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ABSTRACT. In this paper, we introduce a new method for solving some partial differential equations called double
Laplace-Shehu transform, some useful properties for the transform are presented. In addition, we use this transform
to solve the Laplace, Poisson, Wave and Heat equations and find Laplace-Shehu transform for some functions.
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1. INTRODUCTION

In the literature, there are many different types of integral transforms such as Fourier transform, Laplace trans-
form, Sumudu transform, Ezaki transform, Shehu transform, and so on. These kinds of integral transforms have many
applications in various fields of mathematical sciences and engineering such as physics, mechanics, chemistry, acous-
tic, etc, [10]. They play an important role in solving integral equations or partial differential equations describing
physical phenomena [3,4, 11]. Solving such equations using single transforms is more difficult than using double
transforms [3,4]. In recent years, great attention has been given to deal with the double integral transforms, see for
example [2,5,7,8]. Eltayeb and Kilicman [9], applied double Laplace transform (DLT) to solve wave, Laplace’s and
heat equations with convolution terms, general linear telegraph and partial integro-differential equations. Alfaqeih and
Misirli in [5] dealt with double Shehu transform to get the solution of initial and boundary value problems in different
areas of real life science and engineering.

Analogous to [2], we applied new double Laplace-Shehu transform to solve Laplace, Poisson, Wave and Heat equa-
tions, through the derivation of general formula for solutions of these equations, or by applying the double Laplace-
Shehu transform directly to the given equation.

The main objective of this paper is to introduce a new method for solving some partial differential equations subject
to the initial and boundary conditions called double Laplace-Shehu transform, the definition of double Laplace-Shehu
transform and its inverse. We also discussed some theorems and properties about the double Laplace-Shehu transform
and gave the double Laplace-Shehu transform of some elementary functions. Moreover, we implement the double
Laplace-Shehu transform method to some equations.
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Definition 1.1 ( [1]). The Laplace transform of the continuous function ¢(¢) is defined by

LIv@)] = fo CHEYEE = (),

where the operator L is the Laplace operator. The inverse Laplace transform is defined by

K+ico

1
L) = p@) = 5 f otdy,
Tl

K—ico

where « is a real constant.

Definition 1.2 ( [6]). The Shehu transform of the real function ¥(7) of exponential order is defined over the set of
functions,

Inl .
M= {t//(f]) AN, 1,12 > 0, [W(n)| < Ke®i, for ne(=1)x[0,0), i= 1,2},
by the following integral

S = fo Sy = WG, S 0,

where ¢”# is the kernel function, and S is the operator of Shehu transform. The inverse Shehu transform is defined by

wW+ico

1 1 s
ST, )] = y(p) = 3 f —enMW(6, p)ds,
Tl M
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where w is a real constant.
In the next definition, we introduce the double Laplace-Shehu transform.

Definition 1.3. The double Laplace-Shehu transform of the function (&, n7) of two variables ¢ > 0 and > 0 is denoted
by LgS,[w(€,m)] = ¥(y,6,u) and defined as

LeS [0 m)] =T<y,6,m=f0 fo 0Dy & dédn

o4 3 s
= dim [ [Ty mded
0 0

a—00,f—00

It converges if the limit of the integral exists, and diverges if not.

Definition 1.4. The inverse double Laplace-Shehu transform of a function W(y, 8, 1) is given by

L' S (. 6,01 = Y&
Equivalently,

B B 1 K+i00 +i00 1 s
UED = LIS, 1906 = f " oty f Leinp(y, 6. s,

joo
where « and w are real constants.
2. EXISTENCE AND UNIQUENESS OF THE DOUBLE LAPLACE-SHEHU TRANSFORM

Definition 2.1 ( [7]). A function (&, ) is said to be of exponential orders @ > 0,8 > 0,0n 0 < ¢ < 00,0 < 77 < o0, if
there exists positive constants K, X and Y such that

(&, )l < Ke™*Pn, for all £€>X, n>Y,
and we write
YEm =0 as &0, 1 oo

Or, equivalently,

lim e “EPDly(g, )| = K, lim eGP 0,y >, > .

E— 00—
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Theorem 2.2 ( [6]). Let y(&,1) be a continuous function in every finite intervals (0, X) and (0, Y) and of exponential
order exp(aé + Bn), then the double Laplace-Shehu transform of w(£,n) exists for all v > a and % > B.

