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Abstract

In this paper we introduce several almost complex structures compatible with Cheeger-
Gromoll metric on the coframe bundle and investigate their integrability conditions.
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1. Introduction

The geometric structures of the fiber bundles over Riemannian manifold (M, g) is one
of the essential topics in the differential geometry. First Sasaki [13] constructed a Rie-
mannian metric “g on the tangent bundle 7'(M) which depend only on the base manifold.
Kowalski [8] proved that if the Sasaki metric ®g is locally symmetric, then the base metric
g is flat and hence °¢ is also flat. Musso and Tricerri [10] obtained an explicit expression
of the Cheeger-Gromoll metric ““g introduced by Cheeger and Gromoll in [3] (see also
[6]). Sekizawa [14] defined some geometric objects related ©“g. Tahara, Vanhecke and
Watanabe [15] constructed several almost complex structures compatible with some nat-
ural defined Riemannian metrics on the tangent bundle of an almost Hermitian manifold.
Bejan and Druta [2] defined harmonic almost complex structures with respect to general
natural metrics in the tangent bundle. In [9] Munteanu introduced Cheeger-Gromooll
type metrics and showed the conditions for which the tangent bundle is almost Kahlerian
or Kahlerian (see also [7]).To construct an almost Hermitian structure on the cotangent
bundle 7% (M) of a Riemannian manifold (M, g) Oproiu and Porogniuc used some natural
lifts of geometric objects [11]. (see also [4]).

In this paper, we construct an almost Hermitian structures on the bundle of linear
coframes F*(M) over a Riemannian manifold (M, g) with the Cheeger-Gromoll metric
CGg. In 2 we briefly describe the definitions and results that are needed later, after which
the adapted frame on coframe bundle F*(M ) introduced in 3. The Cheeger-Gromoll metric
CGg on F*(M) and its Levi-Civita connection ““V are determined in 4. In 5 we define
an almost Hermitian structures (CGQ, J3),8 = 1,2,...,n, on the linear coframe bundle
F*(M). The integrability conditions for almost complex structures Jg, f = 1,2, ..., n, are
studied in 6.
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2. Preliminaries

In this section we shall summarize briefly the main definitions and results which be used
later. Let (M,g) be an n—dimensional Riemannian manifold. Then the linear coframe
bundle F*(M) over M consists of all pairs (x,u*), where x is a point of M and u* is a
basis (coframe) for the cotangent space Ty M of M at x [5]. We denote by 7 the natural
projection of F*(M) to M defined by n(z,u*) = x. If (U;z!, 22, ...,2") is a system of
local coordinates in M, then a coframe u* = (X®) = (X!, X?,...,X") for T*M can be
expressed uniquely in the form X% = X&(dx*),. From mentioned above it follows that

(ﬂfl(U);xl,xZ, L X1 XD ...,Xﬁ)

is a system of local coordinates in F*(M) (see, [5]), that is F*(M) is a C°° manifold
of dimension n + n?. We note that indices i, 7, k, ..., a, 3,7, ... have range in {1,2,....,n},
while indices A, B, C, ... have range in {1,...,n,n+1,...n+ n2}. We put ip, = a-n + 1.
Obviously that indices iq, jg, kv, ... have range in {n+1,n+2,...,n+n?}. Summation
over repeated indices is always implied. Let V be a symmetric linear connection on M
with components FZ Then the tangent space T(, o+ (F*(M)) of F*(M) at (z,u*) € F*(M)
splits into the horizontal and vertical subspaces with respect to V :

We denote by S7% (M) the set of all differentiable tensor fields of type (7, s) on M. From (2.1)
it follows that for every X € 33(F*(M)) is obtained unique decomposing X = hX + vX,
where hX € H(F*(M)), vX € V(F*(M)). H(F*(M)) and V(F*(M)) the horizontal
and vertical distributions for F*(M), respectively. Now we define naturally n different
vertical lifts of 1—form w € SY(M). If Y be a vector field on M, ie. Y € S§(M),
then #Y are functions on F*(M) defined by (i*Y)(z,u*) = XH#(Y) for all (z,u*) =
(z, X', X2 ..., X") € F*(M), where 1 = 1,2, ...,n. The vertical lifts *w of w to F*(M)
are the n vector fields such that

w(ihY) = w(Y)éﬁ

hold for all vector fields Y on M, where A\, u = 1,2,...,n and 52‘ denote the Kronecker’s
delta. The vertical lifts “*w of w to F*(M) have the components

