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Abstract. In this paper a new quantum analog of Hermite-Hadamard in-

equality is presented, and based on it, two new quantum trapezoid and mid-

point identities are obtained. Moreover, the quantum analog of some trapezoid
and midpoint type inequalities are established.

1. Introduction

A function f : J ⊆ R → R is said to be convex on the interval J , if the following
inequality

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y),

holds for all x, y ∈ J and t ∈ [0, 1].
One of the most useful inequalities for convex functions is Hermite-Hadamard’s

inequality, due to its geometrical importance and applications, which is described
as follows:

Let f : J ⊆ R → R be a convex function on the interval of real numbers and
a, b ∈ J with a < b. Then

f(
a+ b

2
) ≤ 1

b− a

∫ b

a

f(t)dt ≤ f(a) + f(b)

2
. (1)

Hermite-Hadamard’s inequality is investigated for several classes of functions in
a number of papers and different types of inequalities have been obtained from it.
For more details, see [16,18,21,22,28] and references therein.
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In recent years Tariboon and Ntouyas in [31], generalized the classic quantum
derivative and integral. Also, in [23], the authors by using the notions of left and
right quantum derivative and integral have derived a similar generalization of classic
quantum derivative and integral. In many research papers, the quantum analogue
of Hermite-Hadamard type inequalities has been obtained via the generalized form
of quantum integral, which were given in [31]. For more information in this regard,
the reader is refer to [1]- [6], [8]- [15], [17], [19], [24]- [27], [29]- [36]

In this paper, we use the notions of left and right quantum derivatives and
integrals together to introduce a new quantum analogue of Hermite-Hadamard
inequality and based on it we obtain two new quantum trapezoid and midpoint
type identities. In addition by using these new identities, we establish quantum
analogue of some trapezoid and midpoint inequalities. We get the results of the
trapezoid and midpoint inequalities as a special case when q → 1. The idea and
techniques of this paper may help the interested reader for further research in this
area.

2. Preliminaries

In this section, we recall some previously known concepts.
In [31], Tariboon and Ntouyas introduced the concepts of quantum derivative

and definite quantum integral for the functions of defined on an arbitrary finite
intervals as follows:

Definition 1. [31] A function f (t) defined on [a, b] is called quantum differentiable
on (a, b] with the following expression:

aDqf (t) =
f (t)− f (qt+ (1− q) a)

(1− q) (t− a)
∈ R, t ̸= a, (2)

and quantum differentiable on t = a, if the following limit exists:

aDqf (a) = lim
t→a+

aDqf (t) ,

for any a < b.

Clearly, if a = 0 in (2), then 0Dqf (t) = Dqf (t) where Dqf (t) is familiar
quantum derivative of the function f defined by

Dqf (t) :=
f (t)− f (qt)

(1− q) t
, t ̸= 0, Dqf (0) = lim

t→0
Dqf (t) . [7, 20] (3)

Definition 2. [31] Let a function f be defined on [a, b]. Then the quantum integral
of f on [a, b] is defined by

∫ b

a

f (t) adqt = (1− q) (b− a)

∞∑
n=0

qnf (qnb+ (1− qn) a) . (4)
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If the series in the right-hand side of (4) converges, then f is said to be quantum
integrable on [a, b]. Also, for any c ∈ (a, b)∫ b

c

f (t) adqt =

∫ b

a

f (t) adqt −
∫ c

a

f (t) adqt . (5)

Clearly, if a = 0 in (5), then∫ b

0

f (t) 0dqt =

∫ b

0

f (t) dqt ,

where
∫ b

0
f (t) dqt is well-known Jackson integral of f on [0, b]. For more details,

see [7, 20].
In [23], the authors have denoted (2) and (4) respectively as left quantum deriv-

ative and definite left quantum integral and it has been written in this wise:

aDqf (t) =a+ Dqf (t) ,

∫ b

a

f (t) adqt =

∫ b

a

f (t) a+dqt .

We use these notations in the rest of the paper.

Lemma 1. [31] Let f : [a, b] → R be a differentiable function. Then we have

lim
q→1−

a+Dqf (t) =
df (t)

dt
. (6)

Lemma 2. [31] Let f : [a, b] → R be an arbitrary function. If
∫ b

a
f (t) dt is exist,

then we have

lim
q→1−

∫ b

a

f (t) a+dqt =

∫ b

a

f (t) dt. (7)

Recently, Kunt et al. [23], presented the notions of right quantum derivative and
right definite quantum integral as follows:

Definition 3. [23] A function f (t) defined on [a, b] is called the right quantum
differentiable on [a, b) with the following expression:

b−Dqf (t) =
f (t)− f (qt+ (1− q) b)

(1− q) (t− b)
∈ R, t ̸= b, (8)

and quantum differentiable on t = b, if the following limit exists:

b−Dqf (b) = lim
t→b−

b−Dqf (t) ,

for any a < b.
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Definition 4. [23] Let a function f be defined on [a, b]. Then the right quantum
integral of f on [a, b] is defined by∫ b

a

f (t) b−dqt = (1− q) (b− a)

∞∑
n=0

qnf (qna+ (1− qn) b) . (9)

If the series in right hand side of (9) converges, then f is said to be right quantum
integrable on [a, b]. Also, for any c ∈ (a, b)∫ c

a

f (t) b−dqt =

∫ b

a

f (t) b−dqt −
∫ b

c

f (t) b−dqt . (10)

Lemma 3. [23] Let f : [a, b] → R be a differentiable function. Then we have

lim
q→1−

b−Dqf (t) =
df (t)

dt
. (11)

Lemma 4. [23] Let f : [a, b] → R be an arbitrary function. If
∫ b

a
f (t) dt is exist,

then we have

lim
q→1−

∫ b

a

f (t) b−dqt =

∫ b

a

f (t) dt. (12)

3. Auxiliary Results

In this section, we describe some auxiliary lemmas which are used in the obtain-
ing of main results.

