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ABSTRACT

In this paper, we give the correct quantum Hermite-Hadamard type inequality for the functions of two
variables over finite rectangles. We provide some quantum estimates between the middle and the leftmost
terms in correct quantum Hermite-Hadamard inequalities of functions of two variables using convexity and
quasi-convexity on the co-ordinates.

Keywords: Hermite-Hadamard inequality, Hermite-Hadamard type inequality on co-ordinates, Quantum
Hermite-Hadamard type inequality, Quantum Hermite-Hadamard type inequality on co-ordinates, Convexity
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1. INTRODUCTION

Quantum calculus (named g-calculus) is the study of calculus without limits. In [5], Jackson
started study of g-calculus and presented g-definite integrals. The topic of g-calculus has wide
applications in different areas of mathematics and physics. Some recent developments in the
theory of g-calculus and theory of inequalities in g-calculus see [3, 4, 6] .The most recently, many
authors started developing quantum integral inequalities using classical convexity and quasi-
convexity (see [1, 10, 11, 12, 13, 15, 16, 17, 18]).

In, [10], Latif et al. develop quantum integral inequalities theory for functions of two
variables and provide some g-Hermite-Hadamard type inequality of functions of two variables
over .nite rectangles. Also, Latif et al. provide some quantum estimates for the rightmost terms of
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the g-Hermite-Hadamard type inequalities of functions of two variables using convexity and
quasi-convexity on the co-ordinates.

Throughout this paper, for the conciseness we will suppose that a, b, ¢,d € R with a < b and
c<d, 0<g<1,0<gqg;<1and 0<q, <1 are constants, A:=[a,b] x [c,d] c R? is a
rectangle and A°:= (a, b) X (c, d) is the interior of A.

Let real function f be defined on some non-empty interval I of real line R. The function f
said to be convex on I, if the inequality

fta+ (1 —-0b) <tf(a)+ (1 —-t)f(b)
holds forall a,b € I and t € [0,1].
The function f said to be quasi-convex on I, if the inequality

f(ta+ (1 —t)b) < sup{f(a), f(b)}
holds forall a,b € I and t € [0,1].
The most important integral inequality for convex functions is the Hermite-Hadamard
inequality, which is stated as follows:

f(a_ﬂ,) sﬁf:}‘(t) dtSf(a):f(b)l ()

2

A function f: A— R is called convex (quasi-convex) on the co-ordinates if the partial
mappings fy:[a,b] » R, f,(w):= f(u,y) and f;:[c,d] » R, f,(v):= f(x,v) convex (quasi-
convex) where defined for all y € [c,d] and x € [a, b] (see [2, 14]).

A formal definition for the co-ordinated convex functions is given in [7, Definition 1] as
follows:

Definition 1. [7] A function f: A— R is said to be co-ordinated convex on a, for all t,s € [0,1]
and (x,y), (u,v) €a, if the following inequality holds:
fltx+ A —-u,sy+ (1 —s)v)
<tsf,y) +s(A—-O)f,v) +t(1—s)f(w,y) + (1 —t)(A - s)f (u,v).
Similarly, a formal definition for the co-ordinated quasi-convex functions is given in [9,
Definition 2] as follows:

Definition 2. [9] A function f: A— R is said to be quasi-convex on the co-ordinates on A, for all
t,s € [0,1] and (x,y), (u, v) €4, if the following inequality holds:
fy+ @ —0t)x,sv+ (1 —s)u) <sup{f(x,y), flx,v),fwy),fwv)}
In [2], Dragomir proves the Hermite-Hadamard type inequality for co-ordinated convex
functions as follows:

Theorem 1. Suppose that f: A— R is the co-ordinated convex on A. Then one has the following
inequalities

P50 =l r (o5 a2 () ] <
—f fx, c)dx+—f Fx, d) dx

[P [, y)dydx < 2 <
(braa-oe +——["fa,y) dy + [ f(b,y) dy
flac)+f(a,d)+f(b,c)+f(b,d)
" .
The above inequalities are sharp.
In [8], Latif and Dragomir prove some new inequalities which give estimate between the
middle and the leftmost terms in (1:2) for differentiable the co-ordinated convex functions, by

using the following identity.

1.2)
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Lemma 1. Let f: A— R be a partial diff erentiable mapping. If ﬁ € L(A), then the following
identity holds:

ula,b,c,d) = (b—a)(d—-c) fgl folK(t, s) 32f(ta+(1—ats)§;sc+(1_5)d) dsdt )
where
o)
u(a,b,c,d) =| , d d b I
1 c+ 1 .
{b !fO'Z >m_d—c!f( ) j
and
(ts , (ts)e [0 ] % [0’%]
K(ts)=$t(s—1) , (t,s)e[ ] G’l].
) ls(t -1 , (ts)e (5'1] % [0%]

lt-D6s-1 , @s)e(1]x(1]
In [1], Alp et al. prove the correct g-Hermite-Hadamard inequality as follows:
Theorem 2. Let f: [a, b] —» R be a convex differentiable function on (a, b) and 0 < g < 1. Then
we have

ga+b 1 b qf(a)+f(b)
f(552) < 55 12 F Q) adgx < LG, (L4)

1+q

In the same paper, Alp et al. obtain inequalities for g-differentiable convex and quasi-convex
mappings which are connected with the left hand part of the inequality (1.4).