V)\wk 0

with respect to the induced coordinates (z%, X&) in F*(M) (see, [12]).
Let V € S§(M). The complete lift “V € S§(F*(M)) of V to the linear coframe bundle
F*(M) is defined by

V@EHY) =i (LyY) = X (LyY)™

for all vector fields Y € S§(M), where Ly be the Lie derivation with respect to V. The
complete lift “Vhas the components

CV _ Cvk _ Vk
Cyk —XE V™

with respect to the induced coordinates (z¢, X&) in F*(M).
The horizontal lift 7V € 3} (F*(M)) of V to the linear coframe bundle F*(M) is defined
by

By (i#Y) = i#(VyY) = XA (VyY)™
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for all vector fields Y € 3$(M), where Vi be the covariant derivative with respect to V.
The horizontal lift 7V has the components

Hyr __ _

with respect to the induced coordinates (z¢, X&) in F*(M), where Ffj are the components
of Levi-Civita connection on M.
The bracket operation of vertical and horizontal vector fields is given by the formulas

[Vﬁw7 V’Ya] g O7
[HXv V‘/Q] =" (VX&),

n 2.4
HX H Y] =H[X, Y]+ Z_:lva(X"oR(X,Y)) 20

for all X,Y € S§(M) and w,0 € IY(M), where R is the Riemannian curvature of g. If

f is a differentiable function on M, V f = f o w denotes its canonical vertical lift to the

3. Adapted frames on F*(M)
Suppose (U, z') be a local coordinate system in M. In U C M, we put

Taking into account of (2.2) and (2.3), we see that

J
Hy() _ . — o;
w2, o
: 0
Vag() _ 1. _ ‘
00 =D, = o (3.2)
<%@>

with respect to the natural frame {9;,0;,}. It follows that this n + n? vector fields
are linearly independent and generate, respectively the horizontal distribution of linear
connection V and the vertical distribution of linear coframe bundle F*(M). The set
{Dr} = {D;, D;,} is called the frame adapted to linear connection V on 7= 3(U) C F*(M).
From (2.2), (2.3), (3.1) and (3.2), we deduce that the horizontal lift #V of V € S{(M)
and vertical lift Vew for each a = 1,2,...,n, of w € IY(M) have respectively, components:

HV:VZ’Di:<‘6 ) (3.3)
Ve = D, = ( 2 3.4
w = ZW7, allia = 5ng ( . )

with respect to the adapted frame {Dr}. The non-holonomic objects €2; JK of the adapted
frame {D;} are defined by

[Dr, Dy = Q" Di
and have the following non-zero components:

k k i
( Qijﬁ T= _Qjﬁi '= —6gng,

k’Y . m
Q; 7 =X R,

where Rijkm local components of the Riemannian curvature R.
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4. The Cheeger-Gromoll metric on the linear coframe bundle

Definition 4.1. Let (M, g) be an n—dimensional Riemannian manifold. A Riemannian
metric g on the linear coframe bundle F*(M) is said to be natural with respect to g on
M if

g(HXv HY) = g(X, Y),

31X, Vo) = 0
for all X,Y € S§(M) and w € SY(M).
For any z € M the scalar product on the cotangent space Ty M is defined by
9w, 0) = gluwib;
for all w, 6 € IY(M).

The Cheeger-Gromoll metric g is a positive definite metric on linear coframe bundle
F*(M) which is described in terms of lifted vector fields as follows.

Definition 4.2. Let g be a Riemannian metric on a manifold M. Then the Cheeger-
Gromoll metric is a Riemannian metric ““g on the linear coframe bundle F*(M) such

that
CCg(Xx, y) =V(g(X,Y)) = g(X,Y) o,

CGg(Vaw7 Hy) =0,
(4.1)

Cag(Vouw, Vel) = 1y (971 (,0) + g7 (w, X*)g (6, X))

for all X,Y € S(M) and w, 0 € SY(M),.where 72 = | X|? = g~ (X, X?).
We note that the Cheeger-Gromoll metric on the cotangent bundle of Riemannian manifold

introduced by Salimov and Agca and studied in [1].
From (4.1) we determine that metric ““g has components

