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Abstract

In this work, we introduce the concept of a hyperbolic valued dislocated metric space, and we show that a fixed point of self-mappings
in such spaces is exist and unique by using Banach, Kannan and Chatterjea type contractions. Furthermore, we discuss an illustrative
example to substantiate the applicability and usefulness of our main result.
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Hiperbolik Degerli Dislocated Metrik Uzaylar

Oz
Bu ¢alismada, hiperbolik degerli dislocated metrik uzay kavramim sunduk ve Banach, Kannan ve Chatterjea tip daralmalar1 kullanarak

bdyle uzaylari kendileri {izerinde tanimli doniisiimler igin bir sabit noktanin var ve tek oldugunu gosterdik. Ayrica ana sonucumuzun
uygulanabilirligini ve kullanigliligini ispatlamak i¢in agiklayict bir 6rnek verdik.

Anahtar Kelimeler: Hiperbolik sayi, dislocated metrik uzay, sabit nokta, daralma doniistimii.
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1. Introduction

Fixed point theory has huge applications in mathematics,
computer science, engineering, image processing, economics, and
statistics. The main goal of researchers is to extend the Banach
contraction principle (Banach, 1922) with new contractive
conditions in different metric spaces.

In 2000, as a generalization of metric spaces, Hitzler and
Seda (2000) defined the concept of a dislocated metric space in
which self distance of a point need not be equal to zero. They also
stated the celebrated Banach contraction principle in such spaces.
The study of fixed points of self-mappings in dislocated metric
space is an active part of research in topology, electronic
engineering and logic programming with wide range of
applications in various directions. For several significant studies,
see (Pasicki, 2015; Rahman and Sarwar, 2015; Wadkar et al.,
2017; Gaba and Garg, 2019).

Recently, Kumar and Saini (2016) presented the concept of a
hyperbolic valued metric space. In 2021, Sager and Sagir (2021)
introduced some fixed point theorems for hyperbolic valued
metric spaces by defining hyperbolic contraction mapping. Also,
Sager and Sagir (2021) proved the existence of unique common
fixed point for contraction mappings and a coupled coincidence
and unique common coupled fixed point for two mappings on
hyperbolic valued metric spaces.

The main aim of this study is to introduce the notion of a
hyperbolic valued dislocated metric space and to give some fixed
point theorems for our newly obtained contractions that are
inspired from the results of Banach (1922), Kannan (1968) and
Chatterjea (1972) on such spaces.

2. Material and Method

In this section, we give some necessary definitions and
known results from recent literature.

Let i and J be independent imaginary units such that
iZ — j2 — _1,
is defined by

Ij = Ji. The set of bicomplex numbers BC
BC={z=27+jz, : 2,2, €l}.
The set BC is a Banach space with respect to the addition,
scalar multiplication and Euclidean norm defined as
z+w=(z,+ jz, )+ (W, + jw,) = (z, + W)+ j(z, +W,),
Az=2(z,+ jz,) =27, + jAz,,
|2

||:BC >0,z -zl =4|z] +|z,

for all

Aell.

2=27,+jz,,W=W,+ jw, € BC and for all

The subset {X+ky s k=ij, x,yel } of BC is the set
of hyperbolic numbers, denoted by D .

Let Z =2, + jz, be any bicomplex number in BC. There

are three types of conjugates in BC as follows:
e-ISSN: 2148-2683

oy 4 iz gt — i s _ i
2'=7,+])2,, 1°=7,—1)7,, 1°=17,—]1,,

where Z,,Z, are the complex conjugates of z,,Z, €l . Also,
we know three types moduli as follows:

|z|i2:zzTz =22+7; ell,
|Z|j =2z" :(|21|2 _|Zz|2)+ j(ZER(Zl'Z))’
2| = zz" :(|21|2 +|22|2)+k(—3<zl._2))eD.

1+1ij 1-ij

The numbers €, :Tj and e, = —— form idempotent
basis of bicomplex numbers and hence idempotent representation
of any bicomplex number z =12 + jZ2 is uniquely written
as z=e/p +e,[, where f,=2—iz,, f,=1+iz,l]
(Price, 1991).

Let a =X+Ky be any hyperbolic number. Then, we have
where

the equality a=eaq, +6,a,,

o, =X+Yy,a,=X-yell . If =20 and «a, >0, then
« s called a positive hyperbolic number. Therefore, the
subset {a =, +€,a, : @, 20,a, >0} of D isthe set of

positive hyperbolic numbers, and denoted by D™
For two hyperbolic numbers o and f3; if their difference

B-aeD" (or f—aeD"—{0}), thenwewrite o< j3
(or a-jﬁ). For a =ea, +6,a,, B =€ + [, €D with
real numbers a,,c,, B, and f3,, we have that

a=< pifandonlyif o, < g and o, < £,

a;ﬁ ifandonlyif a # B, o, < f, and o, < f3,,

a=< pgifandonlyif o, < g, and o, < f3,.

