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ABSTRACT. The Berezin transform T and the Berezin radius of an operator T on the reproducing kernel Hilbert
space H (Q) over some set Q with the reproducing kernel K;, are defined, respectively, by

T(r]) = <Tﬁ ﬁ> n € Q and ber(T) := sup |T(n)|.
(L 0

We study several sharp inequalities by using this bounded function T, involving powers of the Berezin radius and
the Berezin norms of reproducing kernel Hilbert space operators. We also give some inequalities regarding the
Berezin transforms of sum of two operators.
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1. INTRODUCTION

In this paper, we present some inequalities for Berezin transforms of some operators on the reproducing kernel
Hilbert space H (Q) over some set Q. By using Berezin transforms, we study several sharp inequalities involving
powers of Berezin radius of some operators.

A reproducing kernel Hilbert space (shortly, RKHS) is the Hilbert space H = H (Q) of complex-valued functions
on some set Q such that:

(a) the evaluation functionals

on(f) = fm,neQ,
are continuous on ;
(b) for every n € Q there exists a function f;, € H such that f, () # 0.
Then, via the classical Riesz representation theorem, we know if H is an RKHS on Q, there is a unique element
K, € H such that h(n) = <h, K,,> 7 for every n € Q and all i € H. The element K;, is called the reproducing kernel at

o Let £ (H) denote the C*-algebra of

n. Further, we will denote the normalized reproducing kernel at 7 as k, := I
n
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all bounded linear operators on a complex Hilbert space (H, (., .)) with the identity operator 14 in L (H). The Berezin
transform (symbol) of T is the complex-valued function on Q defined by

T () = (Tky. k).

for an operator T € L (H).

The concept of the Berezin transform was initiated by F. Berezin in [4].

It is obvious that, the Berezin transform T is a bounded function on Q and sup, ., |T(n)|, which is called the Berezin
radius (number) of operator T [22,23], does not exceed ||T||, i.e.,

ber(T) := sup [T(n)| < |IT]l.
neQ

It is also clear from the definition of Berezin transform that, the range of the Berezin transform T, which is said to
be the Berezin set of operator 7, lies in the numerical range W(T') of operator T, i.e.,

Ber(7) := Range (T) = {T () : n € @} ¢ W(T) := ((Tx,x) : x € H and ||x]| = 1}

which implies that ber(T) < w(T) := SUP| =1 [KT x, x)| (numerical radius of operator 7).

Berezin set and Berezin radius of operators are new numerical characteristics of operators on the RKHS which are
introduced by Karaev in [22]. For the basic properties and facts on these new concepts, see [1,3,24,32].

It is well-known that

ber (T) < w(T) <||T||
and
1
3 T <w(T) <|ITIl, (1.1

for any T € L (H). For more information about the numerical radius, one can refer to [6-8, 17, 18,28,29,31].
In [20], Huban et al. gave the following inequality for T € L (H) as :

1 1
1 \T*T + TT*|| < (ber (T))* < 3 \T*T + TT|. (1.2)

Now, let T = T} + iT, be the Cartesian decomposition of 7. Then 7| and T, are self-adjoint, and 7°T + TT* =
2 (le + T22) Thus, the inequalities in (1.2) can be written as

1 1
3 |77 + T3, < (ber (T))* < 3 |77 + T3], - (1.3)
or equivalently, as

(1.4)

1 1
7 T+ T2+ (T = oY, < er (7)) < 5 |70+ T2 + (T = T,

Also, Berezin radius inequalities were given by using the other inequalities in [10-12, 14, 15,34-36].
In the present paper, we investigate considerable generalizations of Berezin radius inequalities by using some clas-
sical convexity inequalities and some RKHS operator inequalities. The related results are obtained in [8].

2. AUXILIARY THEOREMS

In this section, we present some required lemmas and related inequalities.
A simple consequence of the classical Jensen’s inequality says that for 7,6 > 0,0 < { < 1, e # 0, M. (T,b,{) =

(CT? + (1 — ) b®)¢ and My (T, b,¢) = TEb' ¢, we have
M, (T,b,0) < Ms(T,b,{) @.1)

fore <6 [19].
The following inequality is another application of Jensen’s inequality : for 7, b > 0, and &€ > 0, we have

Ns(T,b) < N, (T,b) for§ > &> 0, 2.2)
where N, (T, b) = (T% + b®)%.



M.B. Huban, H. Basaran, M. Giirdal, Turk. J. Math. Comput. Sci., 14(1)(2022), 129-137 131

Lemma 2.1 ([25])). If T € L(H), T > 0, and x € H is an any unit vector, then
(Tx,x)* <{(T®x,x) fore > 1, 2.3)
(T?x,x) <{(Tx,x)° for0<e<1. 2.4)

Now, we need several well-known lemmas which are respectively the simple consequences of the classical Jensen
and Young inequalities [19]; spectral theorem for positive operators and Jensen’s inequality [25,30]; and the generalized
mixed Schwarz inequality [25].

