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ABSTRACT

Bézier curves are a type of curves used in computer aided design and related fields. The curves can be defined
with the help of De Casteljau algorithm, which is one of the most basic elements of curve and surface design,
and Bernstein polynomials, which facilitate theoretical developments. A rational Bézier curve may be evaluated
by applying the de Casteljau algorithm to both numerator and denominator and finally dividing through. The
curves are defined by suitable control points and corresponding scalar weights. In this work, we constitute the
asymptotic orthonormal frame field of a spacelike quadratic rational Bézier curve at all points on 2 and 3-
dimensional lightlike cones which are degenerate surfaces in Minkowski 3 and 4-spaces. We get the formulas of
curvatures for a spacelike quadratic rational Bézier curve 2 and 3-dimensional lightlike cones.

Keywords: Asymptotic frame field, Rational bézier curve, Lightlike cone
Rasyonel Beézier Egrilerinin Asimptotik Cat1 Alanlar

Oz

Bézier egrileri, bilgisayar destekli tasarim ve bununla iligkili alanlarda kullanilan bir egri tiiriidir. Bu egriler egri
ve ylizey tasariminin en temel unsurlarindan biri olan De Casteljau algoritmas: ve teorik gelismeleri
kolaylastiran Bernstein polinomlar1 yardimiyla tanimlanabilir. Rasyonel bir Bézier egrisi, hem paya hem de
paydaya de Casteljau algoritmasi uygulanarak ve son olarak boliinerek degerlendirilebilir. Bu egriler, uygun
kontrol noktalart ve karsilik gelen skaler agirliklarla tanimlanir. Bu ¢alismada, Minkowski 3 ve 4-uzaylarinda
dejenere ylizeyler olan 2 ve 3-boyutlu lightlike konilerinde bir spacelike kuadratik rasyonel Bézier egrisinin
biitiin noktalarinda asimptotik ortonormal ¢ati alanini olusturduk. Spacelike kuadratik rasyonel Bézier egrisi 2 ve
3-boyutlu lightlike koniler i¢in egrilik formiillerini elde ettik.

Anahtar Kelimeler: Asimptotik ¢ati alani, Rasyonel bézier curve, Lightlike koni

! The part of this study was presented as an oral presentation in ICAIAME 2021.
Received: 29/10/2021, Revised: 10/12/2021, Accepted: 15/12/2021

259


https://en.wikipedia.org/wiki/Control_point_(mathematics)
0000-0003-1800-5718
0000-0002-9632-2180
0000-0002-8051-2879

. INTRODUCTION

Any space curve is studied by assigning at each point a specific frame in differential geometry. In the
3-dimensional spaces a frame field is a set of three unit vector fields and the ratio of these vectors
along the curve is usually expressed with regard to the vectors themselves by the famous Frenet
formulas [7]. The curvature and the torsion functions of arc length in the Frenet formulas has attention
because a curve in 3-dimenasional spaces is completely determined (up to Euclidean motions) by these
functions. Although Frenet frame fields are one of the most common moving frames, alternative frame
fields may be preferred as they will be more useful at times. For example, different moving frame
fields may be preferred, which are more convenient when studying a curve on a surface, or working
with lightlike curves in non-Euclidean spaces, or studying curves on a degenerate surface like a
lightlike cone.

Among the most studied non-Euclidean spaces in differential geometry is the Minkowski space
equipped with the metric which is a non-degenerate, symmetric and bilinear form. A differentiable
curve is called spacelike, timelike or lightlike if its velocity vector is spacelike, timelike or lightlike,
respectively. A surface in Minkowski 3-space R3 (or a hypersurface in Minkowski 4-space Rf) is
called non-degenerate or degenerate if induced metric on its tangent plane is non-degenerate or
degenerate, respectively [4]. To study a curve on 2 and 3-dimensional lightlike cones which are
respectively degenerate surface in R? and degenerate hypersurface in R{, it is better to choose a more
suitable moving Frame, called the asymptotic orthonormal frame curve field (or cone Frenet frame) of
the curve (see [2,3]).

