7y € g—K[g—TgA]]. Sup-

pose <02/g)a € g—O[g-‘ILlA]DaeI; be a g—‘IgA]—open covering of .7, then Q = (Uael; 02/97,1) U

E(yg) = Uae]; (@/97(1 U C(yg)), meaning that <?/g7a U E(Yg»

. ~ [A]_ .
acr: 828 Ty -open covering

of 7y because, #; € g—K[g—SLA]] implies C (%) € g—O[g—SLA]]. On the other hand, g—EgA]

is, by hypothesis, a g-f[gA] -space. Thus, there exists <%ﬂﬂ9(a)>(a Sayelzxs - <52/g,a>

5(o) aelx

such that Q = (U(a,ﬁ(a))EI;XI:;(G) Ugo(a)) UE(F). But 3 NC(H) = 0 and hence, .7; C

U(a,ﬂ(a))el; w1+ 3.9(a)- This shows that any g—f[gA] -open covering <?/g7a ul (Yg)> of 7

9 (o) aEl:
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contains a finite g—TgA] -open subcovering <%gﬂ9(a)>( and hence, .7; € g-A [g-TgA]]

a,9(a))ETs XI5 0y

in g—‘ILA] . The proof of the lemma is complete. O

Theorem 3.9 Let g—‘Ig}]z = (Q,g-ﬂ[;\s])) be a g-ﬂgA] -space and let g—‘IgIZ) = (Z,g-?gg) be a

9-953}1) -space. If the g-T -map my Q-TL, — g 3 2 is a one-one g-(g- ‘ZLS]I g (IE!HZ)) -continuous
Al ~ A
map, then g—T[g’S]l =Ty (Q-Tg,s]z) :

Proof Let g—fﬁ = (Q g- Q[A]) be a g- Q[A] -space and let g- TS’Z = (E,g—ﬂg’g) be a g—ﬂgH)—

space, and suppose g : g- ‘I[A} — g ‘I( E) is a one-one g- (g ‘Iﬁgz, g-‘Ing))-continuous map. Clearly,

H

Ty g—Tg% — g—‘I;’Z) is onto, and since it is, by hypothesis a one-one g-(g- fgg]z g- TEFE))'

continuous map, it follows that W; ‘IEHE) — g T Q exists. It must be shown that e

C[g ‘Ig ! T[A]] Recall that 7rg_1 : g—TéIfZ) — g—‘IE}]Z is g- ( SQHE, Q[A]) -continuous if and

only if, for every J ., € g- ,?LAg]l, ( g_l)_l (Hgw) = mg (Hyw) € g—K[g—ESB} and 7y (Hgw) C

im(ﬂgm). Clearly, #5., 2 —0py (Hgw), 0 Hguw € g—K[g—f[gA]]. But, J4. € g—K[g—TgA]]

B

implies 5., € g—A[g—TgA]] in g—ng]. Furthermore, since 74 € g-C|g- ‘IQAS]],Q ngZ)}, it follows

)

that 74 (fg.w) € g-Alg- Tg Q} and 7y (W) C im(wglz). But, 7y (Agw) € g-A [g—fgg] implies

Sy € 0K [g—‘ZgH)]. Accordingly, m; ! € g-C [g-ig’{z); g-i"g‘?‘g)] and hence, g- T[ =~ 7y (g SLJAQ)) The

proof of the theorem is complete. a

Proposition 3.10 Let g-‘ZgA] = (Q,g—ﬂgﬂ) be a g-ﬂ[gA] -space and let g-‘IgH) = (Q,g-ﬂgH)) be

a g—ﬁgH) -space. If g—ﬁLA] ) g—yff), then g—ﬂLA] = g—ﬂff).

