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Abstract

In this paper, we study the spaces X® as Banach algebras, where X is a quasi-Banach
function space and ® is a Young function, and extend some well-known facts regarding
Lebesgue and Orlicz spaces on this new structure. Also, for each p > 1, we give some
necessary condition for the space XP to be a Banach algebra under the pointwise product.
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1. Introduction and preliminaries

This is well-known that L'(G,m) is a Banach algebra with the convolution product,
where G is a locally compact group and m is a left Haar measure on . Also, for each
1 < p < oo, LP(G,m) is a convolution Banach algebra if and only if G is compact; see
[20,21,23]. Moreover, for an abelian group G and 1 < p,q < oo, LP(G,m) x L1(G,m) C
LP(G,m) if and only if G is compact [19, Corollary 1.4]. In [24] a version of this result
for weighted Orlicz spaces on locally compact hypergroups is given. Orlicz spaces are a
significant extension of Lebesgue spaces. The weighted version of this structure in the
context of locally compact groups and hypergroups was studied in [15,16]. In [1] we give
some necessary and sufficient conditions for a weighted Orlicz space to be a convolution
Banach algebra. In particular, for a class of locally compact groups, we prove that if the
weighted Orlicz space LE(G) is a convolution Banach algebra, then £2(H) is a convolution
Banach algebra too, where H is a countable discrete subgroup of G, w is a weight on G
and the Young function ® € A, i.e. there are some constants ¢ > 0 and xp > 0 such that
for each x > xg, ®(2z) < c¢®(x). In [25], for a compactly generated abelian group G,
it is proved that if ® is a Young function with As-condition and satisfies some sequence
condition, then the Orlicz space L®(G) is a convolution Banach algebra if and only if
f * g exists a.e. for all f,g € L*(G). See also [3,11,12] for more researches on this topic
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in the context of quotient spaces and hypergroups. Motivated from Lebesgue spaces on
locally compact groups, H. Hudzik, A. Kamiska and J. Musielak in [9, Theorem 2] gave the
following interesting equivalent conditions for an Orlicz space L®(G) to be a convolution
Banach algebra:

Theorem 1.1. If G is a locally compact abelian group and ® is a Young function satisfying
Ao-condition, then the followings are equivalent:

(1) L*(G) is a Banach algebra under convolution product;
(2) L*(G) € LY(G);

(3) hrn:z:—)()Jr (I)g(f)

>0 or G is compact.

H. Hudzik also presented some conditions in [8] for an Orlicz space to be a Banach
algebra with the pointwise product. Recently in [5] the authors introduced Orlicz spaces
X?® associated to a Banach function space X, where ® is a Young function; see also [26].
This structure is a huge generalization of the classical Orlicz spaces. Previously, other
versions of this structure were given and studied in [10,13,17,18]. In fact, setting X := L*,
we have (L')® = L?, where ® is a Young function. Motivated by the above background,
in this paper we intend to give some conditions under which X% is a Banach algebra. In
Section 2, we assume that X is a Banach algebra with a product e and for each h,k € X
and v € 8g = {v € Mp(R2) : ¥(|v]) € X, |[¥(Jv])||lx < 1}, (hek)v = h e (kv), and show
that if X® C X, then X® is a Banach algebra with e. In particular, if the underlying
measure space is finite and X is a Banach algebra with pointwise product, then X® is a
Banach algebra with pointwise product. Also, we show that if X is a solid Banach function
space and X® is an algebra with a positive product ¢ satisfying the following conditions:

(1) [fogl <|f|olg| for all f,g € X®,
(2) for each f;,g; € X® (i = 1,2),if 0 < f; < g;, then f1 o fo < g1 © go,

then X% is a Banach algebra. In section 3, we focus on pointwise product and among
other results we show that for each p > 1, if XP is closed under the pointwise product,
then inf{||xallx: n(A) >0} > 0.

First, we recall some basic notions regarding X® spaces.

Throughout, (2, A, ) is a o-finite measure space, and the set of all A-measurable
complex-valued functions on {2 is denoted by My (€2).

Definition 1.2. Let X be a linear subspace of My(Q2). If X equipped with a given norm
|| - ||lx is @ complete space, we say that X is a Banach function space or simply BF'S on (2.
In this case, X is called solid if for each f € X and g € My(2) satisfying |g| < |f| we have
g € X and ||g|lx < || f]lx- We say that a Banach function space X satisfies property (x) if
for each A € A with u(A) < oo, we have x4 € X.

In this paper, we assume that ® is a Young function with a corresponding complemen-
tary function W.

Definition 1.3. Let X be a Banach function space on 2. The set of all functions f €
Mo(€2) such that for some A > 0, @(M)\') € X, is denoted by X®. For each f € X® we put

[flle == sup{[| | fv|[[x: v € Su}, (L.1)
where
Sy = {v e Mo(Q) : ¥(Jo]) € X, [[¥(|o])[[x <1}
and also,
Ifllg :==inf{A >0 <I>(|‘§) e X, ‘(ID(LQ) . <1}. (1.2)
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2. Main results
We recall the following concept from [4].

