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ABSTRACT

Let G be a graph of order n with vertices labeled as vi, vy, ..., vn. Let d; be the degree of the vertex vi, for i =
1, 2, ..., n. The sigma index, which have been defined very recently, of G is o(G) = Zyjce)(di — dj)2 In this
paper, the sigma index of the Cartesian product, composition, join and disjunction of graphs are computed.
We apply some of our results to compute the sigma index of some special graph classes.
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1. INTRODUCTION

All graphs considered in this paper are assumed to be simple connected graphs. Let G be a
(molecular) graph with vertex set V (G) = {v1,Vv2,...,vn} and edge set E(G). The degree of
a vertex vi € V(G) is the number of vertices adjacent to v and is denoted by dj. If vj
and vj are adjacent vertices of G, then the edge connecting them is denoted by vjvj. A
walk from a vertex u to a vertex v is a finite alternating sequence vo(= u)e1vie2 ...vkiek
vk (= v) of vertices and edges such that ej = vij—1Vvj

for i = 1,2,...,k. The number k is the length of the walk. In particular, if the
vertex vj,i =0,1,...,k in the walk are all distinct then the walk is called a path, a path of
order n is denoted by Pn. A closed path or cycle, is obtained from a path v1,..., vk
(where k > 3) by adding the edge vivk, a cycle of order n is denoted by Cp. A
wheel graph Wp is a cycle graph Cp with an additional central vertex adjacent to all

the vertices on the cycle graph. A graph is connected if each pair of vertices in a graph
is joined by a walk. A bipartite graph is a graph such that its vertex set can be
partitioned into two sets X and Y (called the partite sets)

such that every edge meet both X and Y. A complete bipartite graph is a bipartite
such that any vertex of a partite set is adjacent to all vertices of the other partite set. A
complete bipartite graph with partite set of cardinalities p and q is denoted by Kpq -
The graph Kin-—1 is also called a star of order n, denoted by Sp. A simple
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undirected graph in which every pair of distinct vertices is connected by a unique edge,
is the complete graph and is denoted by Kp. For other graph theory notation and

terminology we refer to [12]. The Cartesian product G x H of graphs G and H has the
vertex set V(G xH) =V (G) xV (H) and (a,x)(b,y) is an edge of G xH if a = b and xy
€E(H), or ab € E(G) and x = y. If (a,x) is a vertex of G x H, then dGgxH ((&, X)) =
dg(a) + dH (x). The composition G[H] of graphs G and H with disjoint vertex sets V
(G) and V (H) and edge sets E(G) and E(H) is the graph with vertex set V (G) xV (H)
and (a, x) is adjacent to (b,y) whenever bis adjacent to y or a = b and x is adjacent to y.
If (& x) is a vertex of G[H], then dg[H]((a X)) = |V (H)ldG(a) + dH (x). The corona
product G - H is defined as the graph obtained from G and H by taking one copy of G and
|V (G)| copies of H and then by joining with an edge each vertex of the ith copy of H

which is named (H, i) with the ith vertex of G for i = 1,2..|V(G)|. If uis a vertex of G°H,
then

de(u) + |[V(H)| if uweV(Q)
deop(u) =
dp(u) +1 it we(H, i)

The join G + H of graphs G and H is a graph with vertex set V (G) vV (H) and edge
set E(G) VUE(H) u{uv : u € V(G) andv € V(H)}. The symmetric difference G &
H of two graphs G and H is the graph with vertex set V (G) @V (H) and E(G @H) = {(u1,
u2)(v1,v2)luivly €E(G) or u2vy €E(H) but not both}. The tensor product G @H of
two graphs G and H is the graph with vertex set V (G) &@V (H) and E(G ¢@H) = {(u1,
u2)(vi,v2) |uivay €E(G),u2v2 €E(H)}. A topological index Top(G) of a graph G, is
a number with this property that for every graph H isomorphic to G, Top(H) = Top(G).
Usage of topological indices in chemistry began in 1947 when chemist Harold W iener
developed the most widely known topological descriptor, the Wiener index, and used it to
determine physical properties of types of alkanes known as paraffin. In Mathematical
Chemistry, there is a large number of topological indices of the form

TI=TI(G)= Y F(di.dj).
UZ-.IJJ-EE(G}

The most popular topological indices of this kind are the:
e First Zagreb index, M1(G) = ¥, cv(q) da(u)?,

e Second Zagreb index, Ma(G) =3 ,,.cp(c) (11@(1{)11(;(1')).

e Third Zagreb index, Ms(G) = Eut'EE(G)

de(u) — (ic,-(e*)‘.

2
e Hyper-Zagreb Index, HM(G) = ZuUEE(G) ((:’G(N) + (fg(w))

Note that there are several more indices, see ([1], [4], [11]). The Zagreb indices are
widely studied degree-based topological indices, and were introduced by Gutman and T
rinajstic [3] in 1972. Recently, there was a vast research on comparing Zagreb indices see
([61, 8], [9])- A survey on the first Zagreb index see [2]. The sigma index can also be
expressed as a sum over edges of G, is defined as [5]

oGy = Y (di—dj)*

viv; €E(G)

156



The Sigma Index of Graph Operations / Sigma J Eng & Nat Sci 37 (1), 155-162, 2019

In [5], the authors defined the sigma index and studied inverse problems for the
sigma index. We begin with the following basic example.