2. PRELIMINARIES AND DEFINITIONS OF q-CALCULUS IN THE PLANE

The following definitions and properties for partial g4, q,, 1 q--derivatives and g, g,-integral
of a function f on A are given in [10].

Definition 3. [10] Let f: A— R be a continuous function of two variables, the partial g;-
derivatives, g,-derivatives and g, q,-derivatives of f at (x,y) €A can be defined as follows:

a9q, FxY) _ flqix+(1-q)ay)—f(xy)

b oo T 1)
B f(Y) _ flagy+(1-q2)c)—f (x.y)
g, N (1-q)(y-0) PYEC (22)

f@1x+(1-q1)a,q2y+(1-q2)c)
—f(q1x+(1-q1)ay)

ac9q1,0,S (X¥) —f(.a:y+(1-g5)0) + £ (x,y)
= . 2.
a0q,% 0% 1-q)-g)x-a)y—¢c) ’ x#ay#c (23)
. L . . . o a0 3
The function f: A— R is said to be partially q,, q,, q1q,-differentiable on A° if %,
a%qq

c0q,f (x.y) an a,caél,qu(x.y)
Oq2¥ a0q,% g, Y

Definition 4. [10] Let f: A— R be a continuous function of two variables. Then the definite
q1q.-integral on A is defined by

exist for all (x,y) €A’ respectively.
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P2 F@5) adg t odg,s = (1= q)(1 — ) (x — a)(y — ©) (2.4)
X Ym=02n=0919z f(aix + (1 —q)a,q7'y + (1 — q3)c)
for (x,y) €A. If (x1,y,) €A°, then
Jy J7 F(65) adg,t cdg,s = [ 7 f(t:5) adq,t cdg,s = [} [3 F(6,5) adg,t cdg,s =
F I F(8) adg t cdg,s = [ [ £(65) adq,t cdg,s = J7 [ F(t5) adq, t cdg,s +
ST F(5) adg, t cdg,s. (2.5)
In [10], Latif et al. prove the quantum Hermite-Hadamard inequality of functions of two
variables over finite rectangles as follows:

Theorem 3. Suppose that f: A— R is the co-ordinated convex on A. Then one has the following
inequalities

F(5250) < s Jo £ (0 50) adayx + 55 02 £ (55707) eday 2.6)
b d
Sm][ﬂx,}’) cdqzy adq X

ff(a y) cdg,y + ff(b ¥) cdg,y ]I

| 21+ ql)(d 2(1+ ql)(d

<

a)ff(x c) dq1x+ ff(x d) dqlx

2(1+QZ)(b 2(1+Q2)(b

‘h‘hf(a c) +q:f(a, d) + q2f(b,c) + f (b, d)
(1+qg)0+q7)

The first and second inequalities in (2.6) are not correct. In this paper, our aim is to give
correct quantum Hermite-Hadamard type inequality of functions of two variables over finite
rectangles and provide some quantum estimates between the middle and the leftmost terms in
correct quantum Hermite-Hadamard inequalities of functions of two variables using convexity
and quasi-convexity on the co-ordinates.

3. NEW QUANTUM HERMITE-HADAMARD TYPE INEQUALITIES ON THE CO-
ORDINATES

Throughout this section, we will take

d
_ (hatb qc+d 1 qa+b )
Hay, (@b, ¢, ) (f) '_f(1+q1 ’ 1+q2) d—cff(1+q1 Y edayy
[

b b d
1f(q2c+d)d + 1 jj( ) d d
b—a)’ YTrq ) T - -0 [y) e,y adda,

a ¢

a

Theorem 4. (Quantum Hermite-Hadamard inequalities on the co-ordinates) Let f: A— R is the
co-ordinated convex and partially differentiable function on A. Then we have the following
inequalities

f (MM) (3.1)

1+q, ~ 1+q;

1 b qyc+d qia+b
s 2(b—a) fa f(x' 1+q2) adql 2(d—- c)f f(1+q ) quzy
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1 b rd
Smf Jo fFO0y) g,y odg x <
ff(ay) d‘hy+

+2(1+q = a)f fx0) d‘hx

41421 (a,c)+q1f(a,d)+q.f (b,c)+f (b, d)
(1+41)(1+q2)

The above inequalities are sharp.
Proof. Since f is the co-ordinated convex function on A and partially differentiable function on
A°, it follows that the function f.:[c,d] » R, f,(¥):= f(x,y) is convex on [c,d] and
differentiable function on (c,d) for all x € [a,b]. Then by using the g-Hermite-Hadamard
inequality (1.4), one has

[EFb,y) cdg,y
(x,d) qdq X a

2(1+Q1)(d c) 2(1+q )(d )

2(1+q )(b a)f f

+d 1 d fx(©)+fe(d)
fe (B59) < = 1A 0) odgy < BEEED x € [a,0), 3.2)
That is
4zctd 1 d a2f (x,0)+f (x,d)
f(x' 12+q2) = Efc ACHY g,y < ZT' x € [a,b]. (3.3)