Lemma 5. Let 0 < q < 1 be a constant, then the following equality holds:∫ 1

0

|1− qt| t 0+dqt =
1

(1 + q)(1 + q + q2)
. (13)

Proof. By using the definition of q-integral, we have∫ 1

0

|1− qt| t 0+dqt =

∫ 1

0

(1− qt) t 0+dqt

=

∫ 1

0

t 0+dqt −
∫ 1

0

qt2 0+dqt

=
1

1 + q
− q

1 + q + q2

=
1

(1 + q)(1 + q + q2)
.

The proof is completed. □

Lemma 6. Let 0 < q < 1 be a constant, then the following equality holds:∫ 1

0

|1− qt| (1− t) 0+dqt =
q

1 + q + q2
. (14)
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Proof. By using Lemma (5) and the definition of q-integral, we have∫ 1

0

|1− qt| (1− t) 0+dqt =

∫ 1

0

|1− qt| 0+dqt −
∫ 1

0

|1− qt| t 0+dqt

=

∫ 1

0

(1− qt) 0+dqt − 1

(1 + q)(1 + q + q2)

=
1

1 + q
− 1

(1 + q)(1 + q + q2)

=
q

1 + q + q2
.

The proof is completed. □

Lemma 7. Let 0 < q < 1 be a constant, then the following equality holds:∫ 1

0

t (1− t) 0+dqt =
q2

(1 + q)(1 + q + q2)
. (15)

Proof. By using the definition of q-integral, we have∫ 1

0

t (1− t) 0+dqt =

∫ 1

0

t 0+dqt −
∫ 1

0

t2 0+dqt

=
1

1 + q
− 1

1 + q + q2

=
q2

(1 + q)(1 + q + q2)
.

The proof is completed. □

Lemma 8. Let 0 < q < 1 be a constant, then the following equality holds:∫ 1

0

tp 0+dqt =
1− q

1− qp+1
. (16)

Proof. By using the definition of q-integral, we have∫ 1

0

tp 0+dqt = (1− q)

∞∑
n=0

qn (qn)
p

= (1− q)

∞∑
n=0

(
qp+1

)n
=

1− q

1− qp+1
.

The proof is completed. □
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4. Main Results

In this section, we use Definition 2 together with Definition 4 of the quantum
integrals to present a new quantum form of the Hermite-Hadamard inequality.

Let a function f be defined on [a, b] ⊂ R, then from (4) and (9), we can write∫ a+b
2

a

f (t) a+dqt +

∫ b

a+b
2

f (t) b−dqt

=
(1− q) (b− a)

2

∞∑
n=0

qn
[
f

(
qn
(
b− a

2

)
+ a

)
+ f

(
qn
(
a− b

2

)
+ b

)]
.(17)

For shortness we write the left-hand side of (17), as follows:∫ b

a

f (t) a+b
2
dqt :=

∫ a+b
2

a

f (t) a+dqt +

∫ b

a+b
2

f (t) b−dqt .

If the series in the right-hand side of (17) converges or f is left quantum integrable

on
[
a, a+b

2

]
and right quantum integrable on

[
a+b
2 , b

]
, then

∫ b

a
f (t) a+b

2
dqt is exist.

Lemma 9. Let f : [a, b] → R be an arbitrary function. If
∫ b

a
f (t) dt converges,

then we have

lim
q→1−

∫ b

a

f (t) a+b
2
dqt =

∫ b

a

f (t) dt. (18)

Proof. By using (17) and lemma 2 and lemma 4, we get

lim
q→1−

∫ b

a

f (t) a+b
2
dqt = lim

q→1−

[∫ a+b
2

a

f (t) a+dqt +

∫ b

a+b
2

f (t) b−dqt

]

= lim
q→1−

∫ a+b
2

a

f (t) a+dqt + lim
q→1−

∫ b

a+b
2

f (t) b−dqt

=

∫ a+b
2

a

f (t) dt+

∫ b

a+b
2

f (t) dt

=

∫ b

a

f (t) dt.

The proof is completed. □

Lemma 10. Let
∫ b

a
f (t) a+b

2
dqt be exist. Then we have∫ b

a

f (t) a+b
2
dqt =

∫ b

a

f (a+ b− t) a+b
2
dqt . (19)

Proof. By direct computing from (17), we get∫ b

a

f (a+ b− t) a+b
2
dqt
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=
(1− q) (b− a)

2

∞∑
n=0

qn
[

f
(
a+ b−

(
qn
(
b−a
2

)
+ a
))

+f
(
a+ b−

(
qn
(
a−b
2

)
+ b
)) ]

=
(1− q) (b− a)

2

∞∑
n=0

qn
[
f

(
b− qn

(
b− a

2

))
+ f

(
a− qn

(
a− b

2

))]

=
(1− q) (b− a)

2

∞∑
n=0

qn
[
f

(
qn
(
a− b

2

)
+ b

)
+ f

(
qn
(
b− a

2

)
+ a

)]

=

∫ b

a

f (t) a+b
2
dqt .

This complete the proof. □

Theorem 1. Let f : [a, b] → R be a convex function and 0 < q < 1. Then we have

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f (t) a+b
2
dqt ≤ f (a) + f (b)

2
. (20)

Proof. Clearly
∫ b

a
f (t) a+b

2
dqt is exist. By using (17), we have∫ 1

0

f (ta+ (1− t) b) 0+1
2
dqt

=
(1− q) (1− 0)

2

∞∑
n=0

qn
[

f
([
qn
(
1−0
2

)
+ 0
]
a+

[
1−

(
qn
(
1−0
2

)
+ 0
)]

b
)

+f
([
qn
(
0−1
2

)
+ 1
]
a+

[
1−

(
qn
(
0−1
2

)
+ 1
)]

b
) ]

=
1

b− a

(1− q) (b− a)

2

∞∑
n=0

qn
[
f

(
qn (a− b)

2
+ b

)
+ f

(
qn (b− a)

2
+ a

)]

=
1

b− a

∫ b

a

f (t) a+b
2
dqt , (21)

and ∫ 1

0

f (tb+ (1− t) a) 0+1
2
dqt

=
(1− q) (1− 0)