Proof Let g-‘E[gA] = (Q,g—ﬂgA]) be a g—ﬂgﬂ -space and g—TgH) = (Q,g-ﬂgH)), a g—ﬂéH) -space,
and suppose g-7 gA] 29-7 g{). Further, consider the g-T;-map 7y : g—TgA] — g—‘IgH) defined by
g (§) = £. Since g—ygA] ) g—ygl), for every 0y, € g—ﬂg{{), there exist 0y 9(a) € g—ﬂgA] such

that W;l(ﬁgﬁ(a)) = Og.0 € 0py (Oy.a). Consequently, mq : g- f[ 5]2 — g—iglg) is a one-one and

onto g- (g fg o 0 ‘Z(H)) -continuous map from a g—ﬂgA] -space g—fﬁ’gl to a g—yéH) -space g—T;HZ)

)

and therefore, g- ‘I[ s]z = g(g-‘Ig}]z). Hence, g—ﬂgA] = g—ﬂg’{). The proof of the proposition is

complete. O

Theorem 3.11 If 7 € g-A[T,] is a g-T -compact set of a Ty-space Ty = (2, Ty), then it is
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also countably g-T;-compact in Ty .

Proof Let ; € g-A[T,] be a g-T;-compact set of a Jy-space Ty = (2, .7;) and suppose
Ky C Sy be any infinite Ty-subset of ;. Equivalently proved, it must be shown that, the
assumption that Z; has no g-T -accumulation point § € .7, leads to a contradiction. Since
Hq C Sy is, by assumption, an infinite Ty-subset of #; with no g-T;-accumulation point § € .74,
it follows that, for every £ € ., there exists a g-T -open set % ¢ € g-O [Tq4] which contains at

most one point ¢ € %Zg4. It may be remarked, in passing, that <@/975> is a g-T;-open covering

ceFy

of the g-T -compact set .7 € g-A [T,] for 7 C Ugey’g Usy.¢ - Consequently, there exists a g-% -

open subcovering <02/gﬂ9(§)> where 5//;9 C S, such Zy C 7y C

(EDEeFx Py <%g’o‘>a€1;’

Uy,9(¢)- But, for every (£,9(€)) € S x jg, Ug,9(¢) contains at most one point

Ute.oenes, <7,

¢ € Zy. Therefore, the infinite T -subset %Z, of .7, satisfying %, C U(g,ﬁ(g))eygxﬁg Ug,9(¢) »

can contain at most n = Card(ﬁ’?g) < oo points. Accordingly, it follows that every infinite Tg-
subset Z, C .7 of 7 contains a g-T -accumulation point € .. Hence, 7 € g-A [Tq] is also

countably g-%;-compact in Ty. This completes the proof of the theorem. O

Corollary 3.12 Every Jy-space Ty = (2, 7;) having the property that every countable g-% -

open covering <%g’a € g0 [’)’Zg]> of the Jy-space Ty contains a finite g-T;-open subcovering

a€ll

<%,ﬂ(a)>(w(a))elixlg( = <62/g,a>a61; of Ty is a countably g-y[gAJ -space g-SLA] = (Q,g-ﬂLA}).

Theorem 3.13 Let my : Tyo — Tyxn be ¢ g- (Tq,0, %y x)-continuous map, where Tgo =

0, Tya) and Ty = (Q, Ty.a) are Ty-spaces. If S5, C Tga be a sequentially g-%, -compact
9, g, 9, g g, 9, g

set in T40, then im(7rg|5,,g ) C %g,n is also a sequentially g-T;-compact set in Ty .

Proof Let 7y € g-C[T40;%y 5], where Ty 0 = (2, Z50) and Ty0 = (Q, T4.0) are J,-spaces,

and suppose ¥, C Tg o be a sequentially g-T -compact set in Ty . If <Ca € Ty (y&w»ae]*

be a sequence in im(my,, ) C Ty, then there exists a sequence (€o € ),y in F such
7g (§a) = (o that for every a € I3,. But, by hypothesis, /3., C Tgq is sequentially g-T-
compact in Ty . Therefore, there exists a subsequence <€O‘>O¢EI;‘O =< <£19(a)>(0m19(a))€1;ox1;o
which converges to a point & € ;. On the other hand, 7y € g-C[T;0;%, x| and there-
fore, mg : Tgo —> Ty x is sequentially g- (T4, %, x)-continuous. Consequently, it results that

<7r9(519(@))>(a,19(a))elgoxlgo = <§g(a)>(a,ﬂ(a))61;“; converges to my (§) € im(wgly,gw). Hence,
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im(ﬂg‘ygyw) C T4,x is sequentially g-Tg -compact in Ty 5. O

Proposition 3.14 Let my : Ty0 — Tgx be a g- (Ty.0, Ty 5)-continuous map, where Ty o =
(2, Tg0) and Ty = (2, Tya) are Ty-spaces. If Sy, € g-A[Ty0] is a g-T;-compact set in

Ty, then im(wg‘yg w) € ATy 5] is also Ty-compact in Ty s .

