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Abstract. In this paper, we introduce a new method for solving some partial differential equations called double
Laplace-Shehu transform, some useful properties for the transform are presented. In addition, we use this transform
to solve the Laplace, Poisson, Wave and Heat equations and find Laplace-Shehu transform for some functions.
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1. Introduction

In the literature, there are many different types of integral transforms such as Fourier transform, Laplace trans-
form, Sumudu transform, Ezaki transform, Shehu transform, and so on. These kinds of integral transforms have many
applications in various fields of mathematical sciences and engineering such as physics, mechanics, chemistry, acous-
tic, etc, [10]. They play an important role in solving integral equations or partial differential equations describing
physical phenomena [3, 4, 11]. Solving such equations using single transforms is more difficult than using double
transforms [3, 4]. In recent years, great attention has been given to deal with the double integral transforms, see for
example [2, 5, 7, 8]. Eltayeb and Kilicman [9], applied double Laplace transform (DLT) to solve wave, Laplace’s and
heat equations with convolution terms, general linear telegraph and partial integro-differential equations. Alfaqeih and
Misirli in [5] dealt with double Shehu transform to get the solution of initial and boundary value problems in different
areas of real life science and engineering.
Analogous to [2], we applied new double Laplace-Shehu transform to solve Laplace, Poisson, Wave and Heat equa-
tions, through the derivation of general formula for solutions of these equations, or by applying the double Laplace-
Shehu transform directly to the given equation.
The main objective of this paper is to introduce a new method for solving some partial differential equations subject
to the initial and boundary conditions called double Laplace-Shehu transform, the definition of double Laplace-Shehu
transform and its inverse. We also discussed some theorems and properties about the double Laplace-Shehu transform
and gave the double Laplace-Shehu transform of some elementary functions. Moreover, we implement the double
Laplace-Shehu transform method to some equations.
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Definition 1.1 ( [1]). The Laplace transform of the continuous function ψ(ξ) is defined by

L[ψ(ξ)] =
∫ ∞

0
e−γξψ(ξ)dξ = Ψ(γ),

where the operator L is the Laplace operator. The inverse Laplace transform is defined by

L−1[Ψ(γ)] = ψ(ξ) =
1

2πi

∫ κ+i∞

κ−i∞
eγξdγ,

where κ is a real constant.

Definition 1.2 ( [6]). The Shehu transform of the real function ψ(η) of exponential order is defined over the set of
functions,

M =
{
ψ(η) : ∃N, τ1, τ2 > 0, |ψ(η)| < Ke

|η|
τi , f or η ∈ (−1)i × [0,∞), i = 1, 2

}
,

by the following integral

S [ψ(η)] =
∫ ∞

0
e−

δ
µ ηψ(η)dη = Ψ(δ, µ), δ, µ > 0,

where e−
δ
µ is the kernel function, and S is the operator of Shehu transform. The inverse Shehu transform is defined by

S −1[Ψ(δ, µ)] = ψ(η) =
1

2πi

∫ ω+i∞

ω−i∞

1
µ

e
δ
µ ηΨ(δ, µ)dδ,

where ω is a real constant.

In the next definition, we introduce the double Laplace-Shehu transform.

Definition 1.3. The double Laplace-Shehu transform of the function ψ(ξ, η) of two variables ξ > 0 and η > 0 is denoted
by LξS η[ψ(ξ, η)] = Ψ(γ, δ, µ) and defined as

LξS η[ψ(ξ, η)] = Ψ(γ, δ, µ) =
∫ ∞

0

∫ ∞
0

e−(γξ+ δ
µ η)ψ(ξ, η)dξdη

= lim
α→∞,β→∞

∫ α

0

∫ β

0
e−(γξ+ δ

µ η)ψ(ξ, η)dξdη.

It converges if the limit of the integral exists, and diverges if not.

Definition 1.4. The inverse double Laplace-Shehu transform of a function Ψ(γ, δ, µ) is given by

L−1
ξ S −1

η [Ψ(γ, δ, µ)] = ψ(ξ, η).

Equivalently,

ψ(ξ, η) = L−1
ξ S −1

η [Ψ(γ, δ, µ)] =
1

(2πi)2

∫ κ+i∞

κ−i∞
eγξdγ

∫ ω+i∞

ω−i∞

1
µ

e
δ
µ ηΨ(γ, δ, µ)dδ,

where κ and ω are real constants.