By q,-integrating of (3.3) on [a, b], we have

+d 1 b rd
b— af f( '%) adqlx SML' fc f(xvy) cdqzy adqlx =

L [Efa fx,€) qdg,x + leaftff(x' d) adqlx]- (3.4)

1+q,
By a similar argument applied for the function f,: [a, b] = R, f,,(x): = f(x,y), we get

b 1 b pd
f f(‘ha+ ry) quZy_mf f f(x’y) quzy adqlxs

1+q

—[ [£ (@) g,y + [7 F(B,Y) cdg,]. (35)

1+q
Summing the inequalities (3.4) and (3.5), we have the following inequalities

IIzC+d 1 d qia+b
2(b- a)f f( % ) d x+2(d—c)fc f(1+q1 ,_'V) quzyS
mf N f(xy) cdq,y adq,x <
z(1+q2)(b a)f fx,0) d‘hx+z(1+q )b— a)f fx,d) d‘hx+z(1+q )d- c)f fla,y) cdg,y +

2(1+4; )(d c)f f(b,y) cdg,y. (3.6)
Also by using the g-Hermite-Hadamard inequality (1.4), we have
qia+b qyc+d 1 b qpc+d

f(1+q1 ! 1+qz) = Efa f(x, 1+q2) ad‘hx (3.7
and
q.a+b qyc+d 1 d . (qia+b

f(1+q1 ' 1+q2) s Efc f(1+q1 ’y> cdg,Y- (3.8)
Summing the inequalities (3.7) and (3.8), we have the following inequality
q1a+b qpc+d q2c+d

f(1+q1 ’ 1+q ) 2(b- a)f f( ) dg,x (3.9

q1a+b
Z(d c)f f( 14q, ) quzy'
Finally by using the q-Hermite-Hadamard inequality (1.4), we have

92 q1f(a,c)+f(b.c)
( ff(x c) dqlx) 2(1+q2)( 1+q4 )‘ (3.10)

2(1+Q2)
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a2 az q1f(a,d)+f(b,d)
2(1+q2)( f f(x d) d‘hx) 2(1+q2)( 1+q, ) (3.11)
a1 q1 q2f(a,0)+f(a,d)
2(1+q1) (d cf f(a y) d‘hy) 2(1+q1)( 1+q, )' (3'12)
q1 q2f (b,c)+f(b,d)
2(1+q )(d cf f(b y) qu ) 2(1+q1)( 1+q, ) (3'13)
Summing the inequalities (3. 10)-(3 13), we have the following inequality
2(1+q2) (b af f(x C) dqlx) 2(1+q )(b af f(x d) d x) (3'14)
q1
2(1+q)(d cf f(ay) dqz ) 2(1+q)(d cf f(by) dqz )
< 9192 (a,0)+q1f(a,d)+q>f (b,c)+f (b, d)
(1+q1)(1+q2)
By combining (3.6), (3.9) and (3.14), we have (3.1). Thus the proof is accomplished. |

Remark 1. In the Theorem 4, if one takes limit g; — 1 and g; — 1, then one has the Theorem 1.
Lemma 2. Let f: A— R be a twice partially g, q,-differentiable function on A°. If partial q,q,-

2
derivative %"“fs is continuous and integrable on A, then the following equality holds:
a”qi1” c¥qz
Hqi.q, (a! b! ¢ d)(f) = qqu(b - a)(d - C) (315)
1,01 a,c0%1,q,f tb+(1-)a,sd+(1-s)c)
Jo Jy () 2 0,5 oyt |
where
ts . (ts)E [0 L] x [ qu]
1
t(s—a) » ()€ [O 1+q, ><(1+q2 ]
S A (659 € (] [o. 2]
q1 ! q2

)
(D62 el <

a,c05,,q,ftb+(1-t)a,sd+(1-s)c)
a%qt Dq,S

Proof. It is clear that

q1q2(b —a)(d —¢) [f; J, x(t,s)

o, oyt | (3.16)

%%w—@w—deﬁww“”m

ftb+(1-t)a,sd+(1-s)c)
a0q1t 0q,S

0dgq,S odg,t

92 .. f(tb+(1-t)a,sd+(1—s)c)
+ 1+az ( _) ac”q1.92 d. s d t
f1+q1f LEY aahtﬂaqzs 0%az> 0%a,
1Y\ a,c03,,q,f tb+(1-t)a,sd+(1-s)c)
4 g (s — ) actinee dg,s ofdg,t
f f1+q2 a2 afq1t q,S 0%az> 074,
1\ a,0%,q,f (th+(1-)a,sd+(1-5)c)
+ (t——)(s——) - dg S odg. t
f1+q1 f1+qz a2 algit 9q;S 0742 074,

a,c0%,,q,f(tb+(1-t)a,sd+(1-s)c)
adq,t 0, S

1 1
m%w—ww—wmmgmm s oot

ac qlqu(tb+(1 t)a,sd+(1-s)c)

1+q2
+ fH Jo e ts Pest oo odq,s odg,t
a
—_ 2
1+q1 1 a,c041,q.f (tb+(1-t)a,sd+(1-s)c)
+ fl: ts Pest s odq,s odg,t
az 1t c%q;
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0,60%1,q,f b +(1-)a,sd+(1-5)c)
a0q,t 0q,S

