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1. Introduction

Complex contact manifolds has an old history same as real contact manifolds but because of some difficulties and
restrictions researchers could not give their attention to subject. The first work on complex contact manifolds was
done by Kobayashi [6] in 1959. In 1980, Ishihara and Konishi [4,5] showed the presence of almost contact structure on
complex contact manifolds, obtained the Hermitian metric associated with the contact structure, and gave the definition
of complex almost contact metric manifold.

Although there are many articles on real Sasakian manifolds, studies on complex Sasakian manifolds were not
available until 2000. In 2000, Foreman published his first work on complex Sasakian manifolds [3]. In 2006, Fetcu
studied harmonic map between complex Sasakian manifolds [2]. In 2021, present author et al. define a complex
Sasakian manifold by considering the real case, and curvature, Ricci curvature andGH−sectional curvature of complex
Sasakian manifolds are studied [9].

Properties of many tensors and curvatures on real Sasakian manifolds have been studied, and there are many articles
in the literature on this subject. Complex Sasakian manifolds are very difficult to work with, the calculations are
complex and long. For this reason, obtaining the properties of tensor fields and curvature tensor fields on a complex
Sasakian manifold requires a very laborious work. The best known of the curvature tensor fields are the projective,
concircular and conharmonic curvature tensor fields. So, these tensors are studied on a complex Sasakian manifold.

In this paper, firstly the basic concepts of complex Sasakian manifolds are given, then the definitions of projective,
conharmonic and concircular curvature tensors on a complex Sasakian manifold are given, and the properties of these
tensors are investigated.
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2. Preliminaries

For details of complex contact manifolds we recommend [1].

Definition 2.1. Let N be a complex manifold of odd complex dimension 2n+ 1 covered by an open covering C = {Ai}

consisting of coordinate neighborhoods. If there is a holomorphic 1-form ηi on eachAi ∈ C in such a way that for any
Ai,A j ∈ C and for a holomorphic function fi j onAi ∩A j , ∅

ηi ∧ (dη j)n , 0 inAi,

ηi = fi jη j, Ai ∩A j , ∅,

then N is called a complex contact manifold.

The complex contact structure determines a non-integrable distribution Hi by the equation ηi = 0 such as

Hi = {Wp : ηi(Wp) = 0,Wp ∈ TpN}

and a holomorphic vector field ξi is defined by

ηi(ξi) = 1

and a complex line bundle is defined by Ei = Span{ξi}.
Let T c(N) be complexified of tangent bundle of (N, J, ηi) and let define vector fields

Ui = ξi + ξ̄i, Vi = −i(ξi + ξ̄i)

and 1-forms

ui =
1
2

(ηi + η̄i), vi =
1
2

i(ηi − η̄i).

The complexified Hi and Ei is defined by

Hi
c = {W ∈ T c(N)|u(W) = v(W) = 0},

Ei
c = Span{U,V}.

We use notationH andV for the union of Hi
c and Ec

i , respectively. H is called horizontal distribution andV is called
vertical distribution and we have

T N = H ⊕V.

Definition 2.2. Let N be a complex manifold of odd complex dimension 2n + 1 with complex structure J, Hermitian
metric g and C = {Ai} be open covering of N with coordinate neighbourhoods {Ai}. If N satisfies the following two
conditions, then it is called a complex almost contact metric manifold:

(i) In each Ai there exist 1-forms ui and vi = ui ◦ J, with dual vector fields Ui and Vi = −JUi and (1, 1) tensor
fields Gi and Hi = GiJ such that

H2
i = G2

i = −I + ui ⊗ Ui + vi ⊗ Vi,

GiJ = −JGi, GUi = 0,

g(W,GiZ) = −g(GiW,Z),

where W,Z are vector fields on N.

(ii) OnAi ∩A j , ∅ we have

u j = aui − bvi, v j = bui + avi,

G j = aGi − bHi, H j = bGi + aHi

where a and b are functions onAi ∩A j with a2 + b2 = 1 [4, 6].
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By direct computation we have

HiGi = −GiHi = Ji + ui ⊗ Vi − vi ⊗ Ui,

JiHi = −HiJi = Gi,

GiUi = HiUi = HiVi = 0,
uiGi = viGi = uiHi = viHi = 0,
JiVi = Ui, g(Ui,Vi) = 0,

g(HiW,Z) = −g(W,HiZ).