Proof Let ng € g-C[Ty0;%,5n], where T30 = (R, J5.0) and Ty 0 = (Q, T a) are J-spaces,

and suppose (%o € O[Tg5]) be a T -open covering of .7 , = im(ﬂ-glyg,w) C Tyx. Then,

aell

since the relation 7y € g-C [Ty 0;%T4 5] holds, it results that <7T9_1(02/g>a)>a61* is a g-T -open

covering of S, = 7 (Fy0), because O[Ty 0] C g-O [Ty 0]. Since S, € g-A[Ty0], a finite

g-%;-open subcovering <7rg_1 (%g =< <7r_1 (%g’a)>a61* exists, and such that,
n

»19(06))>(a,19(a))61; xI* g

9(n)

T C U(a’ﬁ(a))el;”;m 77;1(52/9719(&)). Since 7y € g-C[Tg,0; Tq,x], it follows, consequently, that

Ug,9(«) - Therefore, <7r;

Y(U,0) € O[Tg5]) is a finite T4-open

Ty (Faw) C U(a,ﬂ(a))el;; xI*

B (n) acly

subcovering of 75, C Ty x. Hence, im(7rg|5,,g ) € A[Ty 5] is also Tyg-compact in Tygx. The

proof of the proposition is complete. O

Theorem 3.15 Let my @ Tgo0 — Tyx be a g- (T4, %y x)-continuous map, where Tyo =
(Q, Tg0) and Tgo = (Q, Tya) are Ty-spaces. If Sy C Ty is a countably g-T;-compact

set in T4 0, then im(ﬂglyg ) C Ty,» is also a countably g-T;-compact set in Ty 5.

Proof Let my € g-C[Tg0;% 5], where T30 = (2, F0) and Ty = (Q, T50) are J-
spaces, and suppose 5., C Tg0 be a countably g-T -compact set in Tyq. To prove that
im(wg‘yg,w) C Tyx is countably g-T -compact in Tyyx, let S, C m (L3w) be an infinite
T y-subset of im(ﬂglygyw). Then, a denumerable ¥j-subset %4, = {Ca D« € I;o} C S0
exists. Since %y, C Syo C im(%l&’g,w) = 7y (F4w), there exists a denumerable ¥,-subset
Ryw = {fa D oa € I;‘o} C Sgw, With Wg(fa) = (o for every a € IX . But, by hypothesis,
Saw C Tgq is countably g-T -compact in Ty, so %, contains a g-T;-accumulation point
£ € Syw. Thus, & € Ky Uderg (%yw) C Hgw and 7y (€) € im(wglyg,w) = Ty (Lgw);
evidently, derg (%) € 9-K [T q] and therefore, a g-Tj-closed set ¥4, € g-K[T q] exists such
that, derg (Zgw) = Ygw- But, by hypothesis, 7y € g-C[T40;Tg,x]. Consequently, my(Zg U
derg (Zg,)) C g (Rg,) Uderg(mg (Zgw)) = R0 Udery (Zy,0). But, £ € #y, Uderg (%) and

therefore, 74 (§) € %y, Udery (#Zy.0). Now, mg (§) € #y,0 Uderg (#y,6), so let it be claimed that
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g (§) is a g-T;-accumulation point of %, ,. There are, then, two cases, namely, § ¢ Ry, and
EE€EHy, -

1. Case & & Ry U & & Ay, then 7y (§) ¢ (Zgw) = Hg,o. But, mg(§) € g0 U
dery (%4,5) and consequently, 74 () is a g-T;-accumulation point of %, .