2. Existence and Uniqueness of the Double Laplace-Shehu Transform

Definition 2.1 ( [7]). A function ψ(ξ, η) is said to be of exponential orders α > 0, β > 0, on 0 ≤ ξ < ∞, 0 ≤ η < ∞, if
there exists positive constants K, X and Y such that

|ψ(ξ, η)| ≤ Keαξ+βη, f or all ξ > X, η > Y,

and we write

ψ(ξ, η) = o(eαξ+βη) as ξ → ∞, η→ ∞.

Or, equivalently,

lim
ξ→∞,η→∞

e−(αξ+βη)|ψ(ξ, η)| = K lim
ξ→∞,η→∞

e−(γ−α)ξe−( δµ−β)η
= 0, γ > α,

δ

µ
> β.
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Theorem 2.2 ( [6]). Let ψ(ξ, η) be a continuous function in every finite intervals (0, X) and (0,Y) and of exponential
order exp(αξ + βη), then the double Laplace-Shehu transform of ψ(ξ, η) exists for all γ > α and δ

µ
> β.

Proof. Let ψ(ξ, η) be of exponential order exp(αξ + βη) such that∣∣∣∣ψ(ξ, η)
∣∣∣∣≤ Ke(αξ+βη), ∀ ξ > X, η > Y.

Then, we have ∣∣∣∣Ψ(γ, δ, µ)
∣∣∣∣ = ∣∣∣∣∫ ∞

0

∫ ∞
0

e−(γξ+ δ
µ η)ψ(ξ, η)dξdη

∣∣∣∣
≦

∫ ∞
0

∫ ∞
0

e−(γξ+ δ
µ η)
|ψ(ξ, η)|dξdη

≦ K
∫ ∞

0

∫ ∞
0

e−(γξ+ δ
µ η)e(αξ+βη)dξdη

= K
∫ ∞

0
e−(γ−α)ξdξ

∫ ∞
0

e−( δµ−β)ηdη

=
Kµ

(γ − α)(δ − βµ)
.

Thus, the proof is complete. □

Theorem 2.3. Let Ψ1(γ, δ, µ) and Ψ2(γ, δ, µ) be the double Laplace-Shehu transform of the continuous functions
ψ1(ξ, η) and ψ2(ξ, η) defined for ξ, η ≥ 0 respectively. If Ψ1(γ, δ, µ) = Ψ2(γ, δ, µ), then ψ1(ξ, η) = ψ2(ξ, η).

Proof. Assume that κ and ω are sufficiently large, since

ψ(ξ, η) = L−1
ξ S −1

η [Ψ(γ, δ, µ)] =
( 1
2πi

∫ κ+i∞

κ−i∞
eγξdγ

)( 1
2πi

∫ ω+i∞

ω−i∞

1
µ

e
δ
µ ηΨ(γ, δ, µ)dδ

)
,

we deduce that

ψ1(ξ, η) =
( 1
2πi

∫ κ+i∞

κ−i∞
eγξdγ

)( 1
2πi

∫ ω+i∞

ω−i∞

1
µ

e
δ
µ ηΨ1(γ, δ, µ)dδ

)
=
( 1
2πi

∫ κ+i∞

κ−i∞
eγξdγ

)( 1
2πi

∫ ω+i∞

ω−i∞

1
µ

e
δ
µ ηΨ2(γ, δ, µ)dδ

)
= ψ2(ξ, η).

This ends the proof of the theorem. □

3. Some Useful Properties of the Double Laplace-Shehu Transform

3.1. Linearity Property. If the double Laplace-Shehu transform of functions ψ1(ξ, η) and ψ2(ξ, η) are Ψ1(γ, δ, µ) and
Ψ2(γ, δ, µ) respectively, then the double Laplace-Shehu transform of αψ1(ξ, η) + βψ2(ξ, η) is given by αΨ1(γ, δ, µ) +
βΨ2(γ, δ, µ), where α and β are arbitrary constants.

Proof.