Proof. Let y/(&, 1) be of exponential order exp(aé + 8n) such that

wEm|s ket v esx. g

00 00 _ é
| f f O Dy &, ndedy
0 0
00 00 _ é
[ [ e e ntaan
0 0
% f ” f " e s g gy
0 0

wa e—(y—a)fdf fw e—(%—ﬁ)ﬂdn
0 0
Ku

(y =)@ =B

Thus, the proof is complete. o

Then, we have

¥, 8.10)

IIA

IIA

Theorem 2.3. Let W (y,0,u) and Ya(y,o,u) be the double Laplace-Shehu transform of the continuous functions
Y1(&,m) and Y2(€, 1) defined for &1 = O respectively. If'¥1(y, 6, 10) = Wa(y, 6, ), then Y1(&,1) = Ya(&, 7).

Proof. Assume that x and w are sufficiently large, since

L 1 K+i00 1 W+ico 1 s
v =15 0o = (5 [ ea)(on [ Levoamde),

K—ico 2mi w—ico

we deduce that

nen = (57 [ m )5 w‘”w b 7.0,
| [xHie 1 perio ],
- (e | W ag [ ernossna)
= Y& m).
This ends the proof of the theorem. O

3. SoME USeruL PROPERTIES OF THE DOUBLE LAPLACE-SHEHU TRANSFORM

3.1. Linearity Property. If the double Laplace-Shehu transform of functions v (¢, 1) and y» (¢, i) are W1 (y, 0, u) and
Y, (y, 6, u) respectively, then the double Laplace-Shehu transform of a1 (€, 1) + By(€,17) is given by a¥ (v, d, u) +
BY¥2(y, 9, i), where « and § are arbitrary constants.

Proof.

LeSylay(£.m) + (€. )] fo fo e O I apy (€.1) + Puna(€, ) )dédn

¢ f ) f ) e E LDy (&, mydédn
0 0

8 f f O iy (6, dédn
0 0
a¥i(y, 6, 1) + B¥2(y, 6, ).
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3.2. Shifting Property. If the double Laplace-Shehu transform of (¢, n) is W(y, 6, 1), then double Laplace-Shehu
transform of the function e ®*#My(&, ) is given by

Yy —a,6 - Bu, p.
Proof.

LeS [0y £, m)) f f ¢ OE D JOEBD £ dedn

[ [ et e mazan
Yy — @, 6 - Bu, ).

O

3.3. Change of Scale Property. If the double Laplace- Shehu transform of the function ¥(¢,n) is W(y, 6, u) then the
double Laplace-Shehu transform of ¢/(aé, Bn) is given by ‘P(n .t ).

Proof.

LeS L. B :fo fo Oy ok, pr)dédn.

Letv = aé, 7= [n, then

LeSyly(aé, )] = aﬁf f e Ve i a,b(v T)dvdt
= _\y ,
of (a B ,U)
]
3.4. Derivatives Properties. If L-S,[y(&,17)] = Y(y, 6, 1), then:
0
() L8, P y¥.00 = SO
Proof.
(&, s O
Les [MAED] f f oerin W n)dfd
- [ et [ -wa ).
Using integration by parts, let u = e, dv = y¢(£, n)dé, then we obtain
B R 00 s 00 _
LeSy| ‘”;i D] - fo e #ldn(~y(0.m) +y fo ¢ Y(E )
= Y¥(.6,1) = S[YO,m]
]

op(&, 77)]_ 0

@. LS, — L FO 80 — LIV 0.

Proof.

s, MED] f f o WD
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fo e dé( f e ﬂw,,(f n)dn).
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Using integration by parts, let u = e_g”, dv =y, (¢,1)dn, then we obtain
(¢, < o [ _s
YRR = [ eraue o+ S [ et
0 0

on
0

LfSn[

(€, m)

3). LS| 5

|= V20,6, = yS w0, )] = STwe(0, ).

Proof.

62 R 00 00 ~ +£ 62 :
Lfs”[ Y& 77)] — Lﬁe(yf ) (g(;;n)dfdn

fo e #dn( fo Y (€,)dE).