Bézier curves, developed in 1960 by French engineer Pierre Bézier for use in the design of the car
bodies, are parametric curve types that have been used in many disciplines recently. Bézier curves are
commonly used in industrial design such as automobiles, ships, airframe and product design [1, 5].
Although Bézier curves can represent a wide variety of curves, the conic sections cannot be
represented in the Bézier form. In order to be able to include conic sections in the Bézier form, rational
quadratic Bézier curves are defined. A rational Bézier curve is defined by control points and
corresponding scalar weights. To investigate the geometry of Bézier curves, moving frame fields and
curvatures of those curves are studied by different spaces or surfaces [8,9,13].

Darboux frame and geodesic curvature of a quadratic rational Bézier curve at the end points on two-
dimensional sphere have studied in [13]. The frame field for quadratic rational Bézier curves on 2-
dimensional sphere have been generalized to hyperquadrics in Minkowski 3-space and Darboux frame
and geodesic curvature of a non-null quadratic rational Bézier curve at the end points on 2-
dimensional de Sitter space S? and 2-dimensional anti de Sitter space H3 are presented [11, 12].
However, this issue has not been studied so far in 2-dimensional lightlike cone which includes all
lightlike curves in Minkowski 3-space R3.

We deal with geometry of rational Bézier curves on 2-dimensional lightlike cone which are degenerate
surface in R3. We obtain the elements of the frame field of a rational Bézier curve on 2-dimensional
lightlike cone Q2 in Minkowski 3-space. Thus, we derive the asymptotic frame field and cone
curvature function of a spacelike quadratic rational Bézier curve at all points and the formulas of for
the quadratic rational Bézier curve on 2-dimensional lightlike cone Q2. Moreover, we generalize the
results on 3-dimensional lightlike cone which is degenerate hypersurface in Minkowski 4-space Ry.

II. PRELIMINARIES

In this section, we give some explanatory materials including short information about cone Frenet
frame fields of spacelike curves in a 2- dimensional lightlike cone Q2 in Minkowski 3-space R3 and
3-dimensional lightlike cone Q2 in Minkowski 4-space Rf.
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Minkowski 3-space R3 and Minkowski 4-space R are the metric spaces endowed with the symmetric,
bilinear and non-degenerate metric <,>. A tangent vector x in R}, n=3,4, is called spacelike (resp.
timelike, lightlike) if it satisfies < x,x >> 0 or x = 0 (resp. < x,x >< 0, < x,x >= 0 and x # 0).
A curve o in R is said spacelike (resp. timelike, lightlike) if its velocity vector is spacelike (resp.
timelike, lightlike). A surface in R} is a degenerate if induced metric on its tangent plane is
degenerate. 2-dimensional lightlike cone Q2 which is a degenerate surface in R3 is the set of all null
vectors of R3 given by

Q? = Q2(0) = {x € R}| < x,x >= 0} — {(0,0,0)}.

All curves in a 2-dimensional lightlike cone Q2 are spacelike [2, 3, 6]. For a spacelike curve y: 1 —
Q? c R3 with arc length parameter s in 2-dimensional lightlike cone Q2 in Minkowski 3-space R3, we
have the spacelike unit tangent vector field T(s) = y'(s) and the unit normal vector field N(s) =

—y"(s) — % <y"(s),y"(s) > y(s) satisfying following conditions
<y(s),N(s) >=1, < N(s),N(s) >=<T(s),N(s) >= 0.

The frame field {y, T, N} is called an asymptotic orthonormal frame field along the curve y in Q2. The
derivative equations of the asymptotic orthonormal frame field are given by

Y'(s) =T(s),
T'(s) = k(s)y(s) = N(s), D)
N'(s) = = k(s)T(s),

where k(s) = —% < y"(s),y"(s) > is the cone curvature function [2, 10].

3-dimensional lightlike cone Q3 which is a degenerate hypersurface in R is the set of all null vectors
of R} given by

Q3 ={x € R}| < x,x >= 0} — {(0,0,0,0)}.