2

∞∑
n=0

qn
[

f
([
qn
(
1−0
2

)
+ 0
]
b+

[
1−

(
qn
(
1−0
2

)
+ 0
)]

a
)
+

f
([
qn
(
0−1
2

)
+ 1
]
b+

[
1−

(
qn
(
0−1
2

)
+ 1
)]

a
) ]

=
1

b− a

(1− q) (b− a)

2

∞∑
n=0

qn
[
f

(
qn (b− a)

2
+ a

)
+ f

(
qn (a− b)

2
+ b

)]

=
1

b− a

∫ b

a

f (t) a+b
2
dqt . (22)

Again by applying (17), we get∫ 1

0

f

(
a+ b

2

)
0+1
2
dqt = f

(
a+ b

2

)∫ 1

0

1 0+1
2
dqt
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= f

(
a+ b

2

)
(1− q) (1− 0)

2

∞∑
n=0

qn [1 + 1]

= f

(
a+ b

2

)
, (23)

and

∫ 1

0

f (a) + f (b)

2
0+1
2
dqt =

f (a) + f (b)

2

∫ 1

0

1 0+1
2
dqt

=
f (a) + f (b)

2

(1− q) (1− 0)

2

∞∑
n=0

qn [1 + 1]

=
f (a) + f (b)

2
. (24)

Since f is convex on [a, b], then we can write

f

(
a+ b

2

)
≤ 1

2
[f (ta+ (1− t) b) + f (tb+ (1− t) a)] ≤ f (a) + f (b)

2
,

for all t ∈ [0, 1], and∫ 1

0

f

(
a+ b

2

)
0+1
2
dqt

≤
∫ 1

0

(
1

2
[f (ta+ (1− t) b) + f (tb+ (1− t) a)]

)
0+1
2
dqt

≤
∫ 1

0

f (a) + f (b)

2
0+1
2
dqt .

Therefore by using (21),(22) , (23) and (24), we get

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f (t) a+b
2
dqt ≤ f (a) + f (b)

2
.

This complete the proof. □

Remark 1. If q → 1, then by using Lemma 9, the inequality (20)reduce to (1).

Lemma 11. Let f : [a, b] → R be a continuous function. If a+Dqf
(
t
(
a+b
2

)
+ (1− t) a

)
and

b−Dqf
(
t
(
a+b
2

)
+ (1− t) b

)
are left quantum integrable on [0, 1], then the follow-

ing identity holds:

1

b− a

∫ b

a

f (t) a+b
2
dqt − f (a) + f (b)

2

=
b− a

4

∫ 1

0

(1− qt)

(
a+Dqf

(
t
(
a+b
2

)
+ (1− t) a

)
− b−Dqf

(
t
(
a+b
2

)
+ (1− t) b

) )
0+dqt . (25)



464 A.W. BAIDAR, M. KUNT

Proof. Since a+Dqf
(
t
(
a+b
2

)
+ (1− t) a

)
and b−Dqf

(
t
(
a+b
2

)
+ (1− t) b

)
are

left quantum integrable on [0, 1], using the linearity of left quantum integral, then
we have

b− a

4

∫ 1

0

(1− qt)

(
a+Dqf

(
t
(
a+b
2

)
+ (1− t) a

)
− b−Dqf

(
t
(
a+b
2

)
+ (1− t) b

) )
0+dqt

=
b− a

4

[∫ 1

0

(1− qt) a+Dqf
(
t
(
a+b
2

)
+ (1− t) a

)
0+dqt

−
∫ 1

0

(1− qt)b− Dqf

(
t

(
a+ b

2

)
+ (1− t) b

)
0+dqt

]
=

b− a

4
[M1 −M2] . (26)

Since f is continuous on [a, b], we get

∞∑
n=0

f

(
qn
(
a+ b

2

)
+ (1− qn) a

)
−

∞∑
n=0

f

(
qn+1

(
a+ b

2

)
+
(
1− qn+1

)
a

)
= f

(
a+ b

2

)
− f (a) , (27)

and
∞∑

n=0

f

(
qn
(
a+ b

2

)
+ (1− qn) b

)
−

∞∑
n=0

f

(
qn+1

(
a+ b

2

)
+
(
1− qn+1

)
b

)
= f

(
a+ b

2

)
− f (b) . (28)

Using (27), we achieve

M1 =

∫ 1

0

(1− qt) a+Dqf
(
t
(
a+b
2

)
+ (1− t) a

)
0+dqt

=

∫ 1

0
a+Dqf

(
t
(
a+b
2

)
+ (1− t) a

)
0+dqt

− q

∫ 1

0

t a+Dqf
(
t
(
a+b
2

)
+ (1− t) a

)
0+dqt

=

∫ 1

0

[
f
(
t
(
a+b
2

)
+ (1− t) a

)
− f

(
qt
(
a+b
2

)
+ (1− qt) a

)
(1− q)

(
a+b
2 − a

)
t

]
0+dqt

− q

∫ 1

0

t

[
f
(
t
(
a+b
2

)
+ (1− t) a

)
− f

(
qt
(
a+b
2

)
+ (1− qt) a

)
(1− q)

(
a+b
2 − a

)
t

]
0+dqt

=
2

b− a

[ ∞∑
n=0

f

(
qn
(
a+ b

2

)
+ (1− qn) a

)
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−
∞∑

n=0

f

(
qn+1

(
a+ b

2

)
+
(
1− qn+1

)
a

)]

− 2q

b− a

[ ∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) a

)

−
∞∑

n=0

qnf

(
qn+1

(
a+ b

2

)
+
(
1− qn+1

)
a

)]

=
2

b− a

[
f

(
a+ b

2

)
− f (a)

]
− 2q

b− a

[ ∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) a

)

−1

q

∞∑
n=1

qnf

(
qn
(
a+ b

2

)
+ (1− qn) a

)]

=
2

b− a

[
f

(
a+ b

2

)
− f (a)

]
− 2q

b− a

[ ∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) a

)

−1

q

∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) a

)
+

1

q
f

(
a+ b

2

)]

=
2

b− a

[
f

(
a+ b

2

)
− f (a)

]
− 2

b− a
f

(
a+ b

2

)
− 2q

b− a

[
q − 1

q

∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) a

)]