The following  statements are true for any
a,B,y,0eD, z,weBC:

O [zrwl, <[z, +w,.

:ﬂ where W is invertible.
k |W|k

o, = 2], o, and
Z

w

(i) If aeD’, then |a| =a and |az|, =alZ], .
(i) |z| =|B]e, +|B,|e, for z=PBe +pBe,.
(iVIf a<pf and y <0, then a+y < [+0.
WIf a<pf and 0<y, then ay < By.

Vi) If a<p and fS=<y,
Elizarraras et al., 2015).

then a <y (Luna-
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(vi)If aeD”, a#1 and 1—a isinvertible, then

1_an+l
l+a+a’+.+a" =

l-«
forall nel] .

(viii) If ¢eD” and a<1, then 0<a" <1 forall
nell and a" — 0 (Sager and Sagr, 2021).

The following concept are recently defined by Kumar and
Saini (2016).

Definition 2.1. Let X
dy : XxX —>D
properties hold:

be a nonempty set and let
be a function such that the following

(i) 0<dy(xy), and dy(x,y)=0 ifand only if
X=Y.

(i) dy(x,y)=dy (¥, X).
(i) dp(x,2)<dy (X y)+dy(Yy,2)

forany X,Y,zZe X . Then, dg is said to be a D— valued or
hyperbolic valued metric on X and the pair (X ) dD) is said to
be a hyperbolic valued or D —valued metric space.

Definition 2.2. (Zeyada et al., 2006) Let X be a nonempty set
and let d: XxX —[0,00) be a function satisfying the
following conditions:

@) If d(x,y)=0,then x=Y.
(i) d(xy)=d(y,x).
(i) d(x,z)<d(x,y)+d(y,z)

3. Results

Now, we give the following definitions at the beginning of
this section.

Definition 3.1. Let X be a nonempty set and let
d3®: X xX —D" be a mapping such that the following
properties hold:

() 1f d3° (X,y)=0,then x=y.
(i) d3® (x,y)=dg® (y,x).
(i) dg* (x,z)=<dg" (x,y)+d5" (v.2)

for any X,y,Ze X . Then, dgis is said to be a hyperbolic
valued dislocated metric or D —valued d — metric on X and

e-ISSN: 2148-2683

forall X,y,z e X . Then, d is said to be a dislocated metric or
d — metricon X and the pair (X , d) is said to be a dislocated

metric or d — metric space.

It is evident that metric spaces are d —metric spaces.
However the converse may not always be true by the next
example.

Example 2.3. (Rahman and  Sarwar,
d: [0,00)x[0,00) —[0,0) be
d(x,y)=max{x,y} . Itis simple to show that d isa d —
metric but not a metric.

2015)  Let
defined by

Definition 2.4. (Hitzler and Seda, 2000) Let (X,d) bea d —
T: X—>X
contraction if there exists 0 < a <1 such that

d(Tx,Ty)<ad(x,y)

metric space. A mapping is said to be a

forall X,y e X.

Theorem 2.5. (Hitzler and Seda, 2000) Let (X,d) be a

T:X—>X bea
contraction. Then, T has a unique fixed point.

complete d — metric space and let

the pair (X , dgis ) is said to be a hyperbolic valued dislocated

metric or D —valued d — metric space.

Definition 3.2. Let (X,d,;jis ) be a D —valued d — metric

space, (Xn) be any sequence in X and X & X. If for every
0<&eD thereexists N, ell dependingon & such that
d3® (X, X)< & for all n>n, then we say that (X,) is

dis
dD

dgis — convergent, and denoted by X, — X as N — oo,

If forevery 0 < g €D thereexists N, €] dependingon &

n’“'m

such that d,;“s (X X )< g forall n,m=n, then we say that

(Xn) isa dgis — Cauchy sequence.

1154



European Journal of Science and Technology

If every dgis—Cauchy sequence is dgis—convergent in
(X,df,Iis ), then we say that (X,d;IiS ) is a complete D —

valued d — metric space.

Definition 3.3. Let (X , dgis ) be a hyperbolic valued dislocated

metric space. Amapping T : X — X isissaidtobea D —
valued d — contraction if there exists 0 < & <1 such that

ds® (Tx,Ty) < adg® (X, y) (3.1)

for all X,y e X where the hyperbolic number 1—a is

invertible.