All curves in a 3-dimensional lightlike cone Q3 are spacelike [3]. For a spacelike curve y:1 — Q3 c
R} with arc length parameter s in 3-dimensional lightlike cone Q3 in Minkowski 4-space Rf, we have
the spacelike unit tangent vector field T(s) = y'(s), the unit normal vector field N(s) = —y"'(s) —
%< y"(s),y""(s) >y(s) and the binormal vector field Q(s) = %{y”’(s)+< y"(s),y"(s) >

Y (s)+<y""(s),y" (s) > y(s) } satisfying following conditions
<y(s),y(s) >= <N(s),N(s) >=<y(s),T(s) >=<y(s),Q(s) >=0,

<T(s),N(s) >=< N(5),0(s) >=<T(s),Q(s) >= 0,
<y(s),N(s) >=<T(s), T(s) >=< Q(5),Q(s) >=1,

where k(s) = —% <y"(s),y"(s) >and T = /<y (s),y"'(s) > =< y"(s),y"(s) >2 is the cone
torsion (or second cone curvature). The frame field {y, T, N, Q} is the asymptotic orthonormal frame
field along the curve y in Q3. The derivative equations of the asymptotic orthonormal frame field are
given by

Y'(s) =T(s),

T'(s) = k(s)y(s) = N(s),

N'(s) = = k()T (s) = 7(s)Q(s), 2
Q'(s) = (s)y(s) [3]

A rational Bézier curve of degree n with control points by, by, . . ., b, and corresponding scalar weights
w; ,0 < i < n,isdefined to be
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Yico wib;Bin (t)

P(t) = , € [0,1]
ano wiBi,n (t)
where
n!
—, if0<i<
Bin(t) ={(n — )il ifo<isn
0, otherwise

are called the Bernstein polynomials, with the understanding that if w; = 0, then w;b; is to be
replaced by b;. It is assumed that all the weights are non-zero. Rational Bézier curves are called
quadratics forn = 2 [1, 5]. If wg = w; = - = wy,, then the curve becomes an integral Bézier curve.

1. QUADRATIC RATIONAL BEZIER CURVES IN 2-
DIMENSIONAL LIGHTLIKE CONE

In this section we give certain geometric properties for a spacelike quadratic Bézier curve in 2-
dimensional lightlike cone Q2 < R3. Now, we suppose that a spacelike quadratic rational Bézier curve
with its arc length s, weights w; control points b;, 0< i < 2,

2 . . .
P(S) — Y=o WibiBj2(s) (3)

2
P oWiBi2(s)’

lies in 2-dimensional lightlike cone Q2. So we have <P(s),P(s)>=0. The first order derivative of the
spacelike quadratic rational Bézier curve is given by the following equation

' YZ o aiBia(s)
P ===t 2 4
) (B2, wiBiz()) @

Whel’e Ay = 20)0(1)1A1b0, a, = a)oa)z(bz - bo),az = 20)10)2A1b1 SUCh that Albo = bl - bO and
A'b, = b, — by. The second derivative of (3) is given by

) ¥5_ o CiBis(s)
P ! — =0 ) , 5
() (52 wiBia(s))" ®)

where

CO = 2(1)8(1)2 (bz - bo) + (4‘(1)8(1)1 + 8(1)%(1)%) Albo,

1 = l(600(?30)2 (b, — by) + (Bwiwi — 16wow3 — 8wiwiw,)A by + (4wiw,wy)Aby),
5

1
cy = E((Swoa)fwz + 8wiw,w,)Ah; + (16wiw,w, — Bwowiw, — 4wiw3) (b, — by)

— 24w w?w, Albo),

1
€3 = — (Q4wowiw, A'h; — (Bwow?w, + 8wy w,w3)A by + (—16we w w3 + 8wowiw,

10
+ 4(*’(2)(1’%)(172 — b)),

1
€4 = g((—Sa)fa)g + 16w3w, + 8wy wyw3)A by — 6wy w3 (b, — by) — 4w, wlw%AlbO)
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and
cs = (4w w3 + 8w?w?3)Ah; — 2ww3 (b, — by)
[12].