Lemma 2.2. If T € L(H) is self-adjoint and x € H is an any vector, then

KT x, )] < {|T|x, x). (2.5)
Lemma 2.3. IfT € L(H) and 0 < ¢ < 1, then we have
KTx1, )P < (1T x1, x0) (I 70 0, 32) (2.6)

for all x1,xy € H.
Lemma 2.4 ([5]). If T,,T, € L(H), and T,, T, > O, then we have

Ty + Tl < ||T§ + T5|| for0< e < 1. 2.7
Lemma 2.5 ([18]). Let T € L(H). Then,
KTx1, 20 < AT x1, 1) (T x2, x2) "2, (2.8)

for all x1,x, € H.

Lemma 2.6 ( [9,26]). IfT\,T> € L(H), and Ty, T, > 0, then we have
7327, < T Tl 2

Lemma 2.7 ([27]). If T1,T, € L(H), and T, T, = 0, then we have

1 2
I7)+ Tal < 5 (||T1|| FITll+ AT = ITD? + 4|71 2727 )

3. GENERALIZED BEREZIN RADIUS INEQUALITIES
Our refined Berezin radius inequality could be presented like this:

Theorem 3.1. If T € L(H (Q)), then we have

1 . 1 1/2
ber (T) < S IT1+ [T ler < 5 (ITloer + 72,5 3.0
Proof. By the inequality (2.8) and by the AM-GM inequality, we obtain

(7 )| < (1T ) (1T )
< % (11 kg, Ky + (1T ey )
1

=3 ({471 +17°) Ky Ky )) -

Thus,

~ 1 .
ber (7) = sup |T(p)| <  sup ((T| + T ke, oy )
neQ 2 neQ

1 N
= 5 T+ 17" Mer -

Applying Lemmas 2.6 and 2.7 to the positive operators |T'| and |7*|, and using the facts that [||T|]| = |||T*||| = ||T| and
WTHT*|Il = ||72||, we have

1+ 1T ey < ey + || 7%

as required. O
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Generalization of the first inequality in (3.1) reveals our second result.

Theorem 3.2. If T € L(H (Q)), 0 < ¢ < 1and & > 1, then we have

1 «201-0¢
(ber (T))° < 3 [ | (3.2)
Proof. Let n € Q be any number. Then, we get
12 7o 12
Tk k)| < (1T ke k) (TP ke )
(by the inequality (2.6))
& _ enl/e
(TP k) (TP ki )
- 2
(by the inequality (2.1))
& s« —)e /e
< (I by, ey + (1T P 0° ey, Ky
- 2
(by the inequality (2.3))
and
€ 1 & 2(1-0e
’(Tk,,,k,,>‘ <3 (1T + 177 PY0%) ke ey ).
So by taking supremum over 1 € Q, we deduce
e 1 #12(1=0)e
sup |(Tky, k)| < = sup ((IT1%% + |T* "' 9%) k,, k.
ap (i k) < sun( ek
which is equivalent to
1 w2(1-0
(ber (T))" < TP + TP
This inequality gives the inequality (3.2). O

Generalization of the second inequality in (1.2) comes out our third result.
Theorem 3.3. If T € L(H (Q)), 0 < ¢ < 1and e > 1, then we have
(ber (T)* < ||¢ITP? + (1 = OIT"],., -
Proof. Letn € Q be any number. Then we get

‘(Tk,],k,,)]z < (171 Koy k) (IT* P2 ke Ky )
(by the inequality (2.6))

< (ITP ko) (I P e k)

(by the inequality (2.4))

< (TP ko k) + (1= O (TP ey le)))
(by the inequality (2.1))

< ((ITP? kyoky) + (1 = O (TP Ky k)
(by the inequality (2.3))

< (TP + (= I P k)

and so
2e

(IR (= DT ) Ky ey )

Tk k)
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By taking supremum over 7 € Q above inequality, we reach that

2¢e
sup (Thy k)| < sup ((£1TP + (1 = O IT"P¥) ko k)

which clearly implies that

(ber (1)) < [T + (1 = OIT* P,

Then, the desired result has been obtained. O

Our next results are generalizations of the second inequality in (1.3).
Theorem 3.4. If T € L (H (Q)) with the Cartesian decomposition T = Ty +iT, and 0 < € < 2, then
(ber (1))" < IT11° + T2l e - (3.3)

Proof. First we prove an inequality stronger than (3.3) for the special case where 1 < & < 2. Let k,, be a normalized
reproducing kernel, and for 1 < & < 2, we get

|<Tk,],k,,>| = (<T‘k’7’k’7>2 * <T2k"’k”>2)1/2

Tk k)| +|(Taker, k,?)‘g)l/g (by the inequality (2.2))
(IT1 ko k) + (ITl ey, k,,)g)l/ ° (by the inequality (2.5))
<|T1 * &y, k,7> + <|T2|8 ky, k,,>)1/8 (by the inequality (2.3))
<

So, we will get a stronger inequality
Tk k)| < (UT1IE + T2k iy )

and so by taking supremum over i € Q above inequality, we deduce

sup

(Thy k)| < sup (AT + T2 Ky Ky
neQ neQ

which is equivalent to
ber® (T) < ITWI° + T2l lper -
In general, where 0 < & < 2, we have
ber® (T) < ||T12 + T22 ”% (by the second inequality (1.3))