=
4

(b− a)
2

[
(1− q) (b− a)

2

∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) a

)]

− 4

b− a

f (a)

2

=
4

(b− a)
2

∫ a+b
2

a

f (t) a+dqt − 4

b− a

f (a)

2
. (29)

Similarly, using (28) 3, we get

M2 =

∫ 1

0

(1− qt) b−Dqf
(
t
(
a+b
2

)
+ (1− t) b

)
0+dqt
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=

∫ 1

0
b−Dqf

(
t
(
a+b
2

)
+ (1− t) b

)
0+dqt

−q

∫ 1

0

t b−Dqf
(
t
(
a+b
2

)
+ (1− t) b

)
0+dqt

=

∫ 1

0

[
f
(
t
(
a+b
2

)
+ (1− t) b

)
− f

(
qt
(
a+b
2

)
+ (1− qt) b

)
(1− q)

(
a+b
2 − b

)
t

]
0+dqt

−q

∫ 1

0

t

[
f
(
t
(
a+b
2

)
+ (1− t) b

)
− f

(
qt
(
a+b
2

)
+ (1− qt) b

)
(1− q)

(
a+b
2 − b

)
t

]
0+dqt

= − 2

b− a

[ ∞∑
n=0

f

(
qn
(
a+ b

2

)
+ (1− qn) b

)

−
∞∑

n=0

f

(
qn+1

(
a+ b

2

)
+
(
1− qn+1

)
b

)]

+
2q

b− a

[ ∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) b

)

−
∞∑

n=0

qnf

(
qn+1

(
a+ b

2

)
+
(
1− qn+1

)
b

)]

= − 2

b− a

[
f

(
a+ b

2

)
− f (b)

]
+

2q

b− a

[ ∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) b

)

−1

q

∞∑
n=1

qnf

(
qn
(
a+ b

2

)
+ (1− qn) b

)]

= − 2

b− a

[
f

(
a+ b

2

)
− f (b)

]
+

2q

b− a

[ ∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) b

)

−1

q

∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) b

)
+

1

q
f

(
a+ b

2

)]

= − 2

b− a

[
f

(
a+ b

2

)
− f (b)

]
+

2

b− a
f

(
a+ b

2

)
+

2q

b− a

[
q − 1

q

∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) b

)]
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=
4

b− a

f (b)

2

− 4

(b− a)
2

[
(1− q) (b− a)

2

∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) b

)]

=
4

b− a

f (b)

2
− 4

(b− a)
2

∫ b

a+b
2

f (t) b−dqt . (30)

Combining (26), (29) and (30) , we obtain

b− a

4
[M1 −M2]

=
1

b− a

(∫ a+b
2

a

f (t) a+dqt +

∫ b

a+b
2

f (t) b−dqt

)
− f (a) + f (b)

2

=
1

b− a

∫ b

a

f (t) a+b
2
dqt − f (a) + f (b)

2
,

which gives (25). This complete the proof. □

Remark 2. If f is differentiable on [a, b] and q → 1, then the identity (25) reduce
to

1

b− a

∫ b

a

f (t) dt− f (a) + f (b)

2

=
b− a

4

∫ 1

0

(1− t)

(
f ′ (t (a+b

2

)
+ (1− t) a

)
−f ′ (t (a+b

2

)
+ (1− t) b

) ) dt.

See also [21, Lemma 1, for x = a+b
2 ].

Next, we present quantum analogue of some trapezoid type inequalities as fol-
lows:

Theorem 2. Let f : [a, b] → R be a continuous function, a+Dqf
(
t
(
a+b
2

)
+ (1− t) a

)
and

b−Dqf
(
t
(
a+b
2

)
+ (1− t) b

)
are left quantum integrable on [0, 1]. If |a+Dqf | and

|b−Dqf | are convex on [a, b], then the following inequality holds:∣∣∣∣∣ 1

b− a

∫ b

a

f (t) a+b
2
dqt − f(a) + f(b)

2

∣∣∣∣∣
≤ b− a

4

 |a+Dqf( a+b
2 )|+|b−Dqf( a+b

2 )|
(1+q)(1+q+q2)

+
q(|a+Dqf(a)|+|b−Dqf(b)|)

1+q+q2

 . (31)

Proof. By using Lemma (11) and convexity of |a+Dqf | and |b−Dqf | , we have∣∣∣∣∣ 1

b− a

∫ b

a

f (t) a+b
2
dqt − f (a) + f (b)

2

∣∣∣∣∣
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=

∣∣∣∣b− a

4

∫ 1

0

(1− qt)

(
a+Dqf

(
t
(
a+b
2

)
+ (1− t) a

)
− b−Dqf

(
t
(
a+b
2

)
+ (1− t) b

) )
0+dqt

∣∣∣∣
≤ b− a

4

[ ∫ 1

0
|(1− qt)|

∣∣
a+Dqf

(
t
(
a+b
2

)
+ (1− t) a

)∣∣
0+dqt

+
∫ 1

0
|(1− qt)|

∣∣
b−Dqf

(
t
(
a+b
2

)
+ (1− t) b

) ∣∣
0+dqt

]

≤ b− a

4


∣∣
a+Dqf

(
a+b
2

)∣∣ ∫ 1

0
|(1− qt)| t 0+dqt

+ |a+Dqf (a)|
∫ 1

0
|(1− qt)| (1− t)0+dqt

+
∣∣
b−Dqf

(
a+b
2

)∣∣ ∫ 1

0
|(1− qt)| t 0+dqt

+ |b−Dqf (b)|
∫ 1

0
|(1− qt)| (1− t)0+dqt

 .

Applying Lemma 5 and Lemma 6, we have

∣∣∣∣∣ 1

b− a

∫ b

a

f (t) a+b
2
dqt − f(a) + f(b)

2

∣∣∣∣∣
≤ b− a

4

 |a+Dqf( a+b
2 )|

(1+q)(1+q+q2) +
q|a+Dqf(a)|

1+q+q2

+
|b−Dqf( a+b

2 )|
(1+q)(1+q+q2) +

|b−Dqf(b)|
1+q+q2


=

b− a

4

 |a+Dqf( a+b
2 )|+|b−Dqf( a+b

2 )|
(1+q)(1+q+q2)

+
q(|a+Dqf(a)|+|b−Dqf(b)|)

1+q+q2

 .