In the following theorem, we give the asymptotic orthonormal frame field of a spacelike quadratic
rational Bézier curve in 2-dimensional lightlike cone Q2 < R3 for all t € R.

Theorem 1. Let P(s) be a spacelike quadratic rational Bézier curve parametrized by arc length s in 2-
dimensional lightlike cone Q2 in Minkowski 3-space R3. Then the asymptotic orthonormal frame field
{P,T, N} and cone curvature function along P(s) are given by

Yi-o @ibiBi2(s)

P(s) = FowiBi2(s)’
Y0 aiBia(s)

T S) = l—',

) (ZF-o wiBi2(s) )2
N(s) = 1 ( 220 koo Cit0Bis(s) Biez(5) (Z?=° ®jBj2(s) )4+Z?.j=0 Tk=0 WkbiBis(5)Bjs5(s) B2 (s)<cicji> (6)

’ (ZEpwiBia(s) )9
and
5 B (S)B: »

K(S) — 1 ZL,]—O i5(s) ],5(S)<C cj> (7)

2 (220 wiBi2(5) ) (B2 wjBj2(s) )"

Proof. Assume that P(s) is a spacelike quadratic rational Bézier curve parametrized by arc length s
defined by (3) in 2-dimensional lightlike cone Q2 in Minkowski 3-space R3. The formulation of P(s)
and T(s) can be clearly see from (3) and (4). Taking into consideration (5), we have

k(s) = —% < P"(s),P"(s) >

1 ¥aciBis(s)  Tjeo¢iBjs(s)
2 (ZE,wiBi2(s) )4 ’ (2?:0 wjBj,(s) )4

_ 1 Z?_;:o Bis(s)Bjs(s)<cicj>

T 2R wiBie®) (ThewBa()"

(8)

By using (3), (5) and (8), we obtain

N(s) = —P"(s) —5 < P"(s),P"(s) > P(s)
_ Yi=0 CiBis(s) 1 =0 D=0 Wby Bis(s) Bjs(s) Biz(s) < cyc >
(CrowiBin())" 2\ (RowiBin(s))' (Fomo @;Bj2(8) )" Theo wiBio (s)

4
122 R CiokBis(9) Bia(9) (TFoo @jB2(S) ) +EF o Nhoo @ikbkBis(S)B)5(S) Bra(s)<cic)>
=_1 a _
(Z?:o w;Bj2(s) )

2

The following results give the asymptotic frame and the cone curvature for a spacelike quadratic
rational Bézier curve at the points P(0) = bo and P(1) = by, respectively. The proofs are clear.
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Corollary 1. The asymptotic orthonormal frame field {P,T,N} and cone curvature function k of the
spacelike quadratic rational Bézier curve P(s) parametrized by arclength s and defined by (3) ats = 0
in 2-dimensional lightlike cone Q2 in R3 are defined by

P(0) = by, T(0) =222 A by, N(0) = (%)
and
k(0) = — 10,

Corollary 2. The asymptotic orthonormal frame field {P,T,N} and cone curvature function x of the
spacelike quadratic rational Bézier curve P(s) parametrized by arclength s and defined by (3) ats = 1
in 2-dimensional lightlike cone Q2 in R3 are defined by

P(1) =b,, T(1) =222 A by, N(1) = — (%)
and
k(1) = —i—”fz's'; _

V. QUADRATIC RATIONAL BEZIER CURVES IN 3-
DIMENSIONAL LIGHTLIKE CONE

In this section we obtain the asymptotic orthonormal frame of a spacelike quadratic Bézier curve in 3-
dimensional lightlike cone Q3 c R{. Now, we suppose that a spacelike quadratic rational Bézier curve
with its arc length s, weights w; control points b;, 0< i < 2, defined by (3) in Q3 c R{. So we have
<P(s),P(s)>=0. The third order derivative of the spacelike quadratic rational Bézier curve is given by
the following equation

21120 hiB; 12(s)