LξS η[αψ1(ξ, η) + βψ2(ξ, η)] =

∫ ∞
0

∫ ∞
0

e−(γξ+ δ
µ η)
(
αψ1(ξ, η) + βψ2(ξ, η)

)
dξdη

= α

∫ ∞
0

∫ ∞
0

e−(γξ+ δ
µ η)ψ1(ξ, η)dξdη

+ β

∫ ∞
0

∫ ∞
0

e−(γξ+ δ
µ η)ψ2(ξ, η)dξdη

= αΨ1(γ, δ, µ) + βΨ2(γ, δ, µ).

□
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3.2. Shifting Property. If the double Laplace-Shehu transform of ψ(ξ, η) is Ψ(γ, δ, µ), then double Laplace-Shehu
transform of the function e(αξ+βη)ψ(ξ, η) is given by
Ψ(γ − α, δ − βµ, µ).

Proof.

LξS η[e(αξ+βη)ψ(ξ, η)] =

∫ ∞
0

∫ ∞
0

e−(γξ+ δ
µ η)e(αξ+βη)ψ(ξ, η)dξdη

=

∫ ∞
0

∫ ∞
0

e−
(
(γ−α)ξ+( δ−βµµ )η

)
ψ(ξ, η)dξdη

= Ψ(γ − α, δ − βµ, µ).

□

3.3. Change of Scale Property. If the double Laplace-Shehu transform of the function ψ(ξ, η) is Ψ(γ, δ, µ) then the
double Laplace-Shehu transform of ψ(αξ, βη) is given by 1

αβ
Ψ( γ

α
, δ
β
, µ).

Proof.

LξS η[ψ(αξ, βη)] =
∫ ∞

0

∫ ∞
0

e−(γξ+ δ
µ η)ψ(αξ, βη)dξdη.

Let υ = αξ, τ = βη, then

LξS η[ψ(αξ, βη)] =
1
αβ

∫ ∞
0

∫ ∞
0

e−
γ
α υe−

δ
βµ τψ(υ, τ)dυdτ

=
1
αβ
Ψ(
γ

α
,
δ

β
, µ).

□

3.4. Derivatives Properties. If LξS η[ψ(ξ, η)] = Ψ(γ, δ, µ), then:

(1). LξS η

[∂ψ(ξ, η)
∂ξ

]
= γΨ(γ, δ, µ) − S [ψ(0, η)].

Proof.

LξS η

[∂ψ(ξ, η)
∂ξ

]
=

∫ ∞
0

∫ ∞
0

e−(γξ+ δ
µ η) ∂ψ(ξ, η)

∂ξ
dξdη

=

∫ ∞
0

e−
δ
µ ηdη
(∫ ∞

0
e−γξψξ(ξ, η)dξ

)
.

Using integration by parts, let u = e−γξ, dv = ψξ(ξ, η)dξ, then we obtain

LξS η

[∂ψ(ξ, η)
∂ξ

]
=

∫ ∞
0

e−
δ
µ ηdη
(
−ψ(0, η) + γ

∫ ∞
0

e−γξψ(ξ, η)dξ
)

= γΨ(γ, δ, µ) − S [ψ(0, η)].

□

(2). LξS η

[∂ψ(ξ, η)
∂η

]
=
δ

µ
Ψ(γ, δ, µ) − L[ψ(ξ, 0)].

Proof.

LξS η

[∂ψ(ξ, η)
∂η

]
=

∫ ∞
0

∫ ∞
0

e−(γξ+ δ
µ η) ∂ψ(ξ, η)

∂η
dξdη

=

∫ ∞
0

e−γξdξ
(∫ ∞

0
e−

δ
µ ηψη(ξ, η)dη

)
.
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Using integration by parts, let u = e−
δ
µ η, dv = ψη(ξ, η)dη, then we obtain

LξS η

[∂ψ(ξ, η)
∂η

]
=

∫ ∞
0

e−γξdξ
(
−ψ(ξ, 0) +

δ

µ

∫ ∞
0

e−
δ
µ ηψ(ξ, η)dη

)
=

δ

µ
Ψ(γ, δ, µ) − L[ψ(ξ, 0)].

□

(3). LξS η

[∂2ψ(ξ, η)
∂ξ2

]
= γ2Ψ(γ, δ, µ) − γS [ψ(0, η)] − S [ψξ(0, η)].

Proof.