CCg;; = “Cg(Dy, D;) =V (9(9;,0;)) = gij,

©Cg;.; =%9(Ds,,D;) =0,

“Cginis = ““9(Di,, Djs) =0, a # B,

“CGinja = ““9(Din, Dj,) = 115z (97" (da', da?)
+gH(dat, XP)g ™ (da X)) = 37 (97 + 97 g X2 XE)

with respect to the adapted frame {D;} of linear coframe bundle F*(M).
The Levi-Civita connection CGV satisfies the following relations

i) SOV TY = H(VxY) + 3 z Vo(X7 0 R(X,Y)),

i) CGVu V30 = VB(V x0) + 2; H(Xﬁ( Lo R( ,X)h)),
iii) CGVVQMHY _ 1 H(Xa( 710R( , )H))7

) GV v, 50 = 0 for a# f,

CGvVawVag — _i(CGg(Vaw7,y5)Va9 4 C’Gg(Va97,y5)Vaw>

+ e OG g (Vagy Vag)ys — LOGg(Vag 18)CCg(Vow, v8)7d
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for all X,Y € (M), w,0 € SV(M), where @ = g Low, R( , X)0 € SH(M), hg = 1472,
R and ~d denotes respectively the Riemanniian curvature of g and the canonical vertical
vector field on F*(M) with local expression v = X7 D;_.

,%%9)

First of all, let us introduce the almost complex structures Jg, 8 = 1,2, ...,n,
which are compatible with ““g on the linear coframe bundle F*(M). Suppose that for
each # =1,2,...,n, Jg is defined to be the following form
JgHX =a1Ve X + b XP(X)Ve X5,
ngw) =0, B#m, . (5.1)
JgV8w = a1 + bag (X P, w)H X,
where X € S§(M), w € SYM), X =go X € SY(M), & =g ' ow € S4(M) and a1, as, by
and by are functions on colinear frame bundle F*(M) determined by conditions
Jg =1, (5.2)
(T X, g X) = “Ce("X, T X) = g(X,Y). (5.3)
Substituting (5.1) into (5.2), we obtain:
J3HX = Jg(J5" X) = Js(a VP X + b, XP(X)V5 XP)

5. Almost complex structures on (F*(M)

= al(JgVBX) + leB(X)(J5VBX6> = a1<a2HX + bggil(Xﬁ,X)HXﬁ)
+01 XB(X) (aoT XB 4 byg™ 1 (XP, XPYEXP) = ara X
—{—albgg_l(X’B,X)HXﬁ +b1a2XB(X)HXB
—l—bgleB(X)(hB — 1)HX'B = a1a2HX + (bl(ZQ + boby
+hoby (hg — 1) XA(X)HXP = HX,
from which it follows that
aijag = —1, (5.4)

a1by + biag + baby (h/g — 1) =0. (5.5)
Direct calculations using (5.1) and (5.3) give

CCg(IsH X, T X) = CCg(ar VP X + b1 XP(X)Vs XP, a1 VP X
+01 XP(X)V5XF) = ai“Cg(Vp X, VP X) + arbr XP(X)““g(V2 X, V2 XP)

+b1a1 XP(X) 999 (Vo XP, Vo X) + b1 XP(X) (Vo X P, Ve XP)
2

~ LX) g (X (X X)
+a1b12(;(X)(91(X,X5) + 971 (X, X (X7, X))
blali;ﬁ(m (671 (X7, X) + g7 (X7, X7)g (X, XP))

2 v B B
+W(9‘1(X5,X5) +g7 M (XP, XP)g~H (XP, X))

= 1g(X, ) + (f1 + 2a1b + B (kg — 1)) (XP(X)? = (X, X).
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From the last relation we obtain:

ay

iR .

=l (5.6)
a% 2

B

Using (5.6) and (5.4), we get first ay = +,/hs and ay = F——. Without lost of the

Vhs

generality we can take a; = \/hg and as = —\/%. Then for these values from (5.7) we get
8

b3(hg — 1) +2y/hgby +1 =0,
from which it follows

—\ﬁil‘

b= hﬁ—l

We can take b = —ﬁ;—l = _\/hi+1' Then by using of (5.5) we obtain:
8

1
\/Jh b—i— —-b hg—1)=0,
2 ﬁ*_l 2 ﬁhﬂ(ﬁ )

—1
Vhs(Vhs +1)°

Therefore, we have the almost complex structures Jg, 8 = 1,2,...,n, on linear coframe

bundle F*(M)

by =

JeX = /R s X — \/éHXﬁ(X)VBXﬁ,
JgVw =0, B#n, (5.8)

ngﬁw——\/% A5+ \/>+1)g (X'B,w)HX'5>,

which are satisfies the compability conditions (5.3) with the Cheeger-Gromoll metric ““g.

