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ABSTRACT

This study introduces the concepts of lacunary I;-statistical convergence of complex uncertain sequences:
lacunary I,-statistical convergence almost surely (Sg( 1,).a.s.), lacunary I,-statistical convergence in measure,
lacunary I;-statistical convergence in mean, lacunary I,-statistical convergence in distribution and lacunary
1,-statistically convergence uniformly almost surely (Sq( /). u.a.s). In addition, decomposition theorems and
relationships among them are discussed.

Keywords: Lacunary convergence, invariant, uncertainty theory, complex uncertain variable, ideal
convergence.

1. INTRODUCTION

Freedman and Sember introduced the concept of lower asymptotic density and defined the
concept of convergence in density, in [1]. Taking this definition, we can give the definition of
statistical convergence which has been formally introduced by Fast [2]. Schoenberg reintroduced
this concept independently [3]. A number sequence (x;.) is statistically convergent to L provided
that for every € > 0, d({k € N: |x; — L| = €}) = 0 or equivalently there exists a subset K ¢ N
with d(K) = 1 and ny(¢) such that k > ny(e) and k € K imply that |x; — L| < . In this case we
write st — limx;, = L. From the definition, we can easily show that any convergent sequence is
statistically convergent, but not conversely.

By a lacunary sequence we mean an increasing integer sequence 8 = {k,.} such that k, = 0
and h, =k, — k,_q = o as r — oo. Throughout this paper the intervals determined by 6 will be
denoted by I, = (k,_1,k,].

The concept of lacunary statistical convergence was defined by Fridy and Orhan [4]. A
sequence x = (x;) is said to be lacunary statistically convergent to the number L if for every € >

0, lim,hil{k € I:|x; — L] = €}| = 0. In this case we write Sg — limx;, = L or x;, = L(Sg).
The concept of I-convergence of real sequences is a generalization of statistical convergence
which is based on the structure of an ideal | of subsets of the set of natural numbers. P. Kostyrko

et al. [5] introduced the concept of I-convergence of sequences in a metric space and studied some
properties of this convergence. Later, it was further studied by Salat et al. ([6], [7]) and many
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others. Recently, Das et al. [8] introduced some new notions, namely I-statistical convergence and
I-lacunary statistical convergence by using ideals.

Let o be a one-to-one mapping of the set of positive integers into itself such that 6™ (n) =
(om‘l(n)),m =1,2,3,.... A continuous linear functional @ on [, the space of real bounded
sequences, is said to be an invariant mean or a ¢ mean, if and only if,

(1) @(x) = 0, for all sequences x = (x,,) with x,, = 0 for all n;
(2) @(e) =1,wheree = (1,1,1,..);
(3) ®(xpm) = @(x) forall x € L.

The mapping & are assumed to be one-to-one such that ¢™(n) # n for all positive integers n
and m, where ¢™(n) denotes the mth iterate of the mapping ¢ at n. Thus, @ extends the limit
functional on c, the space of convergent sequences, in the sense that @ (x) = limx, forall x € c.

Savas and Nuray [9] introduced the concepts of o-statistical convergence and lacunary o-
statistical convergence and gave some inclusion relations. Pancaroglu and Nuray [10] defined the
concept of lacunary invariant summability and p-strongly lacunary invariant summability. The
concept of lacunary strongly o-convergence was introduced by Savag [11].

Let A c Nand
Sm == min,|A N {oc(n),o? (n),..,c™ (n)}|
S = maxy|A N {o(n),c? (n),...,c™ (n)}|
If the following limits exist
S
V(4) = 11m — V(A) = lim =
m—oo m

then, they are called a lower and an upper o-uniform density of the set A, respectively. If
V(A) = V(A) = V(A), then V(A) is called the g-uniform density of A.

Denote by I, the class of all A € N with V(4) = 0.

n [12], the concept of o-uniform density of subsets A of the set N of positive integers and
corresponding I,-convergence were introduced. A sequence x = () is said to be I;-convergent
to the number L if for every € > 0, A(e) = {k:|x;, — L| = €} belongs to I; i.e., V(4,) = 0. In
this case we write I- limx;, = L.