Example 1. In this example the sigma index of some well-known graphs are cal-
culated. We first consider the complete graph Kp and let Knn, denote a complete
bipartite graph. Then

wt) = ¥ (dot - dc(v))Q 0.

web(K,)

oK)= («:(u) - dc,-(v))z —0.

wEE (K, n)

Let Km,n(m > n) , denote a bipartite graph. Then we have:

2
o(Kpn) = Z da(u) — f‘fg(-i')> =m(m — n)z‘

u"UEE(Km,n,]
For a cycle graph with n vertices, we have:

D)
H(Crn) = Z ((FG(H) — (fg({‘}) = 0.
wveE(Cn)
For a path with n > 2 vertices, we have:

a(P)= > (f-fc:(“) - ffc;(f‘))i =2.

uwweE(Pn)
For wheel on n+1 vertices, we have:

2
oWy = Y (fzg(“)—dc,-(p)) = (n—1)(n—4)2%

uwve B(Wy,)

In this paper, the sigma index of the Cartesian product, composition, join and
disjunction of graphs are computed. Also, we apply some of our results to compute the
sigma index of some special graph classes.

2. SIGMA INDEX OF GRAPH OPERATIONS

We begin this section with standard lemma as follows.
Lemma 1. Let G and H be two connected graphs, then we have:
@IV(G xH)[=IV(G WH)[= |V (GIH]I=IV (G @&H)[=IV (G)[IV(H)I,
[E(G xH)I=[E(G)IIV(H)|+[V(G)IIE(H)I,
[E(G+H)[=IE(G)[+|E(H)[+|V(G)V(H)I,
EGIHDI=IEG)IIVH)Z +EG)IV(H)I,
[EG WH)I=IV @)V (H) + [EG)IIV (@) ~2[EG)IIE(H)I,
|E(G @H)I=IEG)IIV(H)I? +[EM)IIV(G)I® ~42IEG)I[E(H)I.
(b) G xH is connected if and only if GandH are connected.

0od
(c) If(a,b) is a vertex of G xH thendgxg (a,b) =dg(a)+dH(b).
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0 O
(d) If(a,b) is a vertex of G[H] then dG[H] (a,b) =|V(G)|dg(a) + dH (b).
(e) If(a,b) is a vertex of G @H orG vH, we have:
0 0
de@H (ab) =|V(G)ldG(a) + |V (G)ldH (b) —2dG(a)dH (b).

0J U
dewH (ab) =[V(H)ldG(a) +|V (G)ldH (b) —dG(a)dH (b).
(f) ) Ifu is a vertex of G+H then we have:

de(u) +|V(H)| i ueV(G)
deop (1) =
du(u) +[V(G)] o weV(H).

Proof. The parts (a) and (b) are consequence of definitions and some famous results of the
book of Imrich and Klavzar [7]. For the proof of (c-f) we refer to [10].

Theorem 1. Let G and H be graphs. Then
o(G xH) = |V (G)la(H) + |V (H)|a(G).
Proof. From the definition of the Cartesian product of graphs, we have:
E(G xH) ={(a,x)(b,y) : ab €E(G), x =y or xy €E(H),a =b}
therefore we can write:

o(Gx H) = > [daxm((a,2)) — daxm (b, y))]?

(a,z)(by)eE(GxH)

Yoo Y ldela) +du(x) — da(a) — du(y)]?

acV(G) (zy)eE(H)

T Z Z [di(x) + dg(a) — dg(z) — ff?c(b)]g

2€V (H) (a,b)€E(G)

> Y lue) —da)?

aceV(G) (z,y)eE(H)

+ > > ldala) — da(b)?

2V (H) (a,b)cE(G)

)|o(H) + (G).

As an application of Theorem 1, we list explicit formulae for the sigma index of the
rectangular grid Pr xPs, C4 -nanotube Py xCgq and C4-nanotorus Pr xWs. The formulae
follow from Theorem 1 by using the expressions, M1(Ppn) = 4n —6,n >1;M1(Cp) =4n.

