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1. INTRODUCTION

In this article, all rings, which is denoted by R are commutative with identity.

Historically, the discovery of the fact that every positive integer can be uniquely expressed as a product of
prime powers arouse an analogous question in the context of ideal theory. Starting from mid 19" century,
works of mathematicians such as Kummer, Kronecker and Dedekind did much to shed light on this subject.
These studies established a similar decomposability of ideals into prime ideals under certain conditions and as
of today constitute a popular topic in algebraic number theory.

The concept of prime ideal is mostly at the center of studies in ring theory and many useful results related to
prime ideals have been proved in Kirby (1966; 1969), McConnell & Robson (1987), Jenkins & Smith (1992),
Lam (2001), Anderson & Smith (2003), Naghipour (2005), Anderson & Bataineh (2008), Lam & Reyes
(2008), Ebrahimpour & Nekooei (2012), Ones & Alkan (2017; 2018; 2019a,b), Ones (2020).

This article focuses on the relations between ideals and prime ideals related to these ideals in R.

The ideal P # R is prime in R if for any product ab € P of the elements a, b of R, a or b is in P (Atiyah &
MacDonald, 1969).

The notion of primality of an ideal in R was generalized in Ones (2019) to the case in which R is an ideal in
general.

Definition 1.1. (Ones, 2019) For any ideals P, I in R, P is I -prime if for any product ab € P of two elements
a, b in I, we have that
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a€PorbeP

Immediately, it can be seen that R -prime ideals coincides with prime ideals in R. When a specific ideal in R
is not mentioned, *-prime ideal is used instead of I -prime ideal.

Example 2.1 includes *-prime ideals in R. The connections between ideals and prime ideals related to them in
R are shown in Lemma 2.4 and Corollary 2.5. It is proved that the ideal quotient of P by I is I -prime while P
is I -prime ideal, in Lemma 2.6. When P is maximal, its converse is also true. Moreover, in Proposition 2.7,
which is stated in Ones (2019), the proof that any epimorphism respects *-primality under a certain condition
is given.

The radical of I, which is an ideal, in R is defined as

{rER:EInEZ+,r"EI}=\/7

(Kaplansky, 1974). In Theorem 2.9, a connection between +/I -prime and I -prime in R is proved.

In Lemma 2.10, it is proved that in a local ring R, if I is maximal and P is I -prime, then P is prime. A nonempty
subset S of R is a multiplicative set if any product ab of two elements a, b € S is also in S (Matsumura, 1986).

In Theorem 2.11, the proof of *-primality in localization is given.
2. PRIME IDEALS RELATED TO AN IDEAL
Example 2.1.

i) Every prime ideal of Z is I -prime in Z for all ideals I of Z.

ii) 10Z and 15Z are not prime ideals in Z but 15Z is 10Z -prime in Z and 10Z is 15Z -prime in Z.
Proof.

i) It is clear with Definition 1.1.

ii) It can be easily proved that 10Z and 15Z are not prime in Z.

We show that 15Z is 10Z -prime in Z and 10Z is 15Z -prime in Z.

Let a,b € 10Z such that ab € 15Z. Then we have that

a = 10x,b = 10y, 15z = 2252xy, where x,y, z € Z.

Hence it follows that 3| xy, meaning that 3| x or 3| y.
If 3| x, then a € 30Z < 15Z, meaning that a € 15Z.
If 3| y, then b € 30Z < 157, meaning that b € 15Z.

Leta,b € 15Z such thatab € 10Z. Then we have that

a = 15x,b = 15y,10z = 3252xy, where x,y, z € Z.
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Hence it follows that 2| xy, meaning that 2| x or 2| y.
If 2| x, then a € 30Z < 10Z, meaning that a € 10Z.
If 2| y, then b € 30Z € 10Z, meaning that b € 10Z.
Lemma 2.2. (Ones, 2019) Let I, I, P be ideals of R, where I; € I,, and let P be I, -prime in R. In this case,

Pis I, -primein R.

Proof. Suppose a, b € I, such that ab € P.
Since I; is a subset of I, it follows that a, b € I, with ab € P. Because P is I, -prime in R, we have
that

a€PorbeP,

which is the desired result.
The following corollary is obtained from Lemma 2.2.

Corollary 2.3. Let I; and P be ideals of R for every i € A and let P be I; -prime in R. Then
i) Pis Nieql; -prime in R.
ii) P is [[;eq I; -prime in R, where [; is a co-maximal ideal of R for every i € A.

Proof.

i) Leta, b € N;eql; sSuch that ab € P, meaning that a, b € I; for every i € A.

By hypothesis, either a € P or b € P holds. Thus P is N;c4 I; -prime in R.

i) It is clear with (i).

Lemma 2.4. Let P, I and J be ideals of R. If P is I -prime, then (P:gJ) is I -prime.
Proof. Leta, b € I with ab € (P:g]).

Assume that b & (P:r ).

Then we have bj € P and abj € P for an element j in J. Since a,bj € I and P is I -prime in R, we get that
a € P or bj € P. Because the element bj is not in P, we have that

a € P, meaning a € (P:z )).

Thus (P:gJ) isI -prime in R.

By using Lemma 2.2 and Lemma 2.4, the following result is obtained.

Corollary 2.5. Let P, I and J be ideals ofR. If P is (I:z J) -prime, then (P:g J) is I -prime.
Proof. Let P be (I:3 J) -prime.