Let 8 = {k,.} be a double lacunary sequence, A c N and

pr = miny|An {c* (m):k € I.}|
and
P, := maxpy|A N {c* (m):k € I}

If the following limit exist

Dir

—6 P.
VU (4) = lim —

004) = 1i
Vo(a) = 711—>m r—o .

then they are called a lower lacunary G-unlform density and an upper lacunary o-uniform
density of the set A, respectively. If V9(4) =V?9(4), then V8 =V9(4) =V9(A) is called
lacunary c-uniform density of A.

Throughout the paper, we take 199 as a strongly admissible ideal in N.

Recently, the concept of lanunary o-uniform density of the set A c N, lacunary I,-
convergence, lacunary I}-convergence, lacunary I,-Cauchy sequences, lacunary I;-Cauchy
sequences of real numbers were defined by Ulusu and Nuray [13].

Recently, some other authors studied ideal convergence and invariant convergence ([14-21]).
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In [22], Demirci exten ded the concepts of statistical limit superior and inferior to I-limit
superior and I-limit inferior and gave some I-analogue of properties of statistical limit superior
and inferior.

However, in our daily life, we often encounter the case that there are lack of or no observed
data about the events, not only for economic reasons or technical difficulties, but also for
influence of unexpected events.

In order to deal with belief degree, an uncertainty theory was founded by Liu [23] in 2007,
and redefined by Liu [24] in 2011 which based on an uncertain measure which satisfies normality,
duality, subadditivity, and product axioms. In 2007, Liu [23] first introduced convergence in
measure, convergence in mean, convergence almost surely (a.s.) and convergence in distribution
and their relationships were also discussed. Thereafter, a concept of uncertain variable was
proposed to represent the uncertain quantity and a concept of uncertainty distribution to describe
uncertain variables. Up to now, uncertainty theory has successfully been applied to uncertain
programming (Liu [25], Liu and Chen [26]), uncertain risk analysis and uncertain reliability
analysis (Liu [27]), uncertain logic (Liu [28]), uncertain differential equations (Yao and Chen
[29]), uncertain graphs (Gao and Gao [30], Zhang and Peng [31]), uncertain finance (Chen [32],
Liu [33]), etc.

In real life, uncertainty not only appears in real quantities but also in complex quantities. In
order to model complex uncertain quantities, Peng [34] presented the concepts of complex
uncertain variable and complex uncertainty distribution, and also the expected value was
proposed to measure a complex uncertain variable in 2012. Since sequence convergence plays an
important role in the fundamental theory of mathematics, there are also many convergence
concepts in uncertainty theory. You [35] introduced another type of convergence named
convergence uniformly almost surely and showed the relationships among those convergence
concepts. Zhang [36] proved some theorems on the convergence of uncertain sequence. After
that, Guo and Xu [37] gave the concept of convergence in mean square for uncertain Tripathy and
Nath [38] introduced statistical convergence of complex uncertain sequences. Kisi and Unal [39]
defined lacuanary statistical convergence and Kisi [40] introduced I-lacunary statistical
convergence of complex uncertain sequences. Inspired by these, we study the convergence
concepts of lacunary I,-statistically convergence of complex uncertain sequences and discuss the
relationships among them in this study.

2. MAIN RESULTS

Definition 1. The complex uncertain sequence {¢,} is said to be lacunary I,-statistically
convergent almost surely (Sg(1,).a.s) to ¢ if for every £, > 0 there exists an event 4 with
M (A) = 1 such that

{reN:#r

for every y € A. In this case we write {,, = { (Sg(1,).a.5.).

et : [6(n)-<(r)2e)

25}610.,

Definition 2. The complex uncertain sequence {¢,} is said to be lacunary I -statistically
convergent in measure to ¢ if

{reN: hiere I, : M(Hgk—gHZg)zﬁ}

> 3} el,,
forevery g,6,9 > 0.