Based on the idea of the Banach’s fixed point theorem
(Banach, 1922) in classical metric spaces, we establish the
following main theorem which implies the existence and
uniqueness of a fixed point on complete hyperbolic valued
dislocated metric spaces.

Theorem 3.4. Let (X,d,;jis ) be a complete hyperbolic valued

dislocated metric space and T bea D —valued d — contraction
on X. Then, T has aunique fixed point.

Proof. Choose X, € X arbitrarily. There exists X, € X such
that TX, = X, . Continuing in the same manner, we construct the

sequence (X, ) in X such that TX, =X,

Let m,nel] and m<n. Then, by a similar way to proof

of main theorem in (Sager and Sagir, 2021), we obtain the
inequality

ddIS (Xm,Xn)'<amddls (Xo X1)

1-o

and so (Xn) isa dgis — Cauchy sequence. The completenes of
dgis

X explains that there is a point X € X such that X,—X as

n— 0.

Now, we prove that X =TX. Suppose this is not true:
X # TX. Taking dgis (X,TX) =& we set

B= {ZEX d3® (x,2)< Ge+iej}

For z € B, we write

=dg"® (X, Tx) < d3® (x,z)+d3° (2,Tx)

=
( e += ejg+d"'S (z,Tx)

e-ISSN: 2148-2683

and so (%eﬁ%ez]gf ds® (z,Tx).

On the other hand, since (Xn) dgis —converges to X, there

is a natural number N, such that
dis 1 1 :
dy° (X,,X)<| =€, +=e, [¢ for all n>n,. This means
4 4
X, € B forall n>n,. Then, by (3.1) we have

dg® (x Tx) =ds® (Txno ,Tx) < ad® (xnO , x)

dd's(x x) (ie +‘11ej
< (%eﬁ%ezjgj ds® (xn0+1,Tx)

and this is a contradiction. Hence X = TX. This implies that X is
a fixed point of the mapping T.

ny+1?

To show that the fixed point is unique, suppose that there is
an element X" # X in X such that TX" = X". Then,
we have dS® (TX,TX*)=d§is (X,X*). This shows that the

condition (3.1) is not satisfied. But this is a contradiction, hence
fixed point is unique.

Example 3.5. Define a mapping d3°: D" xD* —D" as
d3® (a, B)=max{a, B} e +max{a,, B, }e,

where =€ +a,.,, f= e +F,e, €D’ Then, it can
be easily showed that (D*,d,;jis ) is a complete D —valued

d — metric space.

Consider amapping T on D" with y =ye +7,€, as

. 3

27,+(n) e1+2}/2+(72) &, 77, €[01)

9 9
3

20) o B closmeiio)

Ty= o 173
2y, +(7
]7-/; %2)92, }/16[1,00)17/26[0’1)
Leilre,  pefio)rclio)

Let o, @, €[0,1) and f3,, B, €[1,0). Then, we have
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do® (Te, TB)
:dgi5[2a1+(al) e1+2a2+(a2) B, 5, ZJ
9 9

ez,ﬁe +Ee

3
:max{m,f_;}eﬁmax{mz

9 9 17

Also, the other cases for «, 8 € D" can be easily proved in
a similar way as above.

Then, the inequality
dis 1 1 dis
dD (Ta,Tﬂ)j éel+§e2 dD (O{,ﬂ)

holdsforall &, 3 €D". Thus, the mapping T isa D —valued

) _ _ 1 1
d — contraction mapping since 0= §e1 +§e2 <1 and

1 1 2 2 .
1- §el+§ez =§el+§e2 is invertible. Therefore, T

has a fixed point ¥ =0e€D™, which is unique.

The following result is a new version of Kannan’s fixed point
theorem (Kannan, 1968) in hyperbolic valued dislocated metric
spaces.

Theorem 3.6. Let (X , dgis ) be a complete hyperbolic valued

dislocated metricspaceand T . X — X be amapping. If there

_ 1
exists 0 < o < > such that

dg* (e Ty) xa[d" (xTX)+d" (v.Ty) | (32)

for all X,y e X where the hyperbolic number 1—a is

invertible, then T has a unique fixed point.

Proof. Choose X, € X arbitrarily. Consider the sequence (Xn)
in X suchthat TX, =X and TX, = X,;

By (3.2), we have

e-ISSN: 2148-2683

(aa) g}

dgis[xn, n+1j dd S[Txn l,Txn]
~o{dgis[ T ]+dgi5(xn,Txnﬂ
:o{dgis( Y J+d {Xn, ”*J}
and so

dlgis (X”’Xn+1j 10[ dgis *n 1’Xj

.