Since I € (I:3]), then P is I -prime by Lemma 2.2. Thus (P:gJ) is I -prime with Lemma 2.4.
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Lemma 2.6. Let I, P be ideals in R, where P is I -prime. Then (P:z I) is I -prime in R, where I = P. When P
is maximal, its converse is true.

Proof. Leta,b € I such that ab € (P:g ).
Assume that b & (P:z ).

Then we have bx ¢ P and abx € P for an element x in I. Because a,bx € I and P is I -prime in R, either
a € P or bx € P holds. Since bx ¢ P, we have that

a € P, meaning a € (P:x ).

Consequently (P:g I) is I -prime in R.
Suppose that P is maximal in R and (P:g I) is I -prime in R, where [ # P.
Leta,b € I with ab € P.

We have abl < P, meaning ab € (P:z I). Because (P:g 1) is I -prime in R, it follows that a € (P:zI) or
b € (P:gI). Since P < (P:z I), by the assumption it is true that

a€Porbe€P.

Thus P is I -prime in R.

Here, we prove the following proposition, which is stated in Ones (2019).

Proposition 2.7. Let S be a commutative ring with identity. Let ¢ be an epimorphism from R to S, let I and P
be ideals in R and Kerg < P. Then

P is I -prime iff @ (P) is ¢(I) -prime.

Proof. (: =) Let a and b be any elements of ¢(I) such that ab € ¢(P).

Then we have a = ¢(x) and b = @(y) for x,y € I. Then it follows that ab = ¢ (x)@(y) = @(xy) € @(P).
We also have ¢ (xy) = ¢(p) for p € P. Since Kerg < P, we have xy € P. Because P is I -prime, we get that

x € Pory € P, meaning thata € ¢(P) or b € p(P).

Thus @(P) is ¢(I) -primein S.
(&<:) Let a and b be any elements of I such that ab € P.

Then we have p(a)@(b) = @(ab) € p(P) with ¢(a), p(b) € @(I). Because ¢ (P) is ¢(I) -prime in S, either
@(a) € p(P) or ¢(b) € @(P) holds. Since Kere < P, it follows that

a€Porbe€P.

Thus P is I -prime in R.
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Proposition 2.8. Let S be a commutative ring with identity. Let ¢ be an epimorphism from R to S, let I be an
ideal in R and let P be ¢(I) -prime in S. Then ¢ ~1(P) is I -prime inR.

Proof. Let a and b be any elements of I such that ab € ¢~1(P).

Thus @(ab) = @(a)p(b) isin P, where ¢(a) and ¢ (b) are in ¢(I). Because P is ¢ (I) -prime ideal of S, we
have that

p(a) ePorp(b)€EP.
It follows that a € @~ 1(P) or b € ¢~1(P). Thus ¢~1(P) is I -prime in R.
Theorem 2.9. Let J, I be ideals of R.
i) J is /I -prime in R.
ii) Jis I -prime in R.
iii) \/J is I -prime in R.

The above statement (i) implies statement (ii), which implies statement (iii). When ] = ﬂ all three statements
are equivalent.

Proof.

i=ii) It is clear with Lemma 2.2.

ii=iii) Suppose that J is I -prime in R.
Leta, b € I such that ab € ,/J.

Then we have that (ab)™ = a™b™ € ] for n € Z* . We have also a™, b™ € I. Since J is I -prime in R, either
a™ € J or b™ € J holds. Thus we have that

a€.fJorbe,.

Consequently /J is I -prime in R.

Let] =./].
iii=>i) Suppose that /] is I -prime in R.

Leta,b € /I such that ab € J.

There exist positive integers n, m such that a™, b™ € I. Thus we have that

(ab)™™ = (@)™ (™" € ] = \[].



Orta¢ ONES

456 GU J Sci, Part A, 8(4): 451-458 (2021)

Because /J is I -prime in R, either a € \/J or b € \/J holds. Since ] = /], either a € jor b € ] holds.
Consequently J is v/T -prime in R.

Lemma 2.10. Let I be a maximal ideal of a local ring R, let P be a proper ideal of R and let P be I -prime in
R. Then P is prime in R.

Proof. Let a, b € R such that ab € P.

We have the following three cases:

i) If a and b are invertible elements in R, then it follows that

1g = a”labb™! € P, meaning P = R.

It is a contradiction.

ii) If a or b is an invertible element in R, then we have that

a€Porbe€P.

Consequently P is prime in R.

iii) If a and b are not invertible elements in R, then we have that a, b € I. Since P is I -prime, we get that

a€Porbe€P.

Consequently P is prime in R.

Theorem 2.11. Let S be a multiplicative subset of R and let I, P be ideals of R. If P is an I -prime ideal of R,
INS=@gandP NS =@, thenS~1PisaS~I -prime ideal of S™1R.

Proof. Since P NS = @, S~1P is a proper ideal of S™IR.

Let (5) ) (L) € S711 such that (i) (L) e Sp.

S1 S2 S2

There exist the elements s3, s4, S5 € S such that ks3, Is, € I and klsg € P. Then we have that

(kszss)(lsy) € P.

Since P is I -prime, either (ks3ss) € P or (Is,) € P holds.

If (ks3ss) € P, then it follows that (%) € S™1P. Thus we have that

S1
() - es

If (Is,) € P, then it follows that (lsﬁ) € S~1P. Thus we have that
2
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GG =()esr

Consequently S™1P isa S~ -prime ideal of S~1R.
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