. Case £ € Ky If & € Ky, choose a p € I such that £ = €,. Then, € ¢ 92?97‘*, =
{éa: a €I\ {u}} and every g-%4-open set %, ¢ € g-O [Ty containing ¢ contains at least a
point £ € @g’w = {&a: a €3, \{p}} and therefore, { is a g-T;-accumulation point of %A’g,w.
But, wg(%’g’w) = {Co: a € I%\ {u}} since, by hypothesis, 74({s) = (o for every o € IZ,.
Thus, 74 (§) is a g-T;-accumulation point of 7, (%A’g’w) where 74 (@g,w) C %4, - Moreover, since
Ty (%A’g,w U derg (@g,w)) C g (%A’g’w) U derg (g (é?g,w)) = Ry, U der, (%A’g’a) , it follows that, m4 (£)
is a g-Tj-accumulation point of Ryo. Since Byy C Sy C im(wglyg‘w) = g (Hgw), mg(£)
is also a g-T -accumulation point of .7, and 74 () € im(ﬂ-‘glyg,w) = g (Sgw). Therefore,
every infinite Ty-subset .7y, C im(mg, ) of Ty () contains a g-T -accumulation point in
7y (F4w) and hence, im (ngyg’w) C Ty,» is also a countably g-% -compact set in Ty ;. The proof

of the theorem is complete. O

Proposition 3.16 If /; C T, is a sequentially g-T;-compact set of a Ty-space Ty = (Q, %),

then every countable g-%;-open covering <02/g,a € g0 [Tg]> of the g-T;-compact set Sy is

aclk

reducible to a finite g-T;-open subcovering of the type <%9719(a)>(a,19(a))612><13( : =< <%’370‘>aeI; of

Ty

Proof Let it be assumed that . C T is a sequentially g-T;-compact infinite set of a 7;-space

Ty = (2, 7). Furthermore, assume that there exists a countable g-T -open covering <%g7a €

g-O [‘Ig]>ael* of .74 with no finite g-%;-open subcovering <02/9719(a)> =< <52/g7a>

(a,9(a))elzxTI}

(o) acly

of ;. Finally, introduce the sequence ({, € .5) and define its elements in the following

acl*
manner. Let ¢ (1) € 15,y C I7 be the smallest integer in Ij ) such that /4N % 91) # f; choose
§1 € SN U901y Let 9(2) € I35y C 15 be the least integer larger than o (1) in I35 such that
Sy N Uyp2) 7 0; choose & € (yg N %9719(2)) \ (5”9 N 02/9719(1)) . Note that, such a point & always

exists, for otherwise % (1) covers .#;. Continuing in this way, the properties of ({,) for

aEI;o ’

every a € I\ {1}, are
o € SN Uv), o f UueI;_l (L5 N %00)), P () >0 (a—1).
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Let it be claimed that <§0¢>o¢€I;O has no convergent subsequence <§19(a)>(a719(a))6130 I =< <€a>a61;o
in #. Suppose £ € F, then there exists a p € I3 such that £ € %g,9(,)- Now, SN U9(.) 7 0
since, §{ € 4 N %,,9(,)- Thus, there exists v € I;;(U) such that, %;90) = %,0u)- But, by
the properties of the sequence <§a>ael;’ a > ¥ (v) implies &, & %g,9(u) - Accordingly, since

§ € Uy € 3-O[T] no subsequence <fﬂ(a)>(a’ﬁ(a))61;“; < (€a)aers Of (Sa)qers converges to
§ € Fy. But, § was arbitrary and hence, .y C Ty is not sequentially g-T;-compact in T,. The

proof of the proposition is complete. O

Theorem 3.17 If 7 € g-A[T,] is a g-T -compact set of a Ty-space Ty = (2, Ty), then it is

also locally g-%-compact in Ty.

Proof Let %, € g-A[T,] be a g-T -compact set of a Fy-space Ty, = (0, 7). Since

Sy € g-A[T,], for every g-T -open covering (U0 € 3-0[T,)) there exists a g-T -open

a€cly’

subcovering (%y.u(0)) (o p(ayers xrs, . < (oa)aer, SUeh that F5 C Upa g(a) a0 Tt

o €I*xTI%

2()
is clear that, for every & € .7, there exists % ¢ € g-O [T4] such that ;N %e = Uy 9(a) N Uy e
for some (a,d(a)) € I} x I3 For every (0, &, 9 (a),v(a,§)) € IF x Sy X I3y % Loy
set Ugv(ae) = Ugo(e) N e Then, since (%yp(a) Zae) € 9-0[T4] x g-O[Ty] for every
(@, 8,0 (a)) € 17 x Fyg x I, there exists, for every (a,&,7(a)) € I x Fy x Ij,), a pair
(Og.9(0), Og¢) € Ty x Ty of Ty-open sets such that, (%,9(a) Zac) C (opg(ﬁg’g(a)),opg(ﬁg’g)).