) n
a dis
<[1%,] 480
For m,nel] and m>nN, we write

dg® (Xnme)f dg* (Xn’ n+l)+ddls ( N+l XnJrZ)—i_"'-i—dE’jis (mel,Xm)

ﬁ{(lga)“{@”ﬂ...{lgf{ﬂdgis(w
S P e

o) a9 (e
l-a
[1?05] d
< a9 (%)

since dg” (X,,%,)€D" is fixed and (%j <1, we
-«

01X1) as small as we want by

taking N sufficiently large. It follows that (Xn) is a dgis -

Cauchy sequence. By the completeness of X , there is a point
dgis

Xe X suchthat X, —X as N—>oo.

Now, we prove that X = TX. Then, we have
dg® (x,Tx)

<dg® (%, x,)+dg" (x,,Tx)

=dg" (x,x,)+dg" (Tx, ;. TX)

n-1’
n-1
<dg® (x, xn)+a(1ij ds® (%, % )+ads® (%, Tx),
-
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and so
dis 1 dis
dy® (%, Tx) < ——d3* (x, X, )+
l-«
Therefore we obtain that dgis (X,TX) =0 letting N —> oo hence

TX = X. This shows that X is a fixed point of the mapping T.
Also, for any fixed point X of the mapping T we get
dg® (%, x) =d3* (Tx, TX)
< a[dgis (%, Tx)+dg" (x,Tx)]
= a[dg"s (%, X)+dg" (X, x)]
=2ad3" (X, X)
and  so, This implies that

(

(1-2a)ds® (x,x)<0.
dgis (X, X) 0 since 0< 4%

To show that the fixed point is unique, we assume that there
isanelement X" # X in X suchthat TX" = X". Then, we have

ds® (%, x") =dg® (Tx,Tx*)

< a[dgis (%, Tx)+dg" (x*,Tx*)]
:a[dd's(x X)+dg® (X", )} |
=0

But this is impossible, hence fixed point is unique.

We now state another theorem which is an extension of
Chatterjea’s fixed point result (Chatterjea, 1972) for self-
mappings on hyperbolic valued dislocated metric spaces as
follows:

Theorem 3.7. Let (x,d,;“s) be a complete hyperbolic valued

dislocated metric space and T : X — X be a continuous

1
mapping. If there exists 0 < o < Z such that

d3® (Tx, Ty) < a[d;is (x,Ty)+d;iS(y,Tx)] (3.3)

for all X,ye X where the hyperbolic number 1—a is

invertible, then T has a unique fixed point.

Proof. Choose X, € X arbitrarily. Consider the sequence (Xn)

in X suchthat TX, = X and TX, = X,;

By (3.3), we have

e-ISSN: 2148-2683

(ﬁj ds* (X%

ds® (X, Xou1)
=dg® (Tx,,, TX,)
5a[d§‘s( o X ) +dg® (X, TX, )}
—oz[dd'S oy n+l)+dd's(xn,xn)]
<afdr (x %)+ (xx,) + 42 (xx ) +d2 (x,x)]

= adg® (X, X,,1 )+ 305" (X1, X,)

n? *n+l

and so

dgis (Xn ! Xn+1) = %dgis (anl’ Xn)
2

(2 0 na
2 )

Let m,n €[] and M>nN. Thus, we can write

dis
xn+2)+...+d (xm_l,xm)

{[&Hﬁ@] " +[1'°i“a] }dé‘s(xo,xl)
=(gl}“{l+[g{]+_.+(g]m“]dgis(xo,xl)

dis dis dis
dg™ (Xn, Xm) < d3 (anxn+1)+dD (Xn+1,

l-a 1__305 ddis(xo’xi)
1-a
)
< a0y

Similarly as in the proof of Theorem 3.6, it follows that (Xn) is

a dg“ — Cauchy sequence, and so there exists a point X € X
dgis

suchthat X, — X as N —>oo by the completeness of X.

On the other hand, since X
dgis

X,—>X as N—oo0and X,

is a continuous mapping,

=TX, we deduce that TX = X,
that is, X is a fixed point of the mapping T .

To prove that this fixed point is unique, we assume that there
isanelement X" # X in X suchthat TX" = X". Then, we have
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and  so, (l 2a dd's(xx) <0. This implies that

[EEN

dgis(x, X*) 0 since 0<a<~—. But this is impossible,

S

hence fixed point is unique.

4. Conclusion

In this study, inspired by the ideas of dislocated metric spaces
and hyperbolic valued metric spaces, we introduce hyperbolic
valued dislocated metric spaces, and we state some fixed point
theorems for self-mappings with Banach, Kannan and Chatterjea
type contractions on such spaces. Our new findings carry some
well known results from the recent literature to hyperbolic valued
dislocated metric spaces. Using different contractive conditions,
it can be established new fixed point results for hyperbolic valued
dislocated metric spaces.
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