<||(r7 + T22)2

< |ITy[° + 2|l (by the inequality (2.7)),
as required. O

Theorem 3.5. If T € L (H (Q)) with the Cartesian decomposition T = Ty + iT, and & > 2, then we have

(ber (T))° < 25 IT1° + IT2F llyer -
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Proof. Letn € Q be any number. Then we have

1
€Nz

(Thrkn)]  ((Tikyo k) + (Toky b)) (ks )|+ [Tk K
2 2 = 2
(by the inequality (2.1))

<27 (1Tl kg ky) + (1Tl Koy Ky))°
(by the inequality (2.5))

< 277 ((IT4IF ko y) + (IT2I° k,,,k,,))i
(by the inequality (2.3))

= 2 (T4 + 1T ke )
Thus,
(Thy k)| < 2571(ATI I + T2 Koy K
and so by taking supremum over 7 € Q
ber® (T) < 227 IT11° + T2l loer

as required. O

The following is a generalization of the inequalities in (1.4).

Theorem 3.6. If T € L (H (Q)) with the Cartesian decomposition T = Ty + iT,, and € > 2, then we have

s_ 1
273Ny + To)f + (T) = Ta)llper < (ber (T))° < 3 KTy + T2)° + (T = T2)lloer - (3.4

Proof. The proof essentially depends on some general arguments of Huban et al.’s paper (see Theorem 3.1 in [20]).
Therefore, we have

1
ber® (7) 2 5 [[(T1 = 727, -

Hence,
£ _& 211€/2 _& e
ber® (T) > 277 |[(Ty £ T, =272 1Ty £ ToFl,
and so
2ber® (T) > 273 (1T} + Tolllver + 1T1 = T2l llber)
> 273 ||y + TafF +|T) — T5|%|lper (by the triangle inequality).
Hence,

ber® (T) 2 272" IT + ol + |1 = Tl llver »
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which could be shown as a proof of the first inequality in (3.4). In order to proof of the second inequality in (3.4), let
ky be a normalized reproducing kernel. Hence, by the convexity of the function f (x) = x% on [0, o),

(Pt = (k) + (1t )
(k) o (k)

(T =Tk k)| )

&
2

< 2752571 (|<(T1 + Tz)kn,k,]>'s +2°%

< S (171 + Talkyo ) + (A7 = T Ky b))
(by the inequality (2.5))

= % (171 + T2l Ky k) + (U = Tal*) ki Ky )
(by the inequality (2.3))

- % (AT + T2l + 171 = T2l Ky )

Now, by taking supremum over i € Q, we have
£ 1 & &
ber®(T) < 3 (Tt + T2)° + (T1 = T2)°lper

which proves the second inequality in (3.4). Then, the desired result has been obtained. O

Now, we present Berezin norm inequalities and a related Berezin radius inequality.

Theorem 3.7. If T\, T, € L(H(Q)), 0< ¢ < 1,and g > 1, then we have

2(1-0e + 2(1-0e

ber® (T + T,) < 2°72 (H|T1|2{€ + |T2|2'{£”ber * H

Ty

T,

b) 3.5)

Proof. For any n, T € Q, we have

(T + T2k k)

< |(7iks k)| + (ke e

1/2 21— 1/2
s((|T1|24k,,,k,]) < ”)k,,k,>

172 _ 1/2
+<|T2|2{k777k7]>/ < 200 k‘r7k‘r> )

(by the inequality (2.6))

Ty

T,
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21— e\l/e
ki)

Ty

(IT1 P ey )+ <
2

(IT2P ey k) + <
2

<

e\l/e

T,

20y kT>

+

(by the inequality (2.1))

(IT1 1% ey, k) + <
= 2

1/e
2(1—-
TT (1-0)e

ke ke)

21-0)s 1/e

T

., kT>
+

(P2 k) +
2

(by the inequality (2.3))

<ot (<|T1 P2 Ky k) + < k,,k,)
20 >)1/5

from the concavity of the function f (x) = xY¢ on [0, c0) . Thus,

"< 22 (1P Ky k) + (TP k)

202y k))

21-0)e

Ty

T

+ (TP ey )+

Ty

(T + T2 ey e

T,

+ <|T2|258 ky, k,]> + <

Now, by taking supremum over 77 € Q with n = 7, and we have

. #[20=0) «[20-0)
ber? (T + T) < 272 (|2 + TaPee], + i + 3 )-
o
Putting 7 = 7 in the proof of Theorem 3.7, we get
bert (711 + TZ) < 28—2 H|T1|2[8 + |T2|2§a + T]* 2(1-0e I T; 2(1-0e " (36)
er

If T| = T, then the inequality (3.6) reduces in particular to the inequality (3.2).
The following is an important case of the inequality (3.5).

Corollary 3.8. If T,,T, € L(H(Q)), T1, T, are normal, { = 1/2, and & > 1, then
ber” (T1 +T2) < 27 T4 + [T llyer -
For more recent results concerning Berezin radius inequalities for operators and other related results, we suggest
[2,13,16,21,32,33].
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