Integration by parts twice, we obtain

Y&, n)]

LeSy [ FY2

fo & dn(~ye(0.7) = (0. 7) + fo Y€ )

Y Py, 6, 1) — ¥S [(0,m)] = S [Y(0, 1.

PY(E, n)]: &

0
@). LS, g 1= 2 Y0R8 = S LIVE O] = LIy (€. 0)L.

Proof.
(’)2 R 00 00 B +§ (92 i
LgS,][M] = fo fo PCZaa 1) ‘/(;Sz n)dgdn

on?
fo e de( fo )

Integration by parts twice, we obtain

62 lﬁ(é:, T]) ]
on?

2

6 [ s
e fo e~ #y(€, n)dn)

w 0
LESn[ = jo‘ efyfdf(—lﬁn(fa 0) - ;lﬁ(f, 0) +

52 5
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Py, 0
G LS| (féfjn")k TL0.6.40 = YLIW(E O = ST 0. 1)L

Proof.
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LS, 45 n)] _ J;foe(yf i OVED 4



M. Hunaiber, A. Al-aati, Turk. J. Math. Comput. Sci., 15(2)(2023), 218-226 223

Integration by parts twice, we obtain

Py, s T
1¢3 7])] _ L e “Ud77<_':bn(0’ 7])+y\fo‘ e 7§w”(§’n)d§)

LS| 5Eon

= Stwml+y [ e [ eBueman
00 6 00 s
= =Swomi+y [ eag(-uen+ S [P man)

)
= %\Pw, 6,2) — YLIY(E, 0)] — S [0, 1)].

4. THE DouBLE LAPLACE-SHEHU TRANSFORM OF SOME ELEMENTARY FUNCTIONS

(1). If the function ¥(&,n) = 1, then

Lesawen= [ [ e indedn = £
0o Jo Yo
(2). If the function (&, n7) = €n, then

_ 77 oeen _
LESI][W(g’n)]_fo‘ fo‘ e fnd‘fdn_7252'

2

(3). If the function (&, n) = ™", n,m=0,1,2, ... ,then

LgSn[W(f, n)] f f —(vé+2 ”)fnﬂmdfd n+l ( )m+1 .

(4). If the function y(&,17) =€, o >-1, v>—-1 ,then

Lsiwen= [ [ e ieyaen — [ etede [ eian
0 0 0 0

Letx=y¢ and y= 27, then we have

1 00 ﬂ 00
L:S g — X3 dy(E V+1f Yyd
S, [WE 1] W,fo vy [ eyay

1
T(o + 1)(7‘”‘

Jrov+ 1)(%)”1,

where I'(.) is the Euler gamma function.
(5). If the function Y(&,7n7) = ensm, n,m=0,1,2, ... ,then

Lesywenmi= [ [ eoeimesimgegy - K
situen) = [ [ eosiermagy - b

(6). If the function (&, 7n) = cos(né + mn), nom=0,1,2, ... ,then
f f e O cos(ng + mn)dédn
o Jo

LeS (€, 1))

H(yd — nmy)
02+ 1)@ + mi)’
(7). If the function (&, n7) = sin(né + mn), n,m=0,1,2, ... ,then

LeS [0(E. )] f f O£ Gin(ng + mi)dédn

unoé + myu)
(Y2 + n2)(62 + m2u?)’
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Consequently,
u(yd + nmyr)
L:S h(né + _ ’
;3 H[COS (né€ + mn)] ()/2 _ nZ)(62 — m2,u2)
0+
LS y[sinh(né + mn)] = u(néd + myu)

(y? = n)(&* — m*u?)’
5. APPLICATIONS

In this section, we apply the double Laplace-Shehu transform method to linear partial differential equations. Let the
second-order nonhomogeneous partial differential equation in two independent variables be in the form:

Alige + By + Cibg + Dy + EYy = f(€,m), (€. €RY, (5.1)
with the initial conditions:
¥(&,0) = (&), ¥y(€,0) = R (8), (5.2)
and the boundary conditions:
¥(0,m) = h3(n), Ye(0,1) = T (), (5.3)

where A, B, C, D and E are constants and f(&, ) is the source term.
Using the property of partial derivative of the double Laplace-Shehu transform for equation (5.1), single Laplace
transform for equation (5.2) and single Shehu transform for equation (5.3) and simplifying, we obtain that:

