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Abstract

In this paper, we verify the lower semi-continuity and Ekeland’s variational principle for very recent results
in a generalized metric space which introduced by Mohamed Jleli and Bessem Samet [2]. And in the sequel
we obtain certain fixed point theorems and related topics.
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1. Preliminaries

Mohamed Jleli and Bessem Samet introduced very recent in [2] a new concept of generalized metric spaces
for which they extended some well-known fixed point results including Banach contraction principle, Cirié¢’s
fixed point theorem and so on; and new concept of generalized metric spaces recover various topological
spaces including standard metric spaces, b-metric spaces, dislocated metric spaces, and modular spaces. For
more detail refer to [4, 5 6l [7, 3].

Let X be a nonempty set and D : X x X — [0, 400] be a given mapping. For every z € X, let us define
the set

C(D,X,z)={{zn} € X : lim D(x,,z)=0}.
n—oo

Definition 1.1 ([2]). We say that D is a generalized metric on X if it satisfies the following conditions:

(D1) for every (z,y) € X x X, we have D(z,y) =0=z =vy;
(D2) for every (z,y) € X x X, we have D(z,y) = D(y,x);
(D3) there exists C > 0 such that if (x,y) € X xX and {x,} € C(D, X, z), then D(x,y) < Climsup,,_,., D(zn,y).
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In this case, we say the pair (X, D) is a generalized melric space.

Definition 1.2 ([2]). Let (X, D) be a generalized metric space. Let {x,} be a sequence in X and x € X.

1. We say that {x,} D-converges to z if {x,} € C(D, X, x).
2. We say that {xy} is a D-Cauchy sequence if limy, y—00 D(2r, Tpntm) = 0.
3. It is said to be D-complete if every Cauchy sequence in X is convergent to some element in X.

Proposition 1.3. Let (X, D) be a generalized metric space. Let {x,} be a sequence in X and (z,y) € X x X.
If {xy,} D-converges to x and {x,} D-converges to y, then x = y.
2. Main result and fixed point theorems

Definition 2.1. Let (X, D) be a complete generalized melric space and ¢ : X — Rt be a given function.
Then, ¢ is said to be a lower semi-continuous (l.s.c) function on X if

{z,} € C(D, X, z) = ¢(x) < liminf p(z,),

n—o0

for every x € X.

Theorem 2.2. Let (X, D) be a complete generalized metric space and p : X — R be a lower semi-continuous
(I.s.c) function on X. Let e >0 and x € X be such that

< inf inf D ! 1
o(x) _tléngo(t)—i—s and inf (x,t) < ¢, (1)

where ¢ = min {C’, %} < 1. Then there exists some point y € X such that
e(y) <), D(z,y) <1,

Ve X, z#y o(y) —¢(z) <edD(y,z). (2)

Proof. Let x1 := x. Pick {x,} as follows ¢(z,) < ¢(x) and D(z,,2z) < . So we have two cases:

1. Vz#x, @(x,) —¢(2) <edD(xp,2).
2. dz#x, o(rn) —@(z) >ed D(xy, 2).

We shall verify that the case (2) since by the case (1), assertion of theorem obtained by y := z,.
Put
Sp 1= {Z €EX:z#x, EC/D(me) < (P(xn) - (p(z)}.

Choose x,41 € Sy, such that

plansn) = nf (0) < () = inf o(0), )

hence we have
8C/D(xnvajn—i-l) < Sp(xn) - QO(xn-ﬁ-l)'

{¢(xy)} is bounded bellow and non-increasing, so ¢(x,) — [ for some [. Therefore
e D(@p, Tns1) < @(2n) — @(2n+1) — 0,

also

e D(xp, 2m) < @(zn) — p(xm) — 0, as m,n — 0o (4)
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so {x,} is Cauchy sequence and by completeness od X x,, — z* in D for some z* € X. Thus

and

p(z*) < lirginfgo(xn) < p(z),

D(z,2*) < Climsup D(z,z,) < Cd < 1.

n—o0

Now to prove let it does not hold. So

So

5
8*
INIA

IN

IN

Jze X, z#x" (%) - p(z) >ed D(z*,2).

lir?ilo%f o(xm)

. . /
lﬂl&f(gp(:ﬂn) —ec D(zp,xm)) by

() — ec’ lim sup D(zp,, )
C/ m—0o0
o(Tn) — 55D(xn, z¥).