This complete the proof. □

Remark 3. If f is differentiable on [a, b] and q → 1, then the inequality (31) reduce
to ∣∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣∣ ≤ b− a

12

(
|f ′(a)|+

∣∣∣∣f ′(
a+ b

2
)

∣∣∣∣+ |f ′(b)|
)
.

See also [21, Corollary 2].

Theorem 3. Let f : [a, b] → R be a continuous function, a+Dqf
(
t
(
a+b
2

)
+ (1− t) a

)
and

b−Dqf
(
t
(
a+b
2

)
+ (1− t) b

)
are left quantum integrable on [0, 1]. If |a+Dqf |r and

|b−Dqf |r are convex on [a, b] where r > 0, then the following inequality holds:∣∣∣∣∣ 1

b− a

∫ b

a

f (t) a+b
2
dqt − f(a) + f(b)

2

∣∣∣∣∣
≤ b− a

4

(
1

1 + q

)1− 1
r


(
|a+Dqf( a+b

2 )|r
(1+q)(1+q+q2) +

q|a+Dqf(a)|r
1+q+q2

) 1
r

+(
|b−Dqf( a+b

2 )|r
(1+q)(1+q+q2) +

q|b−Dqf(a)|r
1+q+q2

) 1
r

 . (32)
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Proof. Since |a+Dqf |r and |b−Dqf |r are convex functions, so from Lemma 11 and
using the power mean inequality, we have∣∣∣∣∣ 1

b− a

∫ b

a

f (t) a+b
2
dqt − f (a) + f (b)

2

∣∣∣∣∣
=

∣∣∣∣b− a

4

∫ 1

0

(1− qt)

(
a+Dqf

(
t
(
a+b
2

)
+ (1− t) a

)
− b−Dqf

(
t
(
a+b
2

)
+ (1− t) b

) )
0+dqt

∣∣∣∣
≤ b− a

4

[ ∫ 1

0
|(1− qt)|

∣∣
a+Dqf

(
t
(
a+b
2

)
+ (1− t) a

)∣∣
0+dqt

+
∫ 1

0
|(1− qt)|

∣∣
b−Dqf

(
t
(
a+b
2

)
+ (1− t) b

) ∣∣
0+dqt

]

≤ b− a

4



(∫ 1

0
|(1− qt)| 0+dqt

)1− 1
r

×
(∫ 1

0
|(1− qt)|

∣∣
a+Dqf

(
t
(
a+b
2

)
+ (1− t) a

)∣∣r
0+dqt

) 1
r

+
(∫ 1

0
|(1− qt)| 0+dqt

)1− 1
r

×
(∫ 1

0
|(1− qt)|

∣∣
b−Dqf

(
t
(
a+b
2

)
+ (1− t) b

) ∣∣
0+dqt

) 1
r


≤ b− a

4

(∫ 1

0

|(1− qt)| 0+dqt

)1− 1
r

×


( ∣∣

a+Dqf
(
a+b
2

)∣∣r ∫ 1

0
|(1− qt)| t 0+dqt

+ |a+Dqf (a)|r
∫ 1

0
|(1− qt)| (1− t)0+dqt

) 1
r

+

( ∣∣
b−Dqf

(
a+b
2

)∣∣r ∫ 1

0
|(1− qt)| t 0+dqt

+ |b−Dqf (b)|r
∫ 1

0
|(1− qt)| (1− t)0+dqt

) 1
r

 .

Applying Lemma 5 and Lemma 6, we have∣∣∣∣∣ 1

b− a

∫ b

a

f (t) a+b
2
dqt − f (a) + f (b)

2

∣∣∣∣∣
≤ b− a

4

(
1

1 + q

)1− 1
r


(
|a+Dqf( a+b

2 )|r
(1+q)(1+q+q2) +

q|a+Dqf(a)|r
1+q+q2

) 1
r

+

(
|b−Dqf( a+b

2 )|r
(1+q)(1+q+q2) +

q|b−Dqf(a)|r
1+q+q2

) 1
r

 .

This complete the proof. □

Remark 4. If f is differentiable on [a, b] and q → 1, then the inequality (32) reduce
to ∣∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣∣
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≤
(
b− a

8

)(
1

3

) 1
r


(∣∣f ′(a+b

2 )
∣∣r + 2 |f ′(a)|r

) 1
r

+
(∣∣f ′(a+b

2 )
∣∣r + 2 |f ′(b)|r

) 1
r

 .

See also [21, Corollary 4].

Theorem 4. Let f : [a, b] → R be a continuous function, a+Dqf
(
t
(
a+b
2

)
+ (1− t) a

)
and

b−Dqf
(
t
(
a+b
2

)
+ (1− t) b

)
are left quantum integrable on [0, 1]. If |a+Dqf |r and

|b−Dqf |r are convex on [a, b] where p, r > 1, 1
p +

1
r = 1, then the following inequality

holds: ∣∣∣∣∣ 1

b− a

∫ b

a

f (t) a+b
2
dqt − f (a) + f (b)

2

∣∣∣∣∣
≤ b− a

4
(Sq (p))

1
p




(
|a+Dqf( a+b

2 )|r+q|a+Dqf(a)|r
(1+q)

) 1
r

+

(
|b−Dqf( a+b

2 )|r+q|b−Dqf(a)|r
(1+q)

) 1
r


 , (33)

where

Sq (p) =

∫ 1

0

(1− qt)
p

0+dqt ,

is fulfilled.

Proof. From Lemma 11 and using Holder’s inequality, we have∣∣∣∣∣ 1

b− a

∫ b

a

f (t) a+b
2
dqt − f (a) + f (b)

2

∣∣∣∣∣
=

∣∣∣∣b− a

4

∫ 1

0

(1− qt)

(
a+Dqf

(
t
(
a+b
2

)
+ (1− t) a

)
− b−Dqf

(
t
(
a+b
2

)
+ (1− t) b

) )
0+dqt

∣∣∣∣
≤ b− a

4

[∫ 1

0

|(1− qt)|
∣∣

a+Dqf
(
t
(
a+b
2

)
+ (1− t) a

) ∣∣
0+dqt∫ 1

0

|(1− qt)|
∣∣∣∣b−Dqf

(
t

(
a+ b

2

)
+ (1− t) b

)∣∣∣∣ 0+dqt

]

≤ b− a

4

(∫ 1

0

(1− qt)
p

0+dqt

) 1
p

×


(∫ 1

0

∣∣
a+Dqf

(
t
(
a+b
2

)
+ (1− t) a

) ∣∣r
0+dqt

) 1
r

+
(∫ 1

0

∣∣
b−Dqf

(
t
(
a+b
2

)
+ (1− t) b

)∣∣r
0+dqt

) 1
r

 .
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By applying the convexity of |a+Dqf |r and |b−Dqf |r, we get∣∣∣∣∣ 1

b− a

∫ b

a

f (t) a+b
2
dqt − f (a) + f (b)

2

∣∣∣∣∣
≤ b− a

4
(S (p))

1
p


( ∣∣

a+Dqf
(
a+b
2

)∣∣r ∫ 1

0
t 0+dqt

+ |a+Dqf (a)|r
∫ 1

0
(1− t) 0+dqt

) 1
r

+

( ∣∣
b−Dqf

(
a+b
2

)∣∣r ∫ 1

0
t 0+dqt

+ |b−Dqf (b)|r
∫ 1

0
(1− t) 0+dqt

) 1
r

 ,

Also, ∫ 1

0

t 0+dqt =
1

1 + q
,

∫ 1

0

(1− t) 0+dqt =
q

1 + q
.

Therefore ∣∣∣∣∣ 1

b− a

∫ b

a

f (t) a+b
2
dqt − f (a) + f (b)

2

∣∣∣∣∣
≤ b− a

4
(Sq (p))

1
p


(
|a+Dqf( a+b

2 )|r+q|a+Dqf(a)|r
1+q

) 1
r

+

(
|b−Dqf( a+b

2 )|r+q|b−Dqf(b)|r
1+q

) 1
r

 .

This complete the proof. □

Remark 5. If f is differentiable on [a, b] and q → 1, then S1 (p) = 1
p+1 and the

inequality (33) reduce to∣∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣∣
≤ b− a

4

(
1

p+ 1

) 1
p
(
1

2

) 1
r


[
|f ′(a)|r +

∣∣f ′(a+b
2 )
∣∣r] 1

r

+
[
|f ′(b)|r +

∣∣f ′(a+b
2 )
∣∣r] 1

r

 .

See also [21, Corollary 3].

Lemma 12. Let f : [a, b] → R be a continuous function. If a+Dqf
(
t
(
a+b
2

)
+ (1− t) a

)
and

b−Dqf
(
t
(
a+b
2

)
+ (1− t) b

)
are left quantum integrable on [0, 1], then the follow-

ing identity holds:

f

(
a+ b

2

)
− 1

b− a

∫ b

a

f (t) a+b
2
dqt
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=
b− a

4

∫ 1

0

qt

(
a+Dqf

(
t
(
a+b
2

)
+ (1− t) a

)
− b−Dqf

(
t
(
a+b
2

)
+ (1− t) b

) )
0+dqt . (34)

Proof. By using the similar proving argument as in Lemma 11, we have

b− a

4

∫ 1

0

qt

(
a+Dqf

(
t
(
a+b
2

)
+ (1− t) a

)
− b−Dqf

(
t
(
a+b
2

)
+ (1− t) b

) )
0+dqt

=
q (b− a)

4

[ ∫ 1

0
t a+Dqf

(
t
(
a+b
2

)
+ (1− t) a

)
0+dqt

−
∫ 1

0
t b−Dqf

(
t
(
a+b
2

)
+ (1− t) b

)
0+dqt

]

=
q (b− a)

4
[K1 −K2] . (35)

Also,

K1 =

∫ 1

0

t a+Dqf
(
t
(
a+b
2

)
+ (1− t) a

)
0+dqt

=

∫ 1

0

t

[
f
(
t
(
a+b
2

)
+ (1− t) a

)
− f

(
qt
(
a+b
2

)
+ (1− qt) a

)
(1− q)

(
a+b
2 − a

)
t

]
0+dqt

=
2

b− a

[ ∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) a

)

−
∞∑

n=0

qnf

(
qn+1

(
a+ b

2

)
+
(
1− qn+1

)
a

)]

=
2

b− a

[ ∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) a

)

−1

q

∞∑
n=1

qnf

(
qn
(
a+ b

2

)
+ (1− qn) a

)]

=
2

b− a

[ ∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) a

)

−1

q

∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) a

)
+

1

q
f

(
a+ b

2

)]

=
2

q (b− a)
f

(
a+ b

2

)
− 2

b− a

[
q − 1

q

∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) a

)]

=
2

q (b− a)
f

(
a+ b

2

)
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− 4

q (b− a)
2

[
(1− q) (b− a)

2

∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) a

)]

=
2

q (b− a)
f

(
a+ b

2

)
− 4

q (b− a)
2

∫ a+b
2

a

f (t) a+dqt , (36)

and

K2 =

∫ 1

0

t b−Dqf
(
t
(
a+b
2

)
+ (1− t) b

)
0+dqt

=

∫ 1

0

t

[
f
(
t
(
a+b
2

)
+ (1− t) b

)
− f

(
qt
(
a+b
2

)
+ (1− qt) b

)
(1− q)

(
a+b
2 − b

)
t

]
0+dqt

= − 2

b− a

[ ∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) b

)

−
∞∑

n=0

qnf

(
qn+1

(
a+ b

2

)
+
(
1− qn+1

)
b

)]

= − 2

b− a

[ ∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) b

)

−1

q

∞∑
n=1

qnf

(
qn
(
a+ b

2

)
+ (1− qn) b

)]

= − 2

b− a

[ ∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) a

)

−1

q

∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) a

)
+

1

q
f

(
a+ b

2

)]

= − 2

q (b− a)
f

(
a+ b

2

)
− 2

b− a

[
q − 1

q

∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) b

)]

= − 2

q (b− a)
f

(
a+ b

2

)
+

4

q (b− a)
2

[
(1− q) (b− a)

2

∞∑
n=0

qnf

(
qn
(
a+ b

2

)
+ (1− qn) b

)]

= − 2

q (b− a)
f

(
a+ b

2

)
+

4

q (b− a)
2

∫ b

a+b
2

f (t) b−dqt . (37)
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Combining (35), (36) and (37), we get

q (b− a)

4
[K1 −K2]

= f

(
a+ b

2

)
− 1

b− a

(∫ a+b
2

a

f (t) a+dqt +

∫ b

a+b
2

f (t) b−dqt

)

= f

(
a+ b

2

)
− 1

b− a

∫ b

a

f (t) a+b
2
dqt ,

which leads to the (34).This complete the proof. □

Remark 6. If f is differentiable on [a, b] and q → 1, then the identity (34) reduce
to

f

(
a+ b

2

)
− 1

b− a

∫ b

a

f (t) dt

=
b− a

4

∫ 1

0

t

(
f ′ (t (a+b

2

)
+ (1− t) a

)
−f ′ (t (a+b

2

)
+ (1− t) b

) ) dt.

See also [18, Lemma 2.1].

Next, we establish quantum analogue of some midpoint type inequalities as fol-
lows:

Theorem 5. Let f : [a, b] → R be a continuous function, a+Dqf
(
t
(
a+b
2

)
+ (1− t) a

)
and

b−Dqf
(
t
(
a+b
2

)
+ (1− t) b

)
are left quantum integrable on [0, 1]. If |a+Dqf | and

|b−Dqf | are convex on [a, b], then the following inequality holds:∣∣∣∣∣f
(
a+ b

2

)
− 1

b− a

∫ b

a

f (t) a+b
2
dqt

∣∣∣∣∣
≤ b− a

4

(
q

1 + q + q2

)[ ∣∣
a+Dqf

(
a+b
2

)∣∣+ ∣∣b−Dqf
(
a+b
2

)∣∣
+ q2

1+q (|a+Dqf (a)|+ |b−Dqf (b)|)

]
. (38)

Proof. From Lemma 12 and using convexity of |a+Dqf | and |b−Dqf | , we have∣∣∣∣∣f
(
a+ b

2

)
− 1

b− a

∫ b

a

f (t) a+b
2
dqt

∣∣∣∣∣
=

∣∣∣∣b− a

4

∫ 1

0

qt

(
a+Dqf

(
t
(
a+b
2

)
+ (1− t) a

)
− b−Dqf

(
t
(
a+b
2

)
+ (1− t) b

) )
0+dqt

∣∣∣∣
≤ q(b− a)

4


∣∣
a+Dqf

(
a+b
2

)∣∣ ∫ 1

0
t2 0+dqt

+ |a+Dqf (a)|
∫ 1

0
(t− t2) 0+dqt

+
∣∣
b−Dqf

(
a+b
2

)∣∣ ∫ 1

0
t2 0+dqt

+ |b−Dqf (b)|
∫ 1

0
(t− t2) 0+dqt

 .
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Applying Lemma 7, we get∣∣∣∣∣f
(
a+ b

2

)
− 1

b− a

∫ b

a

f (t) a+b
2
dqt

∣∣∣∣∣
≤ b− a

4

(
q

1 + q + q2

)[ ∣∣
a+Dqf

(
a+b
2

)∣∣+ ∣∣b−Dqf
(
a+b
2

)∣∣
+ q2

1+q (|a+Dqf (a)|+ |b−Dqf (b)|)

]
.

This complete the proof. □

Remark 7. If f is differentiable on [a, b] and q → 1, then the inequality (38) reduce
to ∣∣∣∣∣f

(
a+ b

2

)
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣∣
≤ b− a

12

(
2

∣∣∣∣f ′(
a+ b

2
)

∣∣∣∣+ |f ′(a)|+ |f ′(b)|
2

)
,

See also [18, Theorem 2.1 for s = m = 1].

Theorem 6. Let f : [a, b] → R be a continuous function, a+Dqf
(
t
(
a+b
2

)
+ (1− t) a

)
and

b−Dqf
(
t
(
a+b
2

)
+ (1− t) b

)
are left quantum integrable on [0, 1]. If |a+Dqf |r and

|b−Dqf |r are convex on [a, b] where r > 0, then the following inequality holds:∣∣∣∣∣f
(
a+ b

2

)
− 1

b− a

∫ b

a

f(t) a+b
2
dqt

∣∣∣∣∣
≤ q(b− a)

4 (1 + q)

(
1

(1 + q + q2)

) 1
r

×


(∣∣

a+Dqf
(
a+b
2

)∣∣r (1 + q) + |a+Dqf (a)|r q2
) 1

r

+
(∣∣

b−Dqf
(
a+b
2

)∣∣r (1 + q) + |b−Dqf (b)|r q2
) 1

r

 . (39)

Proof. Since |a+Dqf |r and |b−Dqf |r are convex functions, so from Lemma 12 and
using the power mean inequality, we have∣∣∣∣∣f

(
a+ b

2

)
− 1

b− a

∫ b

a

f(t) a+b
2
dqt

∣∣∣∣∣
≤

∣∣∣∣b− a

4

∫ 1

0

qt

(
a+Dqf

(
t
(
a+b
2

)
+ (1− t) a

)
− b−Dqf

(
t
(
a+b
2

)
+ (1− t) b

) )
0+dqt

∣∣∣∣
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≤ q(b− a)

4



(∫ 1

0
t 0+dqt

)1− 1
r

×
(∫ 1

0
t
∣∣

a+Dqf
(
t
(
a+b
2

)
+ (1− t) a

) ∣∣r
0+dqt

) 1
r

+
(∫ 1

0
t 0+dqt

)1− 1
r

×
(∫ 1

0
t
∣∣
b−Dqf

(
t
(
a+b
2

)
+ (1− t) b

)∣∣r
0+dqt

) 1
r



≤ q(b− a)

4

(
1

1 + q

)1− 1
r


( ∣∣

a+Dqf
(
a+b
2

)∣∣r ∫ 1

0
t2 0+dqt

+ |a+Dqf (a)|r
∫ 1

0
t (1− t) 0+dqt

) 1
r

+

( ∣∣
b−Dqf

(
a+b
2

)∣∣r ∫ 1

0
t2 0+dqt

+ |b−Dqf (b)|r
∫ 1

0
t (1− t) 0+dqt

) 1
r

 .

Applying Lemma 7, we get∣∣∣∣∣f
(
a+ b

2

)
− 1

b− a

∫ b

a

f(t) a+b
2
dqt

∣∣∣∣∣
≤ q(b− a)

4

(
1

1 + q

)1− 1
r


( ∣∣

a+Dqf
(
a+b
2

)∣∣r 1
1+q+q2

+ |a+Dqf (a)|r q2

(1+q)(1+q+q2)

) 1
r

+

( ∣∣
b−Dqf

(
a+b
2

)∣∣r 1
1+q+q2

+ |b−Dqf (b)|r q2

(1+q)(1+q+q2)

) 1
r


=

q(b− a)

4 (1 + q)

(
1

(1 + q + q2)

) 1
r

×


(∣∣

a+Dqf
(
a+b
2

)∣∣r (1 + q) + |a+Dqf (a)|r q2
) 1

r

+
(∣∣

b−Dqf
(
a+b
2

)∣∣r (1 + q) + |b−Dqf (b)|r q2
) 1

r

 .

This complete the proof. □

Remark 8. If f is differentiable on [a, b] and q → 1, then the inequality (39) reduce
to ∣∣∣∣∣f

(
a+ b

2

)
− 1

b− a

∫ b

a

f(t) dt

∣∣∣∣∣
≤ b− a

8

(
1

3

) 1
r


(
2
∣∣f ′ (a+b

2

)∣∣r + |f ′ (a)|r
) 1

r

+
(
2
∣∣f ′ (a+b

2

)∣∣r + |f ′ (b)|r
) 1

r

 .

Theorem 7. Let f : [a, b] → R be a continuous function, a+Dqf
(
t
(
a+b
2

)
+ (1− t) a

)
and
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b−Dqf
(
t
(
a+b
2

)
+ (1− t) b

)
are left quantum integrable on [0, 1]. If |a+Dqf |r and

|b−Dqf |r are convex on [a, b] where p, r > 1, 1
p +

1
r = 1, then the following inequality∣∣∣∣∣f

(
a+ b

2

)
− 1

b− a

∫ b

a

f(t) a+b
2
dqt

∣∣∣∣∣
≤ q(b− a)

4

(
1− q

1− qp+1

) 1
p


(
|a+Dqf( a+b

2 )|r+q|a+Dqf(a)|r
1+q

) 1
r

+

(
|b−Dqf( a+b

2 )|r+q|b−Dqf(b)|r
1+q

) 1
r

 . (40)

is true.

Proof. From Lemma 12 and using Holder’s inequality, we have∣∣∣∣∣f
(
a+ b

2

)
− 1

b− a

∫ b

a

f(t) a+b
2
dqt

∣∣∣∣∣
=

∣∣∣∣b− a

4

∫ 1

0

qt

(
a+Dqf

(
t
(
a+b
2

)
+ (1− t) a

)
− b−Dqf

(
t
(
a+b
2

)
+ (1− t) b

) )
0+dqt

∣∣∣∣

≤ q(b− a)

4



(∫ 1

0
tp 0+dqt

) 1
p

×
(∫ 1

0

∣∣
a+Dqf

(
t
(
a+b
2

)
+ (1− t) a

) ∣∣r
0+dqt

) 1
r

+
(∫ 1

0
tp 0+dqt

) 1
p

×
(∫ 1

0

∣∣
b−Dqf

(
t
(
a+b
2

)
+ (1− t) b

)∣∣r
0+dqt

) 1
r


.

Applying Lemma 8 and convexity of |a+Dqf |r and |b−Dqf |r, we get∣∣∣∣∣f
(
a+ b

2

)
− 1

b− a

∫ b

a

f(t) a+b
2
dqt

∣∣∣∣∣
≤ q(b− a)

4

(
1− q

1− qp+1

) 1
p


( ∣∣

a+Dqf
(
a+b
2

)∣∣r ∫ 1

0
t 0+dqt

+ |a+Dqf (a)|r
∫ 1

0
(1− t) 0+dqt

) 1
r

( ∣∣
b−Dqf

(
a+b
2

)∣∣r ∫ 1

0
t 0+dqt

+ |b−Dqf (b)|r
∫ 1

0
(1− t) 0+dqt

) 1
r



≤ q(b− a)

4

(
1− q

1− qp+1

) 1
p


(
|a+Dqf( a+b

2 )|r+q|a+Dqf(a)|r
1+q

) 1
r

+

(
|b−Dqf( a+b

2 )|r+q|b−Dqf(b)|r
1+q

) 1
r

 .

This complete the proof. □
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Remark 9. If f is differentiable on [a, b] and q → 1, then the inequality (40) reduce
to ∣∣∣∣∣f

(
a+ b

2

)
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣∣
≤ b− a

4

(
1

p+ 1

) 1
p


(
|f ′( a+b

2 )|r+|f ′(a)|r
2

) 1
r

+

(
|f ′( a+b

2 )|r+|f ′(b)|r
2

) 1
r

 .

5. Conclusions

We have introduced a new quantum analogue of Hermite-Hadamard inequality
and based on it we obtained two new quantum trapezoid and midpoint type iden-
tities. In [21] and [18], respectively by taking x = a+b

2 and s = m = 1, trapezoid
and midpoint type inequalities for convex functions have been presented. We have
established quantum analogs of some of these inequalities by using the new quan-
tum trapezoid and midpoint type identities. For q → 1 the obtained results give
refinement of some trapezoid and midpoint type inequalities in [18, 21]. The idea
and techniques of this paper may help the interested researcher in this field for
further research.
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