Definition 2.1. A Banach function space X on 2 is called a PCS-space if for each sequence
(fn) in X, if f,, — f in X, then there is a subsequence (f,, ) of (f,) such that f,, — f a.e.

Remark 2.2. Note that any solid BFS on a o-finite measure space is PCS-space. Since
in this paper we have assumed that the measure space is always o-finite, X® would be a
PCS-space, where X is a solid BF'S.

Lemma 2.3. Let X and Y be solid BFS’s on ). Then, if X C Y, then there exists a
constant C > 0 such that for each f € X, || flly < C| fl|x-

Proof. Let X C Y. Consider the inclusion mapping
T:X—Y, T(f) = f, (f eX),

and put Gr := {(f, f) : f € X}. Let {(fn, fn)}n be a sequence in Gr and let (fn, fn) —
(f,g9) in X x Y. So, since X and Y are PCS spaces, there exists a subsequence { f,, }; such
that f,, — f a.e. and f,, — g a.e. This implies that (f,g) € Gr, and thanks to The
Closed Graph Theorem, the proof is complete. O

Theorem 2.4. Let X be a solid BFS. Suppose that X is a Banach algebra by a product e
such that for each h € X and v € 8y, we have hv € X and for each k € X,

(hek)v=nhe(kv). (2.1)
If X® C X, then X® is a Banach algebra.

Proof. Assume that X® C X. By Lemma 2.3 there is a constant C' > 0 such that for each
feX® |Ifllx <C|flle. Therefore, for each f,g € X* we have
1f e glle = sup{[|(f e g)vllx: veESu}
= sup{[|f  (gv)|x : v € Sw}
< [[fllx sup{llgvllx : v € Su}
= £llx llglle
<Cllfllellglle-
O
Corollary 2.5. Let X be a solid BFS on Q, and u(Q2) < co. If X is a Banach algebra
with a product e satisfying the relation (2.1), then X* is a Banach algebra with e too. In

particular, if X is a Banach algebra with pointwise product, then X® is a Banach algebra
with pointwise product.

Proof. Just note that by [5, Proposition 4.4], the assumption u(2) < oo implies that
X® C X. Now, the conclusion follows from Theorem 2.4 and [14, Proposition 2.2 (i)]. O

In the following result we give some sufficient condition for X® C X. The main idea for
the proof of this theorem comes from [9, Theorem 2].

Theorem 2.6. Let X be a solid BFS on Q. If lim,_,o+ 2@ S 0or1e X, then X® C X.

T

Proof. Suppose that f € X®. Then, there exists some A > 0 such that

@(‘{') e X. (2.2)

®(x)

Case 1. Assume that lim,_,y+ > 0. Then, since ® is convex, there exists a constant
¢ > 0 such that

cx < ®(z), (x >0). (2.3)
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Since X is solid, by (2.3) and (2.2) we have f € X.
Case 2. Assume that 1 € X. By convexity of &, there are xg > 0 and k£ > 0 such that

kx < ®(z), (x > o). (2.4)
Put .
A={zeQ: X]f(m)] < zp}.

Since X is solid, we have fxa € X because

1
X|f|XA§$OXA§x01€x.

Also, by relations (2.4) and (2.2) we have

k‘)\ﬂXAc S @(‘?) S DC

This implies that f x4c € X, so
f=Fxa+[xa €X,
and the proof is complete. O

The following result covers the convolution Banach algebras L®(G), where G is a locally
compact group; see [9, Theorem 2]. Let o : Q x © — Q be a measurable function. Then,
for each g € X® and v € 8y, we define

To(g,v)(x) = g(x) (voa)(z,),  (ze€Q)

Theorem 2.7. Let X be a solid BFS on Q, X® C X, and o : Q x Q — Q be a measurable
function such that for each g € X® and v € S8y, (vo a)(z,-) € 8¢ and for all x € Q,
To(g,v)(x) € X. If

170 9)vllx < [ O 1 Talg, ) Ol (2.5)
for all f,g € X® and v € Sy, then (X®,o) is a Banach algebra with the product o.
Proof. Let f,g € X®. Then,
1£ o glle = sup{[|(f o g) v]lx : v € Su}
< supf|| /() IT(g,0) O)llx | : v € Sw}
< sup{[|flx llglle : v € S}

= [Ifllx llglle
<Clfllellglle

for some constant C' > 0, thanks to Lemma 2.3. O
The next result would be an extension of the implication (1) = (3) of [9, Theorem 1].

Theorem 2.8. Assume that X is a solid BFS and X® is an algebra with a positive product
o such that |f o gl < |f|o|g| for all f,g