On the other hand by @ and

IA

¢(2)

IN

IN

since we have

Because

Thus
D(zy, z)

p(z") — e’ D(a", 2)
/

o(xy) — 5%D(mn, x*) — 50’D(33*, z)

o(zn) — e D(zn, 2),

D(xp,2z) < =D(xn,z") + D(z", 2).

Ql-

Ve > 03N ¥n (n > N = D(xy, z) < limsup D(xy, 2) + €).

n—oo

< limsup D(zy,2) + €
n—oo
1
< limsup(—=D(xyn,z*) + D(z*, 2)) + &,
< D(z*,2)+e¢
1
< —=D(xp,z*)+ D(z*,2) + ¢

C

and since € > 0 and arbitrary therefore

1

D ) éi
(on:2) < =

D(xy,z") + D(z*, 2).

The implies that z € S,,. Now by

2p(an1) = ¢l2a) < inf (1) < 9(2),

n

so when ¢(x,) — [ hence | < p(z). By l.s.c. of ¢ we get p(x*) < linrl)infgp(xm) = 1. Thus p(z*) <1 < ¢(z2).

But z # x* so from D(z*,z) > 0 we have ¢(z) < p(x*), that is a contradiction.

O
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Theorem 2.3. Let (X, D) be a complete generalized metric space and ¢ : X — R be a lower semi-
continuous (l.s.c) function on X. Let ¢ > 0 and x € X be such that Given € > 0, then there exists y € X
such that

ply) < inf o(t) +e,
Vze X, o(y)—¢(z) <eDl(y,z2).

Theorem 2.4. Let (X, D) be a complete generalized metric space and o : X — R be a lower semi-continuous
(I.s.c) function on X. Then any mapping T : X — X satisfying

D(z,Tz) < ¢(z) — o(Tz), (9)
for each x € X has a fized point in X.
T, verifying (9), is called a Caristi mapping on (X, m).
Proof. Put ¢ := % in the Theorem for @ in @

D(y,z) Vze X.

1
Jy € X such that ¢(y) — ¢(z) < 3

So for z =Ty, we get
1
ply) —(Ty) < 5D(y, Ty).

Therefore by @, one can find
D(y,Ty) < ¢(y) — ¢(Ty).
Thus 1
D(y,Ty) < 5D(y, Ty),
which implies that D(y,Ty) =0, so Ty = y, that is, T has a fixed point. O]
The following Corollaries hold for every p-metric by [2, Proposition 2.8].

Corollary 2.5 ([T]). Let (X,p) be a complete p-metric space and o : X — RT be a l.s.c. function on X.
Let € > 0 and x € X be such that

< i i .
o(z) < tlél)f( o(t)+¢e and tlél)f(p(:c,t) <1

Then there exists some point y € X such that
e(y) < (@), plz,y) <1,

VeeX, z#y oy —p(z) <ep(y,2).

Corollary 2.6 ([1]). Let (X,p) be a complete p-metric space and ¢ : X — RT be a l.s.c. function on X.
Given € > 0, then there exists y € X such that

oy
e(y) < tlg)f( o(t) +¢,

Vze X, o(y) —¢(2) <eply,2).

Corollary 2.7 ([I]). Let (X,p) be a complete p-metric space and p : X — RT be a l.s.c. function on X.
Then any mapping T : X — X satisfying:

p(z, Tx) < p(z) — p(Tx),

for each x € X has a fized point in X.
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