Define fundamental 2-form G̃ and H̃ on N by

G̃(W,Z) = du(W,Z) − (σ ∧ v)(W,Z),
H̃(W,Z) = dv(W,Z) + (σ ∧ u)(W,Z),

where σ(W) = g(∇WU,V), ∇ being the Levi-Civita connection of g [4].
Ishihara and Konishi [4] defined local tensors

S (W,K) = [G,G](W,K) + 2g(W,GK)U − 2g(W,HK)V
+2(v(K)HW − v(W)HK) + σ(GK)HW

−σ(GW)HK + σ(W)GHK − σ(K)GHW,

T (W,K) = [H,H](W,K) − 2g(W,GK)U + 2g(W,HK)V
+2(u(K)GW − u(W)GK) + σ(HW)GK

−σ(HK)GW + σ(W)GHK − σ(K)GHW,

where

[G,G](W,K) = (∇GWG)K − (∇GKG)W −G(∇WG)K +G(∇KG)W

is the Nijenhuis torsion of G, and K is vector fields on N.

Definition 2.3. A complexηalmostηcontactηmetricηmanifold is called IK-Normalη if S = T = 0.

Korkmaz gave a weaker definition for normality in [7].

Definition 2.4. A complex almost contact metric manifold is called normal if
S (W,Z) = T (W,Z) = 0 for all W,Z inH and S (W,U) = T (W,V) = 0 for all W.

Complex Sasakian manifold are normal due to Korkmaz’s definition.

Definition 2.5. Let (N,G,H, J,U,V, u, v, g) be a normal complex contact metric manifold. If fundemental 2- forms G̃
and H̃ is defined by

G̃ (W,Z) = du(W,Z) and H̃ (W,Z) = dv (W,Z) ,

then N is called complex Sasakian manifold [9].

Thus, we get following result;

Theorem 2.6. [9] A normal complex contact metric manifold N is complex Sasakian if and only if

(∇WG)Z = −2v(W)HGZ − u(Z)W − v(Z)JW + g(W,Z)U + g(JW,Z)V,

(∇W H)Z = −2u(W)HGZ + u(Z)JW − v(Z)W − g(JW,Z)U + g(W,Z)V.

On a complex Sasakian manifold, we get

∇WU = −GW, ∇WV = −HW.
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In [9], the properties of the curvature tensor of a complex Sasakian manifold are studied. The properties of the curvature
tensor of a complex Sasakian manifold are as follows

R (U,V) V = R (V,U) U = 0,
R(W,U)U = W + u(W)U + v(W)V, (2.1)
R(W,V)V = W − u(W)U − v(W)V,
R(W,U)V = −3JW − 3u(W)V + 3v(W)U,
R(W,V)U = 0,
R(W,Z)U = v(W)JZ − v(Z)JW + 2v(W)u(Z)V − 2v(Z)u(W)V (2.2)

+ u(Z)W − u(W)Z − 2g(JW,Z)V,
R(W,Z)V = 3u(W)JZ − 3u(Z)JW − 2u(W)v(Z)U + 2u(Z)v(W)U

+ v(Z)W − v(W)Z + 2g(JW,Z)U,
R(U,V)W = JW + u(W)V − v(W)U,
R(W,U)Z = −2v(Z)v(W)U + 2u(Z)v(W)V − g(Z,W)U (2.3)

+ u(Z)W + g(JZ,W)V,
R(W,V)Z = 3u(Z)JW + 2u(Z)u(W)V + 3g(JZ,W)U

− 2v(Z)u(W)U − g(Z,W)V + v(Z)W − 2u(W)JZ,

where W,Z ∈ Γ(T N). Present author and Unal [8] presented properties of Ricci curvature tensor of a normal complex
contact metric manifold. For complex Sasakian case we have the following relations;

ρ(U,U) = ρ(V,V) = 4n, ρ(U,V) = 0, (2.4)
ρ(W,U) = 4nu(W), ρ(W,V) = 4nv(W), (2.5)
ρ(W,Z) = ρ(GW,GZ) + 4n (u(W)u(Z) + v(W)v(Z)) ,
ρ(W,Z) = ρ(HW,HZ) + 4n (u(W)u(Z) + v(W)v(Z)) ,

where W,Z ∈ Γ(T N).

3. The Properties of Projective, Concircular and Conharmonic Curvature Tensor Fields on a Complex Sasakian
Manifold

In this section, we will investigate the properties of projective concircular and conharmanic curvature tensors, which
are important curvature tensor fields, on a complex Sasakian manifold. First, the definition of the projective curvature
tensor field of a complex Sasakian manifold is given.

Definition 3.1. The projective curvature tensor is defined as follow on a complex Sasakian manifold N;

P(X,Y)Z = R(X,Y)Z −
1

4n + 1
[ρ(Y,Z)X − ρ(X,Z)Y], (3.1)

where X,Y,Z ∈ Γ(T N).