+[4 [hots

1+q1 1+q2

1
B
qlfl’rlhfo *
1
_ L wa gt
quo fﬁf

—ifll fl;t

92 "T+q; 1+q2

odq,S odq,t

0,054, f tb+(1-t)a,sd+(1-5)c)
a0q,t 0,5

0dq,S odg,t

0,60%1,q,f (b +(1-)a,sd+(1-5)c)
a0q,t 0q,S
0,034, f (tb+(1-t)a,sd+(1-5)c)
a0q,t 0,5
1,1 1 a,c051,q.f th+(1-t)a,sd+(1-5)c)
L EE 0dg,S odg,t
a1 1+qy 1+q2 a®q1* c¥qz
1 1 1
+— 1 [

4192 "15q; “14qz
1,01
= [na0-ww-of [ o
—q,(b— a)(d - ) fl fls 0,605, q,f tb+(1-t)a,sd+(1-5)c)
2 0 Jo

a0q,t 0gq,S
—qb-a)d—c) f) [yt

odq,s odg,t

0dq,S odgq,t

a,c051,q,f b +(1-t)a,sd+(1-5)c)
algyt g, S
4,03, q,f tb+(1-t)a,sd+(1-s)c)

0dq,s odgq,t

0dq,S odg,t

0dq,S odg,t
02, q,f(tb+(1-t)a,sd+(1-s)c)
a0q,t 0gq,S

0dq,S odg,t

0,051,q,f tb+(1-)a,sd+(1-s)c)
a0q;t 0q,S

+q2(b—a)(d =) [* ['s odg,S odg,t

82, 4, f (th+(1-)a,sd+(1-s)c)
aq,t 0q,S

1
+q1(b—a)(d —c) [y [ e odg,s odg,t

f1 02,4, f(th+(1-asd+(1-s)c)
0 a0g,t 0q,S

+b-a)d-o) ) odg,s odg,t

fl 0,6051,q,f tb+(1-t)a,sd+(1-s)c)
0 alqyt g, S

-b-a)d-o [ 0dg,S odg,t

tb+(1-t)a,sd+(1-s)c)
a0q,t 0q,S

1
~(b - a)(d - c) J fi el odg, odg,t

1
f1+q2 0,051,q,f tb+(1-)a,sd+(1-s)c)
0 a0q1t 0q,S

+b-a)d-o ;™ 0dg,S odg,t -

We use Definition 3 and Definition 4 to calculate the appearing last nine integrals in (3.16). In
terms of brevity, we will omit the details.

_ _ 101, ac05,,q.f(th+(1-t)a,sd+(1-s)c)
9:192(b —a)(d C)fo fo ts Pail g5

o, odg, t (3.17)

= . .

—f(b,d) == [ f(x,d) odg,x —=— [ F(b,¥) odg,y +
1 b rd

(b-a)d-c) Jo I F@¥)cdg,y adg,x,

wb-ad-0o [ fs

= —f(b,d) == [ F(B,Y) odg,y

ab-ad-o [)ft

= —f(b,d) = 3= [, f(x,d) g,

a,c03,,q,f tb+(1-t)a,sd+(1-s)c)
a%q,t 0q,S

o, odg, t (3.18)

0,6031,q,f (tb+(1-t)a,sd+(1-5)c)
a0g,t 0q,S

o, odg, t (3.19)

0,6051,q,f (tb+(1-D)a,sd+(1-5)c)
a0q,t 0q,S

G2(b = a)(d = ¢) [;* fol s odg,S odg,t (3.20)
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=—f (q1a+b,d) _ﬁfcdf(qlaﬂl'y) odqu’r

1+q, 1+q;

a,6051,q,f b +(1-t)a,sd+(1-s)c)
a0q,t 0q,S

ab-a)d=—o)f, [t 0dg,S odlg,t

(3.21)
=—f (b, ‘“”") -2 f (v qz”d) odg, X,

1+q, 1+q>
b-a)d=-o)f;
=—f(b,d),
. 2 _ _
(b _ a)(d _ C) f01+q1 fl a,0§1,q2f (tb+(1-t)a,sd+(1-s)c) odq25 odqlt (3.23)

0 adq;t 0q,S

qia+b

= —f (222,a),
1+q,

(b-a)d—c)f, fo_q
=—f (b'w)’

1+q,

fl a,c0351,q,f tb+(1-t)a,sd+(1-s)c)
0 adqt 0g,S

odq,S o, t (3.22)

82, 4, f (tb+(1-t)a,sd+(1-s)c)
a0q,t 0¢q,S

oq,S odg, t (3.24)

1 1
aca2 - » -
(b _ a)(d _ C) fOqu quz c0G1,q2f (tb+(1-t)a,sd+(1-s)c) odq25 odqlt (3.25)

0 a09q,t 0q,S
_f(q1a+b q2c+d)
- 1+q, * 1+q, /°

A combination of (3.16)-(3.25), we have (3.15). Thus the proof is accomplished. [
Remark 2. In Lemma 2, if one takes limit g; — 1 and g; — 1, then one has the Lemma 1.