LξS η

[∂2ψ(ξ, η)
∂ξ2

]
=

∫ ∞
0

∫ ∞
0

e−(γξ+ δ
µ η) ∂

2ψ(ξ, η)
∂ξ2 dξdη

=

∫ ∞
0

e−
δ
µ ηdη
(∫ ∞

0
e−γξψξξ(ξ, η)dξ

)
.

Integration by parts twice, we obtain

LξS η

[∂2ψ(ξ, η)
∂ξ2

]
=

∫ ∞
0

e−
δ
µ ηdη
(
−ψξ(0, η) − γψ(0, η) + γ2

∫ ∞
0

e−γξψ(ξ, η)dξ
)

= γ2Ψ(γ, δ, µ) − γS [ψ(0, η)] − S [ψξ(0, η)].

□

(4). LξS η

[∂2ψ(ξ, η)
∂η2

]
=
δ2

µ2Ψ(γ, δ, µ) −
δ

µ
L[ψ(ξ, 0)] − L[ψη(ξ, 0)].

Proof.

LξS η

[∂2ψ(ξ, η)
∂η2

]
=

∫ ∞
0

∫ ∞
0

e−(γξ+ δ
µ η) ∂

2ψ(ξ, η)
∂η2 dξdη

=

∫ ∞
0

e−γξdξ
(∫ ∞

0
e−

δ
µ ηψηη(ξ, η)dη

)
.

Integration by parts twice, we obtain

LξS η

[∂2ψ(ξ, η)
∂η2

]
=

∫ ∞
0

e−γξdξ
(
−ψη(ξ, 0) −

δ

µ
ψ(ξ, 0) +

δ2

µ2

∫ ∞
0

e−
δ
µ ηψ(ξ, η)dη

)
=

δ2

µ2Ψ(γ, δ, µ) −
δ

µ
L[ψ(ξ, 0)] − L[ψη(ξ, 0)].

□

(5). LξS η

[∂2ψ(ξ, η)
∂ξ∂η

]
=
γδ

µ
Ψ(γ, δ, µ) − γL[ψ(ξ, 0)] − S [ψη(0, η)].

Proof.

LξS η

[∂2ψ(ξ, η)
∂ξ∂η

]
=

∫ ∞
0

∫ ∞
0

e−(γξ+ δ
µ η) ∂

2ψ(ξ, η)
∂ξ∂η

dξdη

=

∫ ∞
0

e−
δ
µ ηdη
(∫ ∞

0
e−γξψξη(ξ, η)dξ

)
.
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Integration by parts twice, we obtain

LξS η

[∂2ψ(ξ, η)
∂ξ∂η

]
=

∫ ∞
0

e−
δ
µ ηdη
(
−ψη(0, η) + γ

∫ ∞
0

e−γξψη(ξ, η)dξ
)

= −S [ψη(0, η)] + γ
∫ ∞

0
e−γξdξ

∫ ∞
0

e−
δ
µ ηψη(ξ, η)dη

= −S [ψη(0, η)] + γ
∫ ∞

0
e−γξdξ

(
−ψ(ξ, 0) +

δ

µ

∫ ∞
0

e−
δ
µ ηψ(ξ, η)dη

)
=

γδ

µ
Ψ(γ, δ, µ) − γL[ψ(ξ, 0)] − S [ψη(0, η)].

□

4. The Double Laplace-Shehu Transform of Some Elementary Functions

(1). If the function ψ(ξ, η) = 1, then

LξS η[ψ(ξ, η)] =
∫ ∞

0

∫ ∞
0

e−(γξ+ δ
µ η)dξdη =

µ

γδ
.

(2). If the function ψ(ξ, η) = ξη, then

LξS η[ψ(ξ, η)] =
∫ ∞

0

∫ ∞
0

e−(γξ+ δ
µ η)ξηdξdη =

µ2

γ2δ2 .

(3). If the function ψ(ξ, η) = ξnηm, n,m = 0, 1, 2, ... , then

LξS η[ψ(ξ, η)] =

∫ ∞
0

∫ ∞
0

e−(γξ+ δ
µ η)ξnηmdξdη =

n!m!
γn+1

(µ
δ

)m+1
.

(4). If the function ψ(ξ, η) = ξσην, σ ≥ −1, ν ≥ −1 , then

LξS η[ψ(ξ, η)] =
∫ ∞

0

∫ ∞
0

e−(γξ+ δ
µ η)ξσηνdξdη =

∫ ∞
0

e−γξξσdξ
∫ ∞

0
e−

δ
µ ηηνdη.