Corollary 1.
1) o(Pr xPs)=2(r+s), r,s>3,
2) O'(Pr XCq)qu,

3) o(Pr xWn) =r(n—1)(n —4)2 +2n n> 4.
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Theorem 2. Let G and H be graphs. Then

o(GIH) = IV (H)[*5(G) + 2IE(H)IIV (H)IM1(H) ~8IE(H)I* IV (G)lo(H).
Proof. From the definition of the composition G[H] we have:
o(G[H]) = Z ey ((a, 2)) — deypp (b, 9))]

(a,x)(by)sE(GH])
abeE(G)

. ) 5
- Z [dapmn ((a, x)) — depn((a, v)]”
(a.x)(a.y)EE(G[H])
ryeE(G)

DI (I""(H}Ifi{';'(a}+d-H(IJ—IL"(HJId(:{f!J—du('.UJ)d

eV (H) yeV (H) abeE(G)

- Y Y ldu(x) —du(y)®

acV(G) ryeE(H)

> 2 X (n-’(mm{;-m}+d-mz:rj—n-"tHndc{m—du(-.w)‘

2V (H) yeV (H) abeE ()

— |V(G)|AI(H)

Z Z Z (H"{H)Q{dc{ﬂ} dg(b)? + dy(x)? + dy(y)*—

zeV(H) yeV (H) abeE(H)

2dy (x)dy(y) — 2|\V(H)|(dg(a) — dg(b))(dy (z) — dy (EJJ})

— V(G)|o(H)

= |[V(H)[*o(G) + 2|E(H)||V (H)| My (H) — 8| E(H)|* — |V(G)|a(H).
0
As an application of Theorem 2, we present formulae for the sigma index of the fence
graph Cq[Pr] and the closed fence graph Pr[Cq].
Corollary 2. (Cq[Pr]) = 4r? +12r -29+8, (Pr[Cql) :2q4.
Theorem 3. Let G and H be graphs. Then
a(GH) = () + |V (G)lo(H) + |V (H)IM1(G) + |V (G)IM1(H) — 8[E(G)I[E(H)|

+(V(H)-1)7 =4V (HDZEH)+4V @IV (H)IEH)] 41V (H)IEG)]
+4|V (G)[|E(H)I.

Proof. Using the definition of the sigma index, we have
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g(GoH)= Z [diGory (1) — digom (V)]

uveE(GoH)

= Y lde(u) + |V(H)| —dg)(v) — [V (H)[]?
uve E(G)
V(&)

+ Z Z [digry(u) + 1 — dggy (v) — 1]

wwek(H) i=1

+ )Y ld(w) + |V H)| = dun(v) — 1]
ueV(G) veV (H)
— o (G) + [V(G)|o(H)
+ Z Z [digy(u)® + dipry(v)? — 2d gy (w)diary (v)
ueV(G) veV (H)
+ (V)| = 1) =2V ()| = 1)(d(c) (u) — dyr) (v))]
=0(G) + |V(G)|la(H) + [V(H)|My(G) + [V(G)|M1(H) — 8| E(G)||E(H)|
+([V(H)| = 1)* = 4|V (H))*|E(H)| + 4]V (G)||V (H)||[E(H)| — 4|V (H)||[E(G)]
+4|V(G)||EH)|.

Corollary 3. o(Pr °Cq) = 4q3 —q2(4r —1)+4q+3.
Theorem 4. Let G and H be graphs. Then we have:
o(G+H)=[V(H)IM1(G)+|V(G)IM1(H) —8|E(G)|IE(H)| -4V (G)IIV (H)IIE(G)I
+4QV @DZIEH)I+ 40V (H)DZEG)-4IV G)IIV (H)IIE(H)]
+0(G)+o(H).
Proof. From the definition we know:
E(G+H)=E(G) UE(H) uU{uv : u €V (G),v €V (H)}.
So, we have:

oG+ H)= Z i+ 1) (1) — digy i) (V)]

uve(G+H)

= Z [d{ff+H)(“)_d(ff+ff)(1"]']g
uveE (H)

+ Y dgem (W) = digem) (@)
uvEE(G)

+ > Y e — dgrm @)

ueV (G) veV(H)
It is easy to see that:

160



The Sigma Index of Graph Operations / Sigma J Eng & Nat Sci 37 (1), 155-162, 2019

Z [dig+my(u) — digmy(v))?

uveE ()
= Y ldg(w) —de) ()] = o(G).
uve E(&) (1)
and similarly we have:
Y ld@imy(w) — digem @)
ureE(H)
Z [depry (1) — dygpy(v)]? = o(H).
uve E(H) @
Finally, we can write:
Z Z [diG+m)(u) — digim (v)]
eV (G) veV (H)
= Y D ldgyu)+ |V(H)| - dypy(v) - [V(G)]?
usV(G)veV (H)
Z Z [ (e (u) —til‘;“[:J = 2d(q)(u)dy (v) — (V(H)| - [V(G) )2
usV{(G)veV (H)
~2( V()| = V@D (@) i) = dn ) |
= |V(H)|M1(G) + |V(G)|Mi(H) — 8|E(G)||[E(H)| — 4|V(G)||V(H)|| E(G)|
+A(|V(G))2IEH)| + 4|V (H)|E(G)| — 4V (G)||V (H)|| E(H)|. @)
0

Combining these three equations (1), (2), (3) will complete the proof.
Corollary 4. o(Pr +Cq) = 4q2 —-qr—2q —2.

3. CONCLUDING

In this paper, the sigma index of the Cartesian product, composition, join and
disjunction of graphs are computed. Also, we apply some of our results to compute the
sigma index of some special graph classes.
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