(Bg + D)hi(y) + Bla(y) + (Ay + O)hi3(6, ) + Aha(6, 1) + F(y, 6, )
(AY> + BS + Cy + D2 + E)

Wy, 0 = | ) (5.4)

where F(y, 6, 1) = LeS [ f (€, m)].
Finally, solving this algebraic equation in ¥(y, d, 1) and taking the inverse double Laplace-Shehu transform on both
sides of equation (5.4), yields:

(BS + D) (y) + Blia(y) + (Ay + C)h3(6, 1) + Aha(6, 1) + F(y, 6, 12)
(Ay2+BZ—§ +Cy+D§ +E)

wEm =L;'s)'| ] (5.5)

which represent the general formula for the solution of equation (5.1) by the double Laplace-Shehu transform method.

Example 5.1. Consider the following boundary Laplace equation

Yee(€,m) + Y€1) = 0, (5.6)

with the conditions:

Y(€,0) = cos & =iy (§), Uy(€,0) = 0 = 7z (),

¥(0,m) = coshn = hiz(n), Ye(0,m) = 0 = 7ag(n).
Solution:
Substituting

Y Ou
h = =—, h =0, (o, p) = 59—, ha(6,p) = 0,
1(7) Al 2(y) 301 = = — 4(6,10)

in (5.5) and simplifying, we get a solution of (5.6)

_ -l Y oM
l//(é", T]) = Lf S’I [7/2—_’_1 m]— COSfCOSh .
Example 5.2. Consider the following boundary Poisson equation
Yee(&,m) + (& m) = nsiné, (5.7

with the conditions:

W(€,0)=0="n(&), Yn(&,0) = —siné = mp(é),
¥(0,m) = 0 =73, Ye(0,m) = —n = Tu().
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Solution:
Applying the double Laplace-Shehu transform on both sides of equation (5.7), we get
62 19
VY. — SO, m] = S[ye(0,m)] + /7\{’(% o, 1) = ;L[w(f, 0)] = Llyy(£,0)]
2
_ H
= —62(7/2 e (5.8)
Substituting
2
- H
Llh =0, L[h = , S[h =0, Sl =-—,
[71(6)] 72O = — [3(n)] (st = =55
in (5.8) and simplifying, we get
_IJ2
Y(y,0,u) = =—5—-. 5.9
060 = s (5.9)

Taking the inverse double Laplace-Shehu transform of equation (5.9), we get a solution of (5.7)

_#2 ]: _L,IS,II:/J_Z 1
S +1) €T ls2 24
In the following two examples, we will replace the independent variable 7 with the time variable ¢. Therefore, S, = §,
and S,;l = S;! will be used.

wEm =L;'s,'| |= -nsine.

Example 5.3. Consider the following nonhomogeneous Wave equation
Y€1) = Yee(§,0) = 3Y(€, 1) + 3, >0, (5.10)
with the conditions:

W(€,0) =1 =n(6), Ui(€,0) = 2siné = My (8),
WO,0) = 1=h3(1),  We(0,1) = sin2r = hy().

Solution:
Substituting
1 2 u 2’ -3u
h = - h = 5> h 6’ = = h 67 = 5 5 F s 65 = 0>
1(y) 5 2(y) Tl 3@ =75 4(6, 1) T+ A (v, 6,10) 76

in (5.5) and simplifying,we get a solution of (5.10)

u 1 q

— +—— ——"——|=1+sin&sin2z.
vs  yr+1 62+4,L¢2] singsin

wEn = L;'s|
Example 5.4. Consider the following nonhomogeneous Heat equation
Ui, 1) = Yge (&, 1) — 66, 1>0, (5.11)
with the conditions:
Y(E0) =& +siné=m@E,  Yi(€,0) = ~siné = (),
$(0,1) = 0 = h3(1), Ye(0,1) = e = T ().

Solution:
Substituting

6 1 -1 u 6
h - _ h = — h (S, = 0, h 6, = = F 96’ = >
1(y) v + Al 2(y) 7 3(6, 1) 40 1) = 5 iy (v, 6,10) 7

+1’
in (5.5) and simplifying, we get a solution of (5.11)

u 1
S+u vr+1

]: & +elsiné.

6
YD) = L;S:l[g +
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