Let x = γξ and y = δ
µ
η, then we have

LξS η[ψ(ξ, η)] =
1

γσ+1

∫ ∞
0

e−xxσdx(
µ

δ
)ν+1
∫ ∞

0
e−yyνdy

= Γ(σ + 1)
( 1
γσ+1

)
Γ(ν + 1)

(µ
δ

)ν+1
,

where Γ(.) is the Euler gamma function.
(5). If the function ψ(ξ, η) = enξ+mη, n,m = 0, 1, 2, ... , then

LξS η[ψ(ξ, η)] =
∫ ∞

0

∫ ∞
0

e−(γξ+ δ
µ η)enξ+mηdξdη =

µ

(γ − n)(δ − mµ)
.

(6). If the function ψ(ξ, η) = cos(nξ + mη), n,m = 0, 1, 2, ... , then

LξS η[ψ(ξ, η)] =

∫ ∞
0

∫ ∞
0

e−(γξ+ δ
µ η) cos(nξ + mη)dξdη

=
µ(γδ − nmµ)

(γ2 + n2)(δ2 + m2µ2)
.

(7). If the function ψ(ξ, η) = sin(nξ + mη), n,m = 0, 1, 2, ... , then

LξS η[ψ(ξ, η)] =

∫ ∞
0

∫ ∞
0

e−(γξ+ δ
µ η) sin(nξ + mη)dξdη

=
µ(nδ + mγµ)

(γ2 + n2)(δ2 + m2µ2)
.
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Consequently,

LξS η[cosh(nξ + mη)] =
µ(γδ + nmµ)

(γ2 − n2)(δ2 − m2µ2)
,

LξS η[sinh(nξ + mη)] =
µ(nδ + mγµ)

(γ2 − n2)(δ2 − m2µ2)
.

5. Applications

In this section, we apply the double Laplace-Shehu transform method to linear partial differential equations. Let the
second-order nonhomogeneous partial differential equation in two independent variables be in the form:

Aψξξ + Bψηη +Cψξ + Dψη + Eψ = f (ξ, η), (ξ, η) ∈ R2
+, (5.1)

with the initial conditions:

ψ(ξ, 0) = ℏ1(ξ), ψη(ξ, 0) = ℏ2(ξ), (5.2)

and the boundary conditions:

ψ(0, η) = ℏ3(η), ψξ(0, η) = ℏ4(η), (5.3)

where A, B,C,D and E are constants and f (ξ, η) is the source term.
Using the property of partial derivative of the double Laplace-Shehu transform for equation (5.1), single Laplace
transform for equation (5.2) and single Shehu transform for equation (5.3) and simplifying, we obtain that:

Ψ(γ, δ, µ) =
[ (B δ

µ
+ D)ℏ1(γ) + Bℏ2(γ) + (Aγ +C)ℏ3(δ, µ) + Aℏ4(δ, µ) + F(γ, δ, µ)

(Aγ2 + B δ2

µ2 +Cγ + D δ
µ
+ E)

]
, (5.4)

where F(γ, δ, µ) = LξS η[ f (ξ, η)].
Finally, solving this algebraic equation in Ψ(γ, δ, µ) and taking the inverse double Laplace-Shehu transform on both
sides of equation (5.4), yields:

ψ(ξ, η) = L−1
ξ S −1

η

[ (B δ
µ
+ D)ℏ1(γ) + Bℏ2(γ) + (Aγ +C)ℏ3(δ, µ) + Aℏ4(δ, µ) + F(γ, δ, µ)

(Aγ2 + B δ2

µ2 +Cγ + D δ
µ
+ E)

]
, (5.5)

which represent the general formula for the solution of equation (5.1) by the double Laplace-Shehu transform method.

Example 5.1. Consider the following boundary Laplace equation

ψξξ(ξ, η) + ψηη(ξ, η) = 0, (5.6)

with the conditions:

ψ(ξ, 0) = cos ξ = ℏ1(ξ), ψη(ξ, 0) = 0 = ℏ2(ξ),
ψ(0, η) = cosh η = ℏ3(η), ψξ(0, η) = 0 = ℏ4(η).