P = 2 0iBi () ©
where

ho = 5(c1 — €o)To — CoZo,

hy = %(5@1 — ¢o)1y + 20(cz — 1o — Coz1 — 5¢12p),

h, = 6—16(5(61 —co)1y +20(cy — 1)1y + 30(c3 — )19 — Cozo — 5¢121 — 10¢;2p),

h; = % (5(c; —co)rs +20(cy — 1)1y +30(c3 — )1 + 20(cy — c3)19 — Co23 — 5¢125 —
10cyz1 — 10c3zy),

hy = 798 (5(61 co)rs + 20(cy — c1)1r3 + 30(c3 — €)1 + 20(cy — c3)1y + 5(c5 — €4)19 — €24 —
5¢123 — 10cy25 — 10c¢321 — 5¢42p),

hs (5(C1 co)rs +20(cy — c1)ry + 30(c3 — ¢c3)1r3 + 20(cy — c3)15 + 5(c5 — €411 — Co2Z5 —

792

5C124_ - 10C2Z3 - 10C3Z2 - 5C4Z1 - Cszo),
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1

h, = —
6 ™ 924

(5(c1 —co)re +20(cy; — )15 +30(c3 — )13 + 20(cy — c3)13 + 5(c5 — €4)15 — CoZg —

5C125 - 10C2Z4 - 10C3Z3 - 5C4Zz - C5Z1),

1
h, = P (5(c1 — o)1y +20(cy; — )16 +30(c3 — )15 + 20(cy — c3)14 + 5(c5 — €4)13 — Coz7 —

5C126 - 10C2Z5 - 10C3Z4 - 5C4Z3 - C5Z2),

1

hg = —
8 ™ 495

(5(c; —co)rg +20(cy — 1)1y +30(c3 — )16 + 20(cy — c3)15 + 5(Cc5 — €4 )14 — 5¢127 —

10c,z4 — 10c325 — 5¢424 — C523),

hg_i

=% (20(cy — c1)1rg + 30(c3 — )17 + 20(cy — c3)16 + 5(c5 — c4)15 — 10c327 — 10c324 —

5c425 — c524),
1
hip = p (30(c3 — cp)1rg + 20(cy — c3)17 + 5(cg — €)1 — 10c32; — 5¢424 — C525),

1
hi1 = 5 (20(cq — c3)18 + 5(cs5 — €417 — 5€427 — C526),

hi; = 5(cs — ¢4)15 — €527

Zy = 8w (wy — wy), 2z, = 8w3(6w? + wyw, — Twwy),

Zy = 24wy (4w3 + 3wow,w, — WEw, — 6wow?),

Z3 = 64w] + 192w w?w, + 24wiw3 — 120wiw,w, — 160wyw3,

z, = 160w3w, + 120wow; w3 — 64w] — 192wowiw, — 24wiw3,

Zs = 24w, (6w w, + wow3 — 403 — 3wowiw,),

26 = 8wi (Tw 1wy — Wowy — 6w1), 2z; = 8wj (wy — wy),

T, = wg, rn =8wiw;, 1 =4wi(wow, + 6w?), 13 =8wyw;(Bwyw, + 4w?),
1, = 6wiw3 + 48wowiw, + 16w, 15 = wiw,(24wow, + 32w,),

Te = 4w3(6w? + wow,), 17 = 8w w3, 15 = wi.

In the following theorem, we give the asymptotic orthonormal frame field and curvatures of a
spacelike quadratic rational Bézier curve in 3-dimensional lightlike cone Q3 c Rf for all t € R.