Theorem 5. Let f: A— R be a twice partially g, g,-differentiable function on A°. If partial g, q,-

r

000 |
24182 | s convex on the co-

2
a,caq1,q2f

derivative is continuous and integrable on A and

a0q,t 0,5
ordinates on A for r = 0, then the following inequality holds:

a0q1t 0q,S

|ttg,.0,(@ b ¢, | < 4102 — )(d = ©) €, "(q1,42) (3.26)

a2 . fbd)|" 32 o flad)|"
X ac~qi1.492 C , + ac~q1.92 C ,
[Thtcaqzs 2000 02) + |5 55 | C3(00,42)

02 ¢,f b, 0| 02 ¢,f (a,0)| L
a,c”q1,4z ’ a,c~q1,4; 4 =
| C4(q1,q2) + || Cs(qu )]r

aaqltcaqzs 441,42 aaqlt Caqzs 541,92
where

4
C1(q1,92) = ,
l(ql qZ) (1+q1)39(1+q2)3
C(q1,92) =

A+ +q)%A+q+gi)A+q2,+435)
(—qfq§ - 4393 +5q39, — 43q5 + 643q, + q%)
—1q3 =30+ i+ a5+ g+ 1

C3(q1,q2) = :
ST 1,1+ )2+ 023+ ¢ + 2 )L+ g, + q2)
(—qiqf - 4397 +543q, — 4343 + 6q3q, + q%)
_ ~0203 = 3q2q1 + @2 + 7 +q1 + 1
C4(CI1, QZ) =

01921+ 0121+ %A+ g1 +¢? )AL+ g, + g3 )
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+10q3q5+2q342+643-2q3q3 443 q3+10q3 a3 +8q5 a5 +4qi a2 —443
—29,93-44193+29: 43 +49:43+99: 0.~ 295693 —643 - 445
410, (1+q1)3(1+42)3(1+q,+q% )(1+q,+q3 )

Proof. Taking the absolute value on both sides of the equality (3.15), using g;g,-power mean

(—quqf—Zq‘i‘qz—2q§+2qi‘qz3—4q1qz 4qtq,— 6q1+2q1qz+16q1q§>

C4(q1: qz) =

2 r
inequality for functions of two variables (see [10, Theorem 5]) and the convexity of LV

adqyt Dq,S
(see Definition 1) on the co-ordinates on A, we have
|90, (@ b, ¢, D ()] < q162(b — a)(d — ©)
11
| 02 , f(th+ (1 —t)a,sd + (1 —s)c)
a,9%,,q, ’
leflx(t,s)ll A o, od. t
11 1'%
< q,0,(b — a)(d — ) f f|x(t,s)|odqzs ol t
00
1
(o lac02, 0, (b + (1 = a5 + (1 = )0’ ’
—t)a,s —s)c
X f.flk(t'S)lla’c e (7 t 6 S OdQZS Odlht
00 a [
1
1+q1 1+q2
J- J- tsodg,S odq,t
1
I+q: 1
+f ft —=5s od ,S odg,t
0 1
=q1q.(b—a)(d - ¢) 1
1 1+q2
+ f f s ——t 0dqzsodqlt
10
1+q4
1 1
+j f(l t)(l )d dy.t
P — — 5)o04q,S 04q,
{1 a1 q>
1+q, T+q;

ac02,4,f (b, D]
< |acfaua S 0 &)
aaqlt Caqzs

11 2 r
[T s(1—1) —“aa‘”tf a(a'sd)
X j j ts ¢ ;h a1 0dq,S odg,t
a,caql,qu(b: c)
°e (=9 1=5  as
a~q," ¢cq;

r
a,cagl,qu(a' c)
aalht Ca‘lzs

1-1-s)
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ac021,0,F 0D

ts
adqst aqz

s(1-1)

a'ht aqz
a0, (0.0
a9q1t 0q,5
(1 - D)1 — 5) |[elbaae/ @O
| aaqltcaﬂzs
04,0,/ (b D)
a0q,t c0q,s
- d
a o1 - |ePhaS @D
(1 t) a0q,t c0q,S . o
o S
o 02,0, f (b, 0| 0%q2> 0%q,
t(1 — )[BTl 22 2
aaqlt 00,5
aci,a,f (@0
adq,t c0q,s

+ f”‘“ [Lot(=-5)

o az OdQZS Od‘ht
2 t(1—-y5)

1-1-s)

)
S

Bl OO
a0q,t c0q,s

q1- €
1 1 5(1 — t) M
1 1 a0q,t c0q,s

* f f (a_ t) (E_S) 02 fbo |00 ot

1 1 t(l —S) a,c~”q1,92 4

a0q,t c0q,s

92 r

a.c94,.0,f (@, €)

6t65

q1- €

1-1-s)

= q,1q2(b —a)(d —¢) Cl r(‘h' q2)

0% . f(a.d)|”
( i )+ acvq1.92
q1, 92 —aaqltcaqzs

0.2
x|
a

g, t 0q,S

C3(q1,92)

r
a,caél,qu(b-c)
adq,t 0g,S

r
a,caél,qu(a.c)

C4(q1,q2) + st Doy

Cs(qu, ‘Iz)];-

Note that, in order to compute the coefficients C;(q1, 92), C2(q1,92), C3(q1,92), C4(q1,92)
and Cs(qy,q2), we calculate 16, 16, 25, 25 and 36 double quantum integrals respectively. In terms
of brevity, we omit the details. Thus the proof is accomplished. [