Solution:
Substituting

ℏ1(γ) =
γ

γ2 + 1
, ℏ2(γ) = 0, ℏ3(δ, µ) =

δµ

δ2 − µ2 , ℏ4(δ, µ) = 0,

in (5.5) and simplifying, we get a solution of (5.6)

ψ(ξ, η) = L−1
ξ S −1

η

[ γ

γ2 + 1
δµ

δ2 − µ2

]
= cos ξ cosh η.

Example 5.2. Consider the following boundary Poisson equation

ψξξ(ξ, η) + ψηη(ξ, η) = η sin ξ, (5.7)

with the conditions:

ψ(ξ, 0) = 0 = ℏ1(ξ), ψη(ξ, 0) = − sin ξ = ℏ2(ξ),
ψ(0, η) = 0 = ℏ3(η), ψξ(0, η) = −η = ℏ4(η).



M. Hunaiber, A. Al-aati, Turk. J. Math. Comput. Sci., 15(2)(2023), 218–226 225

Solution:
Applying the double Laplace-Shehu transform on both sides of equation (5.7), we get

γ2Ψ(γ, δ, µ) − γS [ψ(0, η)] − S [ψξ(0, η)] +
δ2

µ2Ψ(γ, δ, µ) −
δ

µ
L[ψ(ξ, 0)] − L[ψη(ξ, 0)]

=
µ2

δ2(γ2 + 1)
. (5.8)

Substituting

L[ℏ1(ξ)] = 0, L[ℏ2(ξ)] =
−1

γ2 + 1
, S [ℏ3(η)] = 0, S [ℏ4(η)] = −

µ2

δ2 ,

in (5.8) and simplifying, we get

Ψ(γ, δ, µ) =
−µ2

δ2(γ2 + 1)
. (5.9)

Taking the inverse double Laplace-Shehu transform of equation (5.9), we get a solution of (5.7)

ψ(ξ, η) = L−1
ξ S −1

η

[ −µ2

δ2(γ2 + 1)

]
= −L−1

ξ S −1
η

[µ2

δ2

1
γ2 + 1

]
= −η sin ξ.

In the following two examples, we will replace the independent variable η with the time variable t. Therefore, S η ≡ S t

and S −1
η ≡ S −1

t will be used.

Example 5.3. Consider the following nonhomogeneous Wave equation

ψtt(ξ, t) = ψξξ(ξ, t) − 3ψ(ξ, t) + 3, t > 0, (5.10)

with the conditions:

ψ(ξ, 0) = 1 = ℏ1(ξ), ψt(ξ, 0) = 2 sin ξ = ℏ2(ξ),
ψ(0, t) = 1 = ℏ3(t), ψξ(0, t) = sin 2t = ℏ4(t).

Solution:
Substituting

ℏ1(γ) =
1
γ
, ℏ2(γ) =

2
γ2 + 1

, ℏ3(δ, µ) =
µ

δ
, ℏ4(δ, µ) =

2µ2

δ2 + 4µ2 , F(γ, δ, µ) =
−3µ
γδ

,

in (5.5) and simplifying,we get a solution of (5.10)

ψ(ξ, t) = L−1
ξ S −1

t

[ µ
γδ
+

1
γ2 + 1

2µ2

δ2 + 4µ2

]
= 1 + sin ξ sin 2t.

Example 5.4. Consider the following nonhomogeneous Heat equation

ψt(ξ, t) = ψξξ(ξ, t) − 6ξ, t > 0, (5.11)

with the conditions:

ψ(ξ, 0) = ξ3 + sin ξ = ℏ1(ξ), ψt(ξ, 0) = − sin ξ = ℏ2(ξ),
ψ(0, t) = 0 = ℏ3(t), ψξ(0, t) = e−t = ℏ4(t).

Solution:
Substituting

ℏ1(γ) =
6
γ4 +

1
γ2 + 1

, ℏ2(γ) =
−1

γ2 + 1
, ℏ3(δ, µ) = 0, ℏ4(δ, µ) =

µ

δ + µ
, F(γ, δ, µ) =

6
γ2 ,

in (5.5) and simplifying, we get a solution of (5.11)

ψ(ξ, t) = L−1
ξ S −1

t

[ 6
γ4 +

µ

δ + µ

1
γ2 + 1

]
= ξ3 + e−t sin ξ.
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