Theorem 2. Let P(s) be a spacelike quadratic rational Bézier curve parametrized by arc length s in 3-
dimensional lightlike cone Q3 in Minkowski 4-space R{. Then the asymptotic orthonormal frame field
{P,T,N, Q}, cone curvature and cone torsion along P(s) are respectively given by
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2 .bh:B;
P(S) _ leo wlblBL,Z(s)

- 2
FowiBi2(s) '

Y 0aiBiz(s)

T(s) = ’

( ) (lezo w;Bj;(s) )2
N(s) 4
) _1<2 Ziszo Zi:o Cikai,S(S) Bk'Z (S) (Zio waf,Z(S)) + Zis.j=0 Zi:o wkkai,s(S)Bj,S(S) Bk,z(s) <, Cj >

2 (212=0 w;B;,(s) )9

0(s) 1 Zo hiBi,12(S) N (Zis,jzo B;s(s)Bjs(s) <cj,¢; >) (212(:0 @By » (S))

o ® 10

T(S) ( 12:0 O)iBi'z (S)) (212:0 wiBilz (S) )
+ (( o Z?ZOBi'lz(s) Bjs(s) <hiq >) (leczo Wy by By » (S))
13 ,
(21220 w;B; > (S))
S b (B (s)<cuc
K(s) = 1 : 2ij=0 ,5(5)4 1,52(5 <cjcj> i
2 (X2 wiBiz(s)) (X2, wjBj2(s))

and
T(S) = 1 )4— (lej=0 Bi,lZ(S)Bj,lz(S) < hi: h] > _(le_jzo BiJS(S)Bj,S(S) < Ci'Cj >)2)E (10)

(Z?=0 wBj2(s)

Proof. Assume that P(s) is a spacelike quadratic rational Bézier curve parametrized by arc length s
defined by (3) in 3-dimensional lightlike cone Q3 in Minkowski 4-space Rf. The formulation of P(s),
T(s), N(s) and k(s) are clearly seen from (3), (4), (6) and (7). Now we focus on the proof of Q(s) and
t(s). From (9), we get

< Y120 hiBi12(s) ,Z}io h;Bj15(s) >
2 8 2 8
(S0 wiBiz () (S2ow;B; (5))

< P"(s),P"(s) >=

or

Zil_?:o Bi12(S)Bj12(s)<hyh;> _21'1_12':0 Bi12(s)Bj12(s)<hihj> (11)

- (z2, wiBi_z(s))s(ij-=0 ;B j_z(s))g (32, wiBi,z(S))16

From (8) and (11), we get (10).
By using (3), (4), (5), (8), (9) and (10), we obtain

1
0(s) = o5 P ()+< P (), P (5) > P (s)+< P"'(5), P () > P(s))
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_ L le=20 hiBi,lz(S) (Zis,jzoBi,S(S)Bj,5(5)<cilcj>)(zi=0 akBk,Z(S))
() | S wiBi2(5))® (S2, wiBi2(s))"’

((Z%:zo 25-0Bi12(5)Bjs (S)<hi,Cj>) (Zi:o Wby By, (S))

(x2, wiBi,z(S))13

The following results give the asymptotic frame, the cone curvature and the cone torsion for a
spacelike quadratic rational Bézier curve at the points P(0) = bo and P(1) = by, respectively. The proofs
are clear.

Corollary 3. The asymptotic orthonormal frame field {P, T, N, @}, cone curvature function x and cone
torsion T of the spacelike quadratic rational Bézier curve P(s) parametrized by arc length s and defined
by (3) at s = 0 in 3-dimensional lightlike cone Q3 in R are defined by

4 2
Mm:bm'H®=2%A%mNm)=_ﬂﬁﬂ%%ﬂﬂ)
1 ¢ch llcoll?ag |, <hg,co>wob
Q0) = st e t e b
1 lcoll?
and

2_ 4N1/2
(0) = (lholl*=llcoll™) .

(l)04

Corollary 4. The asymptotic orthonormal frame field {P,T, N, Q}, cone curvature function k and cone
torsion Tt of the spacelike quadratic rational Bézier curve P(s) parametrized by arclength s and defined
by (3) at s = 1 in 3-dimensional lightlike cone Q3 in R{ are defined by

1 4 Zb
HD=M,HD=2%NMJMD=—ﬂE&:ML%

LL)ZS

(1) = 1 (hip ||C5||2a2+<h12,c5>w2b2}’

(1) ‘w,8 w510 w513
_ 1lies]?
K(l) - 2 (.028
and
hoo 12 = llce l14)1/2
T(1)=(I| 12117 = llesll™) _

wy*
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