Corollary 1. In Theorem 5,
(1) If one takes limit g7 — 1 and g; — 1, then one has

a+b c+d
(- a)(d c)f f fCuy) dy dx +f( T) (b-a)(d—c)

a+b c+d - 16
—a L () dy = [ (0 5F) ax
1
182£(b,a) |r+|62f(a,d) |r+|62f(b,c) |r+|62f(a,c) "
| atas | | atas | | atas | | atas |
4

(3.27)

X

)
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(2) If one takes r = 1, limit g7 —» 1 and g; — 1, then one has

a+b c+d
(b a)(d c)f f fay) dydx+f( T) (b-a)(d—c)
a+b c+d s 16 (3'28)
Sl () dy =l (6 ) ax
2f(ba) |, |93fad) |, |82f .0 |, |82f(ac)
% I atos |+I atos |+I atds I+I atds I
4

Remark 3. In (3.27) we recapture [8, Theorem 4, inequality (2.13)], in (3.28) we recapture [8,
Theorem 4, inequality (2.4)].
Theorem 6. Let f: A— R be a twice partially g, g,-differentiable function on A°. If partial q,q,-

2 r
941,02
a0q1t 0q,S

22 .
_ac¥ua2f is convex on the co-

derivative is continuous and integrable on A and

aalh Caqz
ordinates on A for r > 0, then the following inequality holds:

gy, (@ b, D] < 1020 — )(d = ¢) (J [ 1t $)IPodg, s odg,t ) (329)

| % 1'12f(bd)| | 2.c% 142f(ad)| |arcaé1,%f(b'c)|r+ |ar632hr1?2f(“’c)|r v
| adq1tcdq,s | | adqt cdq,s | 2| adqitcdqys | 12| adqytcdgns |
(1+q)(1+q2)

X

where k(t, s) is the same in Lemma 2 and %+ % =1.
Proof. Taking the absolute value on both sides of the equality (3.15), using gq;q,-Holder

inequality for functions of two variables (see [10, Theorem 5]) and the convexity of LIV

adq1t 0gzS
(see Definition 1) on the co-ordinates on A, we have

|ﬂql.q2 (a,b,c, d)(f)l < q192(b—a)(d —c)
11 ) B 3
y lf f|K(t,5)| Ia,caql_qu(tb + (1 —1t)a,sd + (1 —5s)c)

0dq,S odgq,t

a0q,t c0q,S

q1~ €

S0

11
< q1q,(b— a)(d - ©) f f|x(t,s)|podqzs odg t
00

11
x Ofofhc(t S|

11
<qq(b-a)d-o) f jlk(t,S)I”odqu odg,t
00

<=

ac qlqu(tb+(1—t)a sd+ (1 =s))|
a0q,t c0q,S

q1- €

04q,S odg,t

1
p
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%10, .D|"
a0q.t 0gq,S
a,caél,qu(a-d) T
a0q,t 0¢q,S

101
fo fo ts odg,S odg,t

fol fols(l —t) odg,S odg, t

X
a,caé ,q fb,c) T
Snt e | JoJo t1 =) odg,s oda,t
0%,0,f@O|" (1 1
_+ azazllgzcaqzs— fo fo 1-1-5) 0dq,S odg,t ]

11
= 1 (b — a)(d —©) f f Ii(t, $)IP oy, s odg, t
00

1
FNNAC D | .c04,.0.f (@, @) ' | 2.c04,.0.S (b, ©) " a,c04,.4,f (@, €) T
; it 0,5 D™ g, t Bg,s T |™ 0, Bq,s 092\~ 5, t B, s
1 +q)0 +qz)
Thus the proof is accomplished. [

Remark 4. In theorem 6, if one takes limit g7 — 1 and q; — 1, then one has [8, Theorem 3].
In terms of brevity, we will use the foIIowing notations

L = ‘h ‘sz(a C) _ 41 lbf(a d) — |a:Ca‘§1:¢bf(b’ C) _ ‘h qu(b d)
aaqlt 05,5 |’ ] aaqlt 95,5 |’ | aa(glt 05,5 |’ aaqlt Czqzs ’
q.Cc + q,c + qia +
a'caqzl'qu( @ 12+ q ) agl qu( ! 12+ q; ) 631 qu( 11+ q1 ’ C)|
B a0q,t c0q,5 T a0g,t c0q,S | 0.t c0g,S |
2 qa+b 1a 2c+d
a‘71‘12f(1+ql' ) ‘11‘12 +q ’1+q2)
= and T =
| 0g,t c0q,S 0g,t cOq,

Theorem 7. Let f: A— R be a twice partially g, g,-differentiable function on A°. If partial g, q,-

2 2
ﬂrCaQLQZf H a.CaQLQZf

a9q,t 9, a%q,t 0q,S
co-ordinates on A for r > 0, then the following inequality holds:
|tg,.0.(@. b, ()| < (b — ) (d — ) 74t~z (A+ B+ C+D) (3.30)
where A = sup{L, P,R, T}, B = sup{N,R,Q, T}, C = sup{M,P,S,T}and D = sup{0,Q, S, T}.
Proof. Taking the absolute value on both sides of the equality (3.15), using g;g,-power mean
inequality for functions of two variables (see [10, Theorem 5]) and the quasi-convexity of