Remark 5.1. Taking into account that equality JBVW w = 0 holds for v # S, of interest is
the case when v = .

Now it follows by a direct computations that
CGg(JﬁHX, JﬂV[;w) — CGg(HX, ng),
CGQ(JBVBW, JBVBH) — CGg(ng’ VB@),

whenever

CGQ(JBHX, JBHX) — CGQ(HX,HX).
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Indeed, using (4.1) and (5.8), we have

Go(JsH X, J5Vew) = “Cg(\/hsVP X
—\/iﬂ H(X)V X7, —f(h“ fﬂ g (XP,w)XP))
— _5ECGg(V3X7Ha)) _ \/é—‘rlgfl(X,B’w)CGg(VgX,HXﬂ)
e X)X, i)
+WXB(X)Q‘1(X5,w)CGQ(VﬂXﬁ,HXB)

0= CGg(HX, ng)_
Similarly we get

“Cg(Js 0w, J5"0) = “Cg(——=("a

g (X, W) R, - f<He+ \ml g (X701 X)
_ 1CG, (H~ Hj 1 - 8 H~ H%8
1 “1/vB , NCG . (H¥8 Hj
e (@)X, )

1 o —1/vB —1/vB p\CG ., (Hxp HpB
+hﬁ(\/ﬁ+1)2-g (X ,w)g (X 79) g( X , X)

_ 1 -1 2 “1/vB8 ~1/vAB
- hﬁg (w’0)+h@(\/ﬁ+l)g (X ,w)g (X 7‘9)

1 _ _
+W9 I(Xﬁaw)g 1(X679)(hﬁ —1)
(Vhs +1)g " (w,0) + (Vhs + Dg " (X%, w)g (X7, 0)
ha(V/hs +1)
1

- Fﬁ(g_l(wy 0) +g (X7, w)g (X7, 0)) = “Cg(bw,""0).

Thus the following theorem holds.

Theorem 5.2. The triple (F*(M),%%g, Jg) is an almost Hermitian manifold for any
6=12..n

6. The integrability of Jz, 3 =1,2,....,n

It is known that the almost complex structure J of a Riemannian manifold (M, g) is
inteqrable if and only if its Nijenhuis tensor

Ny (X,Y) = [X,Y]+ J[JX,Y]+ J[X,JY] - [JX,JY] =0

for all X,Y € S(M) ([16, p. 118]).
The Nijenhuis tensor of an almost complex structure Jg on F*(M) for any f = 1,2,...,n
is given by

NJB(X,Y/) = [X,f/] + Jﬁ[JgX,Y/] + Jg[X, Jg?] — [JQX, Jg?], (6.1)
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where X, Y € S (F*(M)). It is easy to check that the values Ny, (P X,Y70) and N, (Vow, " 0)
of the Nijenhuis tensor N, can be expressed in terms of the values N, (T X, 1Y) of this
tensor, where X,Y € S§(M), w,0 € SY(M). Indeed, using (5.2) and (6.1), we have

Ny, (X, V0) = [T X, V0] + J5[ 37 X, V0] + J5[ X, T3V 6]
—[Jg" X, J5V60) = (M X, 63J5"W] + Js[Jg" X, 63151 W)

+ 51 X, Jg(53 55 W) = [Jg7 X, Ja(63 " W)] = 6317 X, JgHW
+03 T3l " X, JgT W] — 6 J5[M X, HW] + 631157 X, W]

= 005Ny, (X, TW),

where

Y10 = 63J5W = 63(\/hgVPW — \/%HXB(W)VBXﬂ)

= 63V2(\/hW — ﬁXﬂ(W)XB), W e 3(M).
Similarly, we have
Ny, (Yow,V0) = [Vow, 0] + Jg[Jz"w, V0] + Js[Vow, J5"76)]
—[Jg¥ew, T3V 0] = (63757 Z, 6304 W) + J51J5(03 T5" Z, 6} T57 W]
+J5[05J5" Z, J5 (83T W) — [J5(85 5" Z), J5 (85 T5HW)]
= 0404(Jp" Z, Js"W] — 656357 Z, Jg" W] — 64035 Js" Z, W]
—0g03[1 2, 1W] = =050 N, (1 2, 7W),
where Yow = 5§J5HZ, Z € 3§(M). Therefore, we have

Lemma 6.1. An almost complex structure Jz on (F*(M), CGg) foreach 5 =1,2,....n, is
integrable if and only if Ny, HX,HY) =0 for any X,Y € S§(M).