Definition 3. The complex uncertain sequence {¢,} is said to be lacunary I,-statistically
convergent in mean to ¢ if
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{reN: ket Efle )=}

25}610,

forevery g,6 > 0.

Definition 4. Let @, ®,,®,, ... be the complex uncertainty distributions of complex uncertain
variables ¢, {y, {5, ..., respectively. We say the complex uncertain sequence {{,} be lacunary I,-
statistically converges in distribution to ¢ if for every ¢,8 > 0,

1
{re N: h—r
for all ¢ at which @(¢) is continuous.

Definition 5. The complex uncertain sequence {(,} is said to be lacunary I,-statistically
convergent uniformly almost surely (Sg(1,).u.a.s) to ¢ if for every €,0 >0, 3§ >0 and a
sequence of events {E},'} such that

{reN: er I, ‘M(El’()—o‘z‘e}

ket : o ()= (c)>2

26}615,

>O'}€IO.

2{reN: =
r

fkel, : ‘gk(x)—g(x)‘zé}‘ZJ}eIg.
Definition 6. A complex uncertain sequence {¢,,} is said to be lacunary I,-statistically bounded or
Sg (I5)-bounded if there exists a real number K>0 such that
lieet alzxfz]
=ireN: —|kel, : >Kizerel,,
a={ren: e, < |2K]
forevery e > 0, i.e., §'9¢(q) = 0.

Definition 7. A complex uncertain sequence {,,} is said to be lacunary I,-statistically convergent
to ¢ ifforevery e, 6 > 0,

{reN: h%‘{kelr : Hg“k(y)fé’(;/)HZg}

Zé‘}elm

forevery y € A.
Now, we give the relationships among the convergence concepts of complex uncertain
sequences.

Theorem 1. If the complex uncertain sequence {{, } lacunary I -statistically converges in mean to
¢, then, {¢,,} lacunary I-statistically converges in measure to .

Proof. It follows from the Markov inequality that for any given &, §,9 > 0, we have
29}
Ellsc—<])

c I’eN:ﬁ kelr:[ngé >9iel,.

{reN: erlr : M[Hgk—guzg)za}

Thus, {¢,,} lacunary I,-statistically converges in measure to ¢ and the theorem is thus proved.
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Remark 1. Converse of above theorem is not true. i.e., {¢,} lacunary I,-statistical convergence in
measure does not imply {C,} lacunary I -statistical convergence in mean. Following example
illustrates this.

Example 1. Consider the uncertaintly space (I, L, M) to be y4,y>, ... with

SUP,,, 7 if sup, 737 <0.5,
M{A}= 1-sup, ity ifsup, ;<05

0.5, otherwise,

and the complex uncertain variables be defined by

gn(y):{(nﬂ)i, if y=7,,

0, otherwise.

forn=1,2,... and { = 0. For some small numbers €,6,9 > 0 and n > 2, we have
{reN: ﬁ 23}

{kelr : M(7 : Héak(}/)_é’(}/)HZS)Zé}

ket (g ~¢|2e)20]

:{reN:ﬁ

g

}EIU.
Thus, the sequence {¢,,} lacunary I,-statistically converges in measure to .
However, for n > 2, we have the uncertainty distribution of uncertain variable ||&,, — &|| =

€ ll-

:{reN: h%‘{kel, : M{yn}zﬁ}‘zg

0, if x<0,
O, (x)= 1-L, if0<x<n+l,
1 x>n+1.

Hence, for each n > 2, and for every &, > 0, we have

{reN:%

{ke I E{H{k—ch—ljz‘s}

:

1
={re N: hl,’ke [ anl—(l—rﬁrl)dx}l}g} >5},
0
which is impossible. That is, the sequence {¢,} does not lacunary I-statistically converges in
mean to ¢.
Theorem 2. Assume complex uncertain sequence {¢,,} with real part {¢,} and imaginary part
{vn}, respectively, for n=1,2,.... If uncertain sequences {&,} and {y,,} lacunary I,-statistically

convergent in measure to ¢ and y, respectively, then, complex uncertain sequence {¢,,} lacunary
I;-statistically convergent in measure to { = & + iy.