2
093102
a0q,t 0q,S

derivative is quasi-convex on the

(see Definition 1) on the co-ordinates on A, we have

|.uq1,q2 (a, b,c, d)(f)' < qqu(b - a)(d - C)

11
|a'C621, b+ (1 —t)a,sd + (1 —s)c)
x[fflx(t,s)ll s

q1~ ¢

=q1q2(b—a)(d —c)

0dq,S odg,t
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1+q1 1+q2 |ac 2 g2 f(tb+(1-t)a,sd+(1-s)c)
f f ts Pest Do oda.S od

9% tb+(1-t)a,sd+(1—
ac05,.q.f tb+(1-t)a,sd+( S)C)I odqzs odqlt

T

x 1+qz 42 a0q1t Dq,S
1
1 Traz 1 a,c0%,,4,f (tb+(1-t)a,sd+(1-5)0) |
+[ o [T s ot o |0dqzsodq1t
1+q1 1 a”qi* c”qz

(i _ t) (i _ S) |aycaqu,qu(tb+(1—t)a,sd+(1—s)c)
a1 qz | afq,t 0q,S

< q192(b—a)(d—c)

1
1 1 1-= \l
1+q1 (1+q
[fo T tsodg,s Odqlt]

|
)

-+ fll fll

1+q1 1+q2

(

X

([T

0d¢12s Od‘h t

S

03,4, F(tb+(1—-)asd+(1-5)c)|"
adq;t Dq,S |

OdCIzS 0dQ1t ]

1_1
:
[fm“f (_ 5) 0dq,S odqlt]
+ 1+q2
1
J.quf ( S) a0}y f(th+(1-t)a,sd+(1-5)c)|" dos d t T
1+q; 92 a0q;t Bq,S | 074" 0%
1 1
1 (itq 1
[f o zs(a_t) 0dg,S Odqlt]
+ 1+q1
1
a0}y f(th+(1-t)a,sd+(1-5)c)|" T

[ s (2 5o |

1+a1 a9q1t 0q;S |
1_1
=
[ (——t)( s) odq,s odqlf]
+ 1+q1 1+q2 l

1 1 1 1 82 . f(tb+(1-a,sd+(1—-s)c)|" r
[f 1 f 1 (—— t) (— — S) 2L N4z | Odq S Odq t
1+q1 1+q2 a1 a2 aa‘ht 56‘125 | 2 t

1
<q1q9,(b—a)(d —c) [sup{L, P,R, T} fo”‘“ fo“qz tsodg,s Odqlt]

1
+ Sup{N’ R, Q' T} |:f1; f1+q2 S (qi - t) Odfhs 0d¢ht ]

+sup{M,P,S,T} [f“‘“f (Z - S) odg,s Odqlt]

1+q2

+sup{0,Q,S,T} f f (—— t) (——s) odq,s Odqlt]]

1+q; 1+qz It

_ _ _ 9192
=b-a)d-rc) REPRECFPRE (A+B+C+D).

Thus the proof is accomplished. [
Corollary 2. Suppose the conditions of the Theorem 7 are satisfied. Additionally if
arcafzhr‘hf

1
( ) a9q,t 0q,S

W%%mﬁijﬂ|S@—aXd—da:£%i5ﬂ0+Q+S+T) (3.31)

is increasing on the co-ordinates on A, then
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2
ac931,02f

(2) is decreasing on the co-ordinates on A, then
a9q,t 0q,S
9142
|MMWﬁ@®Uﬂs@—@w—daEmEEQ+R+P+ﬂ, (3.32)
B)T=R=S=P=0Q=0,then
9142
|Mwm¢@@0ﬂsw—@w—oaamﬁ§@+M+N+m, (3.33)
4L=M=N=0=P=Q=R=S5=0,then
9142
|uq1_q2(a,b,c,d)(f)| < (b—a)(d —C)m’r. (334)

Remark 5. In Theorem 7, if we take limit g; — 1 and g; — 1, then we recapture [9, Theorem 2
and Theorem 4], in Corollary 2, if we take limit g; - 1 and g; — 1, then we recapture [9,
Corollary 1 and Corollary 3].

Theorem 8. Let f: A— R be a twice partially g, g,-differentiable function on A°. If partial q,q,-

AT . . . a.cd? L .
derivative 2211227 s continuous and integrable on A and adaa) | g quasi-convex on the
adqyt g, S a%q,t 0q,S
co-ordinates on A for r > 0, then the following inequality holds:
|tg,q,(@b,c, ()| < qlqz(b —a)d—c) (3.35)

[ 1 o |
Cs(q1,q2,P) (m) A+ C7(q1,92,p) (m) B }
r 4142 %
+Cs(q1,92,0) (m) C + Cy(q1,92,0) (m) D
where A, B, C,D are the same in Theorem 7

1

1 1
P
Cs(q1,q2,p) = [f()l+q1 f01+q2 tPsPodg,s Odtht] ’