Let us calculate
—[Jg" X, J51Y).
Before calculating N, (7 X,HY) it is necessary to prove the following.

Lemma 6.2. Let (M,g) be a Riemannian manifold and f : R — R a smooth function.
Then for all X € (M) and w,0 € SY(M) , we have

1.Y80 (f(ri) =200 f'(r2) g~ (w, X¥), (6.2)
20X (g71(X?,0) = g(X* Vxb), (6.3)
where 12 = g7 (X% X?).
Proof. Direct calculations using (3.3) and (3.4) give

L o (f(r2)) = widy f(r2) 0, (9" X7 XS)

«
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= Wil f'(r2)g"* (050, X5 + 076.X") = 2wibl f'(r2) g™ X§
=260 f'(ra)g ™" (w, X,
2. "X (g71(X*,0) = (X'Di) (g~ (X", 0)) = X*(0;
+XTT0,05,) (97 (X, 0)) = X 0i(g" X [0)
+ X XTT0p, (97 X7205) = X' (9ig™) X0,
+X g X005 + X XTT) 9705080, = X' (—T},,9™
—T5,9"") X0 + X' g™ X200 + X X{Ti,970,
= XTI g™ X%, — X'T% g"™X%0, + X'g"* X200,
+ X XPTL 970, = Xig™ X20,0, — X'T%,, 9" X0,
= X2 X' (005 — T0m)g"™ = X (Vx0)s9™ = g~ (X, Vx0).

This completes the proof of the lemma.
Direct calculations using (2.4), (3.3), (3.4), (5.8), (6.2) and (6.3) give

XY =X Y]+ > V(X7 0 R(X,Y)),

N 1
H H _ \% B Vi B8 H
X, Y] = J5[\/hgP X — —— XB(x)VexP Hy
Js[Js" X, Y] = Jl\/hg S (X) Y]

= Ja(/A3A X 1Y) = L g(R2, )[4 X8, )

P Y (X X)0 X7 = gy (/B (T X)

o (7 (X7 X) (VY X) Y (g7 (X, X)) VX))

= Js (— /T3 VP (Vy X) + \/%Jrlg*l(VyX, XB)VBXB)

= Jo(=Js" (Vy X)) = =T (Vy X) = #(Vy X),

T X, IV = I3[ IV, X = —H(VxY),

[JsH X, JsTY] =

(Xﬂ X)X\ /hgVsY

_\/éﬂ g(XP, V)V XP) = \ﬁVﬁX \ﬁVﬁY
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VAR, — g (X2, )0 X7)

__ 1 (X8 Vs x B Vay
+[ \/%_HQ(X 7X) s X a\/hﬁ ﬁY]

g(XP, X)Vsxh, — g(XP,Y)Vs X5

+[_ 1 1
Vhatl Vhstl
= VIVt X(\/hp)VPY — JRgVeY (\/hg) Ve X
1 . . Vs
B v\ Vs y B 1 B v\ Vs xB Vi
+\/@+19(X YY) VX ((hg) Vi X 4 (X 7)Y X7, Ve X] -

Vhs +17
_\/iTlJrlg(Xﬁ’X)VBXﬁ(\/%)VBY__\ﬁ\/il (XP, X[V X7, VoY
B

=g (X7, X)"Y — g7 (XY X

1 -1
e

=N

108, R)gH(XP, XYY + L go1(x8, X)Va

-1
Vis(/han)? NI

=7 (g Y - g (0 T)X) (1

Tﬁz + \/%
N R

Therefore,

Ny (X, 1Y) = FIX, Y] + 30 (X7 0 REX. YY) + P (Vy X) — (TaY))

o=1
r 2
=V (g7 (X2, X)Y - gTH(XP,T)X) (1— \/%(\/B@H) - \/h%ﬁJ

o=1
2
B o 3 rg Vhs
s X) (1 N CEDN MH)

= znj(XU o R(X,V)) — -1t 1+ Vs £ 1y, (67 (X7, X)Y — g7 (X7, ¥V)X).

= ’ Vhs(y/hg +1)

Thus, the following theorem holds. O

Theorem 6.3. An almost complex structure Jz on (F*(M), CGg) for each B =1,2,...,n
is integrable if and only if

YR(X,Y) => (X7 o R(X,Y))

_ 1t vhsths y, (7' (X% XY — g7 (X% 7)X).

~ Vhs(VRg+1)
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