Consequently,
U v(o6) = Ug9(e) N Uyg © 0Dg(Og9(e) NODg(Og,) S 0Dg(Og,0(0) N Ogie) = 0Dg(Tg,0(06))-

where %y .u(a,e) = Ygwa) N e for every (o,§,9(a),v(a,§)) € IF x Sy x I;;(U) X I;(U).

Therefore, %y v(a,¢) € 8-O [Tg] for every (o, &9 (o) ,v (o, §)) € I3 X Sy x 15y < I

o(o) But, since

€ € Ugv(ag) © Ugo(ae) U derg(Zy 0(ae)) and Xy o(a) O U (oe) U derg (%, o(0re)) € 8-A [Ty, it

results that,
€ € Uy o(ag) © Ug,o(ae) Y derg(Xy 0(a,6)) C Uy i(a)-

Thus, given any (&, %.9(a)) € 3 x8-0 [T,], thereis a g-%,-open neighborhood % 9(a.e) € 8-N[€]
of ¢ such that % p(a.e) C %a,0(a) a0d X 9(a) U derg (% 0(a)) € 8-A [T4). Hence, .7 € g-A [T,]
implies that it is also locally g-T;-compact in Ty. The proof of the theorem is complete. O

Corollary 3.18 Every J;-space Ty = (0, ;) having the property that every local g-%, -open
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covering <%g7a € g-O [Tg]> of the y-space Ty contains a finite g-%;-open subcovering

acll

<02/9a19(0‘)>(04,19(a))61;><1* =< <@/g,a>aelg of Ty is a locally g—ﬂgA] -space g-TgA] = (Q,g-ﬁgﬂ).

9 (o)

Theorem 3.19 Let my : Ty — Tgx be ¢ g-(Tg,0, %y x)-continuous map, where Tgo =
(2 Tg0) and Tga = (Q, Tya) are Ty-spaces. If Sy, C Ty is a locally g-T,-compact set

in T40, then im(ﬁg‘yg w) C Tyg,» 18 also a locally g-%y-compact set in Ty s .

Proof Let my € g-C[%y0;%, 5], where Ty 0 = (2, F0) and Ty = (Q, T50) are Fy-
spaces, and suppose %y, C Ty o be locally g-T -compact in Ty . Since 7, is locally g-% -
compact, for any given (5,,/1/9,5) € Sgw X g-N[¢], there is a g-T -neighborhood %)5 € g-N[¢]
of ¢ such that %75 C Mge and ,/1/;75 U derg(%7§) € g-A[Tgq]. Consequently, ¢ € JVM: -
N Uderg (M) C Mg and thus, mg (€) € mg(Ng.e) S mg(Ag.e Uderg(Aye)) C mg(Agee) - But,
Ty (,/1;9,5 Uderg (%5)) C 7y (Ji?g,g) Urg (derg (Ji?gg)) because, by hypothesis, 74 € g-C[T4 0;Fq,5].

Therefore,
7q (§) € mg (M) € mo(Agie Uderg(Sge)) C mg(Age) Uderg(mg(Age)) C mg(He)-

Since Ji?g,g C Ty is a g-T;-neighborhood in Ty containing § € S C Ty, Wg(e/i;g’g) C
Tgx is a g-T;-neighborhood in Ty s containing 4 (§) € 4 (Yg,w) € Tyn. Now my (Ji?g,g) U
derg (7g (Ji?gg)) € g-A[Ty ] by virtue of the statements t/i;g)g U dery (f/i?g)g) € g-A[T,y0] and
Ty € 6-C [Tg,0; Tg,x]. In other words, for any given (mg (€),74(A5.¢c)) = (¢ Ag¢) € Laoxa-N[(],

there is a g-T;-neighborhood 74 (JVQ,E) = %74 € g-N|[(] of 7y (§) = ¢ such that 4 (%75) =

Hae © Moo = To(Nae) and mwo(Age) U derg(me(Age)) = e Uderg(Hc) € g-AlTqz].
Therefore, 7 , C Ty is locally g-T;-compact in Ty 5. But, S, = 7y (Fp0) = im(wg‘yg w)'

Hence, im (ngf’g ) C Ty,x is locally g-T;-compact in Ty 5. The proof of the theorem is complete.