1

j2 p
C7(q1,q2,p) = f quZ (i_t) 0dq,S Odtht] ’

a1 a1
» »
Co(q,q2p) = | [ [ tP (= —5) odg,s od 4,
8(q1,q2,p) [fo qu (q ) 0%q,> 0%q,
1
1 1 p
Co(q1,q2,p) = |[ 2 [ s Q-—t) Q-—S)(ﬂWSodmt]
1+q1 1+q2
and Z+1=1.
14 T

Proof. Taking the absolute value on both sides of the equality (3.15), using gq;q,-Holder
inequality for functions of two variables (see [10, Theorem 5]) and the quasi-convexity of

2 r
a,caqusz

(see Definition 1) on the co-ordinates on A, we have
a0q,t 0g,S

|ta,q,(@ b, e, ()| < g1q2(b — a)(d — )

1,1 002, 0, fth+(1-t)a,sd+(1-s)c)
X [fo fO |K(t,S)| e a0q,t 0q,S I Odqzs Odtht]
=q1q2(b —a)(d — ¢)
0,05 1,g,f (D +(1-B)a,sd+(1-5)c)|
aBqit q,S |0dqzs 0dﬂ1t

LEN U
X f01+CI1 f01+q2ts

1
ac82 - ” —
+f01+q1f11 t(1 _S)I 051 q,f (th+(1-t)a,sd+(1-5)c)

afq1t 0q,S

0dq,S odg,t

1+q2 az
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1
+ f11 fms (i _ t) |2,c0%1,4,f th+(1-t)a,sd+(1-5)c)
1+q1 alq1t Dq;,S

+ f f (_ _ t) (qz S) Ia,ca(zh,qzf(fb+(1—t)a,sd+(1—s)c)

1+q1 1+4qz 11 a0q,t 0q,S

S q1q2(b—a)(d—c)
I

0dq,S odg,t

0dq,S Odqlt]

1+q1 (1442 4p op
[fo fo tPsPodg,s odqlt]

X

1
) 1
fﬁ m|Maél'qu(tb+(1—t)a,sd+(1—S)C)T d. s d t '
0 0 | a9t 0g,S 0%q;° 0%qy
1
1+ 1 P !
[f e (3s) odqzs"d"lt]
1+q2 2
+ 1
f”‘“f aycaélyqu(tb+(1—t)a,sd+(1—5)c)Tod s d. t '
1+q2 aalhtﬁa‘us " 07 h
1
1+q2 ;
P 7 (1) s ot
+ q1 1
(tb+(1-Da,sd+(1-s)c)|" '
f f1+q2 %105 S a( a)as a-s)c 0dq,S odqlt]
141 a q1 c qZ
1
1 1 (1 Pra P d
) (o)
+ 1+q1 1tqz 01 %2

e

1+qq1 1+q2

1
020, f(th+(1-D)asd+(1-5)0)|" ]? /
a0q,t Dq,S OdQZS Odiht
Sm%@—ww—d
Ce(q1,q2,0) (m) A+ C7(q1,92,p) (m) B

ey _ @a )
+C3(q1, 92, P) ((1+q1)(1+q2)) C +Co(q1,92,9) ((qu)qu)) D

Thus the proof is accomplished. [
Corollary 3. Suppose the conditions of the Theorem 8 are satisfied. Additionally if
a;ca‘ZII'QZf

1
( ) a0q,t 0q,S

k0.0, b, e, P < 016206 ~ a)(d =) (3.35)
r B o]
X l B ((1+¢I1)(1+¢I2)) 0+ C(a1,92,p) ((1“11)(1“?2)) ¢

l
+C5(q1, G2, 0) (m) S+ Co(q1,92,P) (L)r T

1

X

is increasing on the co-ordinates on A, then

g

(1+q1)(1+qz)
2 _aciyapf_ is decreasing on the co-ordinates on A, then
aﬂht 642
|tg,.0, (@ b, 6, D] < q142(b — a)(d — ) (3.37)
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Je
{

1
. .
6(q1,q2,p) (1+q1)(1+q2)) L+ C7(q1,92.p) ((1+q1)(1+q2)) K ]

1

1 )

r 9192 v
+Cs(q1,92,P) (m) P+ Cy(q1,92,p) (7) T|
@) T=R=S=P=0Q =0, then

(1+q)(1+q2)

410,05, D] < 13: (b~ )(d = ©) (3.38)

X[ C6(q1,92,P) (7(”%)(”%)) L+6(41,42,0) (<1+q1)<1+q2) M ]I

|
l+Cs(‘h:QZ;P)(
@L=M=N=0=P=Q=R=5=0, then

1
r

a

)_N + C9(q1,92,P) ( 112 )% 0

(1+Q1)(1+¢h) (1+q1)(1+q2)

a0, (@b, )] < 0102(b ~ ) (d =T (3.39)

[ Cs(q1,92,P) (m) + C;(q1, QZ’P)

[ +Cs(41,92,P) (m) + Co(q1, 92, P) (

(1+Q1)(1+QZ) ]
1
4192 );Jl

(1+q1)(1+q2)

Remark 6. In Theorem 8, if we take limit g; — 1 and q; — 1, then we recapture [9, Theorem 3],
in Corollary 3, if we take limit g7 — 1 and g; — 1, then we recapture [9, Corollary 2].
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