The properties we get from the definition of the projective curvature tensor field are expressed in the following
theorem.
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Theorem 3.2. The projective curvature tensor field of a complex Sasakian manifold N provides the following proper-
ties:

P(U,W)U = −
1

4n + 1
W,

P(Y,W)U = −2g(JY,W)V,
P(QY,W)U = −2g(JQY,W)V,

P(U,V)U =
4n

4n + 1
V,

P(U,U)U = 0,

P(U,QU)U = −
1

4n + 1
QU −

1
4n + 1

ρ(QU,U)U,

P(U,W)Y = −g(JY,W)V + g(Y,W)U −
1

4n + 1
ρ(W,Y)U,

P(U,W)QY = −g(JQY,W)V + ρ(Y,W)U −
1

4n + 1
ρ(W,QY)U,

where Q is Ricci operator of N, U,V vertical and W,Y horizontal vector fields on N.

Proof. If we take X = U, Y = W and Z = U in eq. (3.1) we have

P(U,W)U = R(U,W)U −
1

(4n + 1)
[ρ(W,U)U − ρ(U,U)W].

From eq. (2.4) and (2.5), we get

P(U,W)U = −R(W,U)U +
4n

4n + 1
W.

Using eq. (2.1), we have

P(U,W)U = −W +
4n

4n + 1
W = −

1
4n + 1

W.

Similarly, by taking X = Y , Y = W and Z = U in eq. (3.1) we have

P(Y,W)U = R(Y,W)U −
1

(4n + 1)
[ρ(W,U)Y − ρ(Y,U)W].

From eq. (2.2) and (2.5) we get

P(Y,W)U = −2g(JY,W)V.

On the other hand, by taking X = QY , Y = W and Z = U in eq. (3.1) we get

P(QY,W)U = R(QY,W)U −
1

(4n + 1)
[ρ(W,U)QY − ρ(QY,U)W].

From eq. (2.2) and (2.5) we have

P(QY,W)U = −2g(JQY,W)V.

We choose X = U, Y = V and Z = U in eq. (3.1). Then,

P(U,V)U = R(U,V)U −
1

(4n + 1)
[ρ(V,U)U − ρ(U,U)V].

From eq. (2.1) and (2.4) we get

P(U,V)U =
4n

4n + 1
V.

We choose X = U, Y = U and Z = U in eq. (3.1), we have

P(U,U)U = R(U,U)U −
1

(4n + 1)
[ρ(U,U)U − ρ(U,U)U],



A. Turgut Vanlı, Turk. J. Math. Comput. Sci., 14(1)(2022), 166–173 171

and from eq. (2.1) and (2.4)

P(U,U)U = 0.

We choose X = U, Y = QU and Z = U in eq. (3.1). Then,

P(U,QU)U = R(U,QU)U −
1

(4n + 1)
[ρ(QU,U)U − ρ(U,U)QU],

and from eq. (2.1) and (2.4)

P(U,QU)U = −
1

4n + 1
QU −

1
4n + 1

ρ(QU,U)U.

We take X = U, Y = W ve Z = Y in eq. (3.1). So, we get

P(U,W)Y = R(U,W)Y −
1

(4n + 1)
[ρ(W,Y)U − ρ(U,Y)W],

and from eq. (2.3) and (2.5) we have

P(U,W)Y = −g(JY,W)V + g(Y,W)U −
1

4n + 1
ρ(W,Y)U.

We take X = U, Y = W ve Z = QY in eq. (3.1). Then, we obtain

P(U,W)QY = R(U,W)QY −
1

(4n + 1)
[ρ(W,QY)U − ρ(U,QY)W],

and from eq. (2.3) and (2.5)

P(U,W)QY = −g(JQY,W)V + ρ(Y,W)U −
1

4n + 1
ρ(W,QY)U. □

Definition 3.3. The concircular curvature tensor is defined as follow on a complex Sasakian manifold

Z(X,Y)Z = R(X,Y)Z −
τ

(4n + 2)(4n + 1)
[g(Y,Z)X − g(X,Z)Y], (3.2)

where X,Y,Z ∈ Γ(T N) and τ is scalar curvature of N.

Theorem 3.4. The concircular curvature tensor field of M provides the following properties:

Z(U,Y)W = −g(JW,Y)V +
(4n + 2)(4n + 1) − τ

(4n + 2)(4n + 1)
g(Y,W)U,

Z(U,Y)U =
τ − (4n + 2)(4n + 1)

(4n + 2)(4n + 1)
Y, (3.3)

Z(U,Y)QW = −g(JQW,Y)V + ρ(W,Y)U −
τ

(4n + 2)(4n + 1)
ρ(Y,W)U, (3.4)

where U,V vertical and W,Y horizontal vector fields on N.