O

4. Discussion

4.1. Categorical Classifications
Having adopted a categorical approach in the classifications of g-T;-compactness in the 7 -space
%y, the dual purposes of the this section are firstly, to establish the various relationships amongst

the elements of the sequences <g—l/—(ELE] = (9, g—V—ﬁ[gE]»Ve ;o and (g5 = (0, g—v—ﬂ[E]»
3

ve I3
of g-v-7 LE] -spaces and g-v-7 [E] -spaces, respectively, where E € {A, CA,SA, LA}, and secondly,

to illustrate them through diagrams.
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(A]
g

o

‘:LLA] ‘I[[;A] ‘ILCA] TIBSA]

~[LA T [CA] ~[SA]
9,4![9 | «—— ¢T) —— o7} -~ T

Figure 1: Relationships: g-T-compact spaces and Ty-compact spaces

It is plain that T;-compactness implies both countable Ty-compactness and local countable
%4-compactness; sequential T;-compactness implies countable %;-compactness. Moreover, the

S LA A CA A CA SA  q:
following implications also hold: g-T ;" «— g-T, g-T;" «— g-T;, and g-T;" «+— g-T ;" . Since
the relation T «— g—‘I[E] holds for every E € {A,CA,SA,LA}, taking this last statement
together with those preceding it into account, the diagram presented in Figure 1 follows, in which

and <S£E] > where

are illustrated the various relationships amongst the elements of < g—SLE]> EeA’

EeA
A={A,CA,SA,LA}.

(LA]
g

For each v € IJ, these implications hold: g-v-% — g—u—ng], g—V—‘IgCA} — g—V—TLA],
and g—u—féCA] — g—V—EgSA]. For each E € A = {A,CA,SA, LA}, these implications also hold:
g—O—‘IgE] — g—l—ng], g—l—ng] — g—3—‘Z£3E] , and g—Q—TgE] — g—3—‘ILE]. When all these implications
are taken into consideration, the resulting compactness diagram so obtained is that presented in

Figure 2. It is reasonably correct to call them g—i[gE] -spaces of type E and of category v, where

(v,E) € I9 x {A,CA,SA,LA}. As in the papers of [7] and [17], among others, the manner we have
positioned the arrows is solely to stress that, in general, none of the implications in Figures 1 and

2 is reversible.
In order to exemplify the notion of g-igE] -spaces of type E and of category v, where

(v,E) € I§ x {A,CA,SA, LA}, a nice application is presented in the following section.

4.2. A Nice Application
Focusing on basic concepts from the standpoint of the theory of g-%,-compactness, we shall now
present a nice application.

Let T3 : & () — £ () be the g-topology on € =N (set of positive integers) generated
by J;-open and J-closed sets belonging to:

Ty = {ﬁg,(2u—172u) : (V/‘ € I:o)([ﬁg,@u—lﬂu) = m v [ﬁ97(2u—172u) ={2n - 172“}])}5

Ty = {%7(%—172#) : (V,u € I;o)([%v(%—lﬂu) = N] v [%,(QM—L?M) = E({2“ - 172/‘})])}’
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Q—D-SE}LA] -— g_l_lzLLf\] - g 3_AZ£;LA] g-2- ‘ELLA]

[A]
g

[A]

LA] — 025

g—ﬂ—‘ELA] - g 1-TY e g-3-F

f / y \]
g_O_S[C:\] g_l_z[c‘—\] 9—3—‘1[0(3;\} g—Q—TEICA]

\ A \ A

g-0-T54) o- 1_T£}SA] g-3-T5 g-2-Tl5A

Figure 2: Relationships: g-% -compact spaces

respectively. As in the above case, it results that J; : & () — £ (Q) satisfies the relations
Tg0) = 0, Ty (Og2p-121) S {20—1,20} = Oy 2u—1,20 and, %(ﬂﬂEI; O 2u-120)) =
Nuer: Zo (Oa.2u—1,20)) as well as Ty (Uere O on-120)) = Upers Zo (G 2u—1,20)) » since the
two relations ﬂueI; Og.2u-1,2p) = 0 € Ty and Uuel; Oq,2u—1,21) = ) € Jy, respectively, hold.
Therefore, T4 = (F, ) is a Jy-space and, moreover, since the relation Ty = (7, Q) = (7,Q) =