Proof. It follows from the definition of lacunary I,-statistically convergence in measure of
uncertain sequence that for any small numbers ¢, 5,9 > 0,
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{reN: hir{kelr : M[ékfz\/%jzé}zgl[exa
and
|reN: r::'r{kelr : M{}/k—yzj"?]zﬁ}zg}ey.

Note that lg, -<l= /‘gn —&f - Thus, we have

-z e)<{ler-el2 5otz

Using the subadditivity axiom of uncertain measure, we obtain

{reN: %{kel, : M(gk—g>gj>5}>9]

{ke I :M (Hgkfguz%]za}

g{reN:h1
r

:

u{reN: iffkete M (ln—rf2 5)29]

ZS’}EI,,.

Hence, we have

{kelr : M(Hg“k—g“HZgjzd}

.1
{l’eN.hr

That is, {¢,,} lacunary I, -statistically converges in measure to {.

Theorem 3. Assume complex uncertain sequence {¢,,} with real part {¢,} and imaginary part
{vn}, respectively, for n=1,2,.... If uncertain sequences {¢&,} and {y,,} lacunary I,-statistically
convergent in measure to & and y, respectively, then, complex uncertain sequence {¢,} lacunary
I;-statistically convergent in distribution to ¢ = ¢ + iy.

> 3}615.

Proof. Let ¢ = a + ib be a given continuity point of the complex uncertainty distribution @. On
the other hand, for any a > a, 8 > b, we have

{gn sa,ynsb}:{gnsa,yn sb,gsmysﬂ}u{gn sa,ynsb,§>a,y>ﬁ}
G samsbé<ay>plulb<amsbE>ay<p)
C{fﬁa,ysb}u{‘fn—f‘ZQ—a}uﬂyn—y‘Zﬂ—b}.
It follows from the subadditivity axiom that
Dy (c)=Dy(a+ib)<®(a+if)+M ﬂ;‘n—g‘za—a}+M {\;/n—y\zﬂ—b}.

Since {&,} and {y,,} lacunary I -statistically converge in measure to ¢ and y, respectively,
hence, for any small numbers &, > 0, we have

{re N: rer Y [Hgk—fHZa—ajzg}

Zﬁ}elg
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and

{kelr : M[yk—yzﬂ—bjzg}

.1
{reN.hr

25}610.

Thus, we obtain
Is=limsup,,_,.. @, (c) <D (a+ip)
forany @ > a, 8 > b. Letting o +if — a+ib, we get
Ig—limngO@n(c)yD(c). 1

On the other hand, for any x < a,y <b we have
[g<xy< y}:{z;n <a, 7, <b,E<x,y< y}u{fn <a,7,<bE<xy< y}
V& >am<bE<xy<yjulg>am>bs<xy<y|
clé<an gb}u{‘fn—5‘2a—x}u{\yn—y\2b—y}.
This implies,
®(x+iy) <Py (a+ib)+ M {an—(fHZa—X}HV' {Hyn—yuzb—y}.

Since

{reN: hlr{kelr : M((k—g“za—XJZg}z&}eIg

and

{reN: h%{kelr : M(H;fk—}/HZb—yJZé:}

Zé}eIg,

we obtain
®(x+iy)SIJ-Iimrggf)od)n(a+ib)
forany x <a,y <b. Taking x +iy — a +ib, we get
®(c)<I,-liminf @, (c) 2
It follows from (1) and (2) that q)n(c)_>q;u(c) as n — oo. That is the complex uncertain

sequence {{,} is lacunary I-statistically convergent in distribution to { = & + iy.

Remark 2. Converse of the above theorem is not necessarily true. i.e. lacunary I,-statistically
convergence in distribution does not imply lacunary I,-statistically convergence in measure.
Following example illustrates this.

Example 2. Consider the uncertaintly space (I, L, M) to be {y;,y,} with M(y;) = M(y,) = %

We define a complex uncertain variable as
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i, ify=y,
¢r)= =, ify=y,
We also define {,, = — { for n=1,2,.... Then, ¢, and { have the same distribution

0, ifa<0,—o<b<+x,

0, ifa>0b<-1,
Dy (C)= (a+|b) 1, ifa>0,-1<b<],
1, ifa>0b>1.

Then, {¢,,} is lacunary I,-statistically in distribution to ¢. However, for a given ¢, >0, we

have
{reN {kel (@-5&]21}25}

|reN: h—lr{ke I, : M(;f : H(fk(}/)—f(y)Hzgjzl}

That is the sequence {¢,,} does not lacunary I,-statistically convergence in measure to ¢. By
Theorem 3, the real part and imaginary part of {¢,,} also not lacunary I, -statistically convergent in
measure. In addition, since ¢, = — ¢ for n=1,2,..., the sequence {{,} does not is lacunary I,-
statistically convergence a.s to {. This completes the proof.

Lacunary I,-statistically convergence a.s. does not imply is lacunary I -statistically
convergence in measure.

Example 3. Consider the uncertaintly space (I, L, M) to be y4, ¥, ... with

25}610.

sup if sup

n
—n_ <0.
TneA [2n+1]’ TneA ’2n+1J 5

M{A}: 1—supyn€Acﬁ, if supyneAC(szlﬁO.S,
0.5, otherwise.

and we define a complex uncertain variable as

Cn(7)={in’ it 7=

0, otherwise.

for n=1,2,... and { = 0. Then, the sequence {,,} lacunary I-statistically converges a.s. to {.
However for some small numbers &, 6 > 0, we have
>5}

|reN:hlr{kelr (Hék 5H>8) %}
et My e -¢(r]22)23

:{reN: %
:{reN: Hikel, - M= %}‘>5}

hr
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That is the sequence {C,,} does not lacunary I-statistically converge in measure to .

Remark 3. Lacunary I,-statistically convergence in measure does not imply lacunary I,-
statistically convergence a.s.

Example 4. Consider the uncertaintly space (I',L,M) to be [0,1] with Borel algebra and
Lebesque measure. For any positive integer n, there is an integer p such that n = 2P + k, where k
is an integer between 0 and 2P — 1. Then, we define a complex uncertain variable by

§n(y)={

forn=1,2,...and ¢ = 0. For some small numbers ¢,8,9 > 0 and n = 2, we have

{I’eN:hlr 219}
23;

{ke I, : M (7 : H.{k(;/)—g(}/)HZSJZé'}
Thus, the sequence {{,} lacunary I,-statistically converges in measure to ¢. In addition for

every €,6 > 0, we have
{re N: hir{ke I, E(Hgk-gujz;;}

Hence, the sequence {{,} also lacunary I,-statistically converges in mean to ¢. However, for

any y € [0,1], there is an infinite number of intervals of the form [2%%] containing y. Thus,
{n(y) does not lacunary I-statistically converge to 0. In other words, the sequence {{,,} does not
lacunary I;-statistically converge a.s. to ¢. This completes the proof.

Lacunary I,-statistically convergence a.s. does not imply lacunary I, -statistically
convergence in mean.

Example 5. Consider the uncertaintly space (I, L, M) to be {y,,y,} with
1
M{Af= 3 =

neA

i if K k+1
i, if Sy <&

0, otherwise.

{ke Y (Hg‘k—fHZngé'}

={reN:hlr

:{reN: ﬁ‘{kelr : M{yn}zd}‘ZS},

Zﬁ}elg.

The complex uncertain variables are defined by

_Ji3n, ify=pp,
(7] 0, otherwise.

for n=1,2,...and ¢ = 0. Then, the sequence {{,,} lacunary I,-statistically converges a.s. to {.
However, the uncertaintly distributions of ||, || are

0, if x<0,
Dp(X)=4{1-4, if0<x<3",
1 if x>3",

forn=1,2,..., respectively. Then, we have

515



0. Kisi  /SigmaJ Eng & Nat Sci 37 (2), 507-520, 2019

1re N: hlr{ke I, : E(Hg“k—g“szl} z&}a.

Therefore, the sequence {{,,} does not lacunary I,-statistically converge in mean to ¢.
From the example 5, we can obtain that lacunary I,-statistically convergence in mean does
not imply lacunary I,-statistically converge a.s.

Proposition 1. Let {, {3, {5, ... be complex uncertain variables. Then, {{,} lacunary I,-statistical
converges a.s to ¢ if and only if for any €,6,9 > 0, we have

reN: #{kel, : M[ijgn—gm]z&}zg eI,.
T k=1n=k

Proof. By the definition of lacunary I,-statistical converges a.s, we have that there exists an event
A with M(A) = 1 such that

{reN: hlr{ke I, HQ-?HZ«%‘}

25}610.

for every ¢,6 > 0. Then, for any &,9 > 0, there exists a number k such that ||, — &|| < €
where n>k and for any y € 4, that is equivalent to

reN:

1 >9lel,.
T

h

|ke|r : M[Qggn—§<g]21}

It follows from the duality axiom of uncertain measure that
reN: hi kel, : M [ngn—gzg]z(s >gler,.
r k=In=k

Proposition 2. Let {,{;,{,, ... be complex uncertain variables. Then, {{,,} lacunary I,-statistical
converges uniformly a.s to  if and only if for any €,6,9 > 0, we have

reN: hlr{kelr ; M[Qék—g“n]za}zg eI,

Proof If {¢,,} lacunary I -statistical converges uniformly a.s to g, then, for any 9 > 0 there exists
a number K such that M{K} < 9 and {,,} lacunary I,-statistical converges to { on I — K. Thus,
for any € > 0, there exists a number k>0 such that ||&,, — || < &; where n>k and forany y € I' —
K. Thatis

Ulln-¢lze)=x.

n=k

It follows from the subadditivity axiom that

ren: hlr{kelr : {Q(Cn—fzé‘}zé g&IUH(M{K})g&
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Then,

reN:

1 >9lel,.
T

h

{kelr : M[an—gz‘ejza}

On the contrary, if
reN: erlr : M[ng—gz(e}z&} >gler,,
r n=k

forany g, 6,9 > 0, then for given § > 0 and m = 1, there exists m;, such that

® 1 o
5% M nqugn_gzm] <om-
Let
<=0, <t}
m=1n="m,
Then

5169(M{K})£ 25100 M

e~ Ll O
Ol ¢2m}] <
In addition, we get
1
I sup [¢n—¢] <35

forany m=1,2,3,... and n > m,. The proposition is thus proved.

Theorem 4 If the complex uncertain sequence {,,} lacunary I,-statistical converges uniformly
a.sto g, then, {¢,,} lacunary I,-statistical converges to .

Proof. It follows from above Proposition that {¢,,} lacunary I,-statistical converges uniformly a.s
to ¢, then

reN: erlr : M[Ogn—425}25;29 eI,
r n=k

Since

O Ts0

M[gggn—é’zgﬂgfw M an_mﬂ

taking the limit as n — oo on both side of above inequality, we obtain

M (0l -4l
=In=k

By the first proposition, {¢,,} lacunary I-statistical converges to .

S =0.

P
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Theorem 5 If the complex uncertain sequence {{,,} lacunary I-statistical converges uniformly
a.sto g, then, {¢,,} lacunary I,-statistical converges in measure to .

Proof. If the complex uncertain sequence {¢,,} lacunary I,-statistical converges uniformly a.s to ¢,
then, from proposition above we have

reN: erlr : M[ng—525]25}29 eI,
r n=k
and
5% (M(jga—¢]2¢ <67 M [ U ;n—;Zg] .

Letting n — o, we can obtain {{,,} lacunary I,-statistical converges in measure to .
3. CONCLUSION

In this paper, we give lacunary I-statistically convergence of complex uncertain sequence. In
further studies, the lacunary I,-statistically convergence by using double sequences can be
defined and examined for complex uncertain sequence.
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