Proof. If we take X = U, Y = W and Z = W in eq. (3.2), and using eq. (2.3), we have

Z(U,Y)W = R(U,Y)W −
τ

(4n + 2)(4n + 1)
[g(Y,W)U − g(U,W)Y]

= −g(JW,Y)V + g(W,Y)U −
τ

(4n + 2)(4n + 1)
g(Y,W)U

= −g(JW,Y)V +
(4n + 2)(4n + 1) − τ

(4n + 2)(4n + 1)
g(Y,W)U.

In order to find eq. (3.3), write X = U, Z = U in eq. (3.2) and replacing eq. (2.1) to get

Z(U,Y)U = R(U,Y)U −
τ

(4n + 2)(4n + 1)
[g(Y,U)U − g(U,U)Y]

=
τ − (4n + 2)(4n + 1)

(4n + 2)(4n + 1)
Y.
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To find eq. (3.4), write X = U, Z = QW in eq. (3.2), and using eq. (2.3) we have

Z(U,Y)QW = R(U,Y)QW −
τ

(4n + 2)(4n + 1)
[g(Y,QW)U − g(U,QW)Y]

= −g(JQW,Y)V + ρ(W,Y)U −
τ

(4n + 2)(4n + 1)
ρ(Y,W)U. □

Definition 3.5. The conharmonic curvature tensor is defined as follow on a complex Sasakian manifold

K(X,Y)Z = R(X,Y)Z −
1

4n
[ρ(Y,Z)X − ρ(X,Z)Y + g(Y,Z)QX − g(X,Z)QY], (3.5)

where X,Y,Z ∈ Γ(T N).

Theorem 3.6. The conharmonic curvature tensor field of M provides the following properties:

K(U,W)U = −
QW
4n
,

K(U,U)U = 0,

K(U,QU)U = −QU −
1

4n
ρ(QU,U)U +

1
4n

Q(QU), (3.6)

K(U,V)U = V +
QV
4n
, (3.7)

K(Y,W)U = −2g(JY,W)V, (3.8)

K(U,W)Y = −g(JY,W)V + g(Y,W)U −
1

4n
[ρ(W,Y)U + g(W,Y)QU],

K(U,Y)U =
1

4n
QY, (3.9)

K(QY,W)U = −2g(JQY,W)V, (3.10)

K(U,W)QY = −g(JQY,W)V + ρ(Y,W)U −
1

4n
[ρ(W,QY)U

+ ρ(U,QY)W + ρ(W,Y)QU], (3.11)

where U,V vertical and W,Y horizontal vector fields on N.

Proof. If we take X = U, Y = W and Z = U in eq. (3.5), then we have

K(U,W)U = R(U,W)U −
1

4n
[ρ(W,U)U − ρ(U,U)W + g(W,U)QU − g(U,U)QW].

From eq. (2.1),(2.4), and (2.5) we get

K(U,W)U = −W −
1
4n

[−4nW + QW] = −
QW
4n
.

We take X = U, Y = U and Z = U in eq. (3.5). Thus, we have

K(U,U)U = R(U,U)U −
1

4n
[ρ(U,U)U − ρ(U,U)U + g(U,U)QU − g(U,U)QU].

Using eq. (2.1) and (2.4) we get

K(U,U)U = 0.

If X = U, Y = W and Z = U are written in eq. (3.5) and eq. ( 2.1) and (2.4) are used, eq. (3.6) is obtained.
If X = U, Y = V and Z = U are written in eq. (3.5) and eq. (2.1) and (2.4) are used, eq. (3.7) is obtained.
If X = Y , Y = W and Z = U are written in eq. (3.5) and eq. (2.2) and (2.5) are used, eq. (3.8) is obtained.
If we take X = U, Y = W and Z = Y in eq. (3.5), then we have

K(U,W)Y = R(U,W)Y −
1

4n
[ρ(W,Y)U − ρ(U,Y)W

+ g(W,Y)QU − g(U,Y)QW].
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From eq. (2.3) and (2.5), we get

K(U,W)Y = −g(JY,W)V + g(Y,W)U −
1

4n
[ρ(W,Y)U + g(W,Y)QU].

If X = Y and Z = U are written in eq. (3.5) and eq. (2.1), (2.5), (2.4) are used, eq. (3.9) is obtained.
If X = U and Z = U are written in eq. (3.5) and eq. (2.1), (2.5), (2.4) are used, eq. (3.10) is obtained.
If X = U, Y = W and Z = QY are written in eq. (3.5) and eq. (2.3) and (2.5) are used, eq. (3.11) is obtained. □
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