T holds, it is also a 7 -space. Notice that <ﬁg,(2o¢71,2a)> is a Ty-open covering of 2, since

aclx,
Og,(2a-1,2a) € O[T for every a € I7, and furthermore, it is also a g-T4-open covering of €2,

since Oy (2a-1,20) € 0Py (Og.2a—1,20)) € 8-O[T,] for every a € IZ . However, T, = (7, Q),

where (2 = N, is not a ‘ILA] -space because <ﬁg7(2a_1,2a)> is a T4-open covering of 0 with no

aElx,
finite T4-open subcovering.

As stated above, since g-T,-compactness implies T4-compactness, it follows, obviously,
that it is also not a g—‘IgA] -space. On the other hand, T, = (g, ), where Q = N, is also not
in

a sequentially g-%4-compact 7;-space for the simple reason that sequence (£, = a € Q) ;.

%4 contains no subsequence of the type <§19(a)> =< (€a) e Which converges to a

(o, 9 () Q)T XTIk,
point £ € Q. Hence, T4 is not a g—T[gSA] -space which, then, implies that it is also not a TgSA] -space.

Let #; C %4 be a non-empty Tg-set in Fy. Then, it is no error to express it in the
form 7 = g UL, where S = {p: (Vaeli)p=20]} and L4 = {u :

(Vo€ IZ,) [w = 2 — 1]} . Since .7y # 0, consider an arbitrary point & € . If £ € S
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then, for every Tg-open set % ¢ € O[Ty] containing &, SV N (% e \ {£}) = 0 and 7N
(%975 \ {f}) # (. But, if £ € yg‘jdd then, for every Tj-open set %, € O[%4] containing &,
SN (Uge \{€}) # 0 and LN (% \ {€}) = 0. In either case, it follows, then, that .7
have at least one Tg-accumulation point. Accordingly, %, is a ‘Z[BCA] -space. For every o € I%_, set
Ug2a-1 = {20 — 1} and %20 = {20}, Accordingly, %y 20—1, %g,2a € 9-O [T4] since %y 2a-1,
Uy 20 C 0D (04, (2a—1,20)) € -0 [T for every o € I7, . Observe that, S4N (% 20-1\{200 — 1}) =
0 and 3 N (%20 \ {2a}) = 0 for every a € I, . This proves the existence of an infinite Ty-set

Hq C Ty with no g-Tj-accumulation point and hence, Ty is not a g—‘ZLCA] -space.

In relation to the above descriptions, further .7;-properties amongst the g-7 LJA] -spaces

o7 = (20 7), 0T = (2,077, g T0N = (2, 0-75Y)  and ¢T3 = (Q,0-7 1Y)

called, respectively, g—ygA] -space, countably g—ﬂLA] -space, sequentially g—ﬂgA] -space, and locally
g-7 gA] -space, can be discussed in a similar way by slight modifications of some J;-properties

found in those cases.

4.3. Concluding Remarks

In a recent paper [11] the study of a novel class of g-T;-compactness in J-spaces was presented.
In this paper, the concept is further studied and other derived concepts called countable, se-
quential, local g-%4-compactness in Jg-spaces have also been studied relatively. It was shown
that g-T4-compactness implies local g-4-compactness and countable g-T;-compactness, sequen-
tial g-%4-compactness implies countable g-%-compactness and g-%4-compactness is a generalized
topological property (briefly, .7, -property).

For future research, it would be interesting to develop the theory of g-%4-compactness of
mixed categories. More precisely, for some pair (v,u) € I3 x I such that v # u, to develop
the theory of g-Tj-compactness in terms of relatively g-%4-open sets belonging to the class
{?/g = Uy O Uy o (YU, Uy,p) € g—V—O[Tg] X g—u—O[Sg}} in a J;-space T4. Such a theory is

what we thought would certainly be worth considering, and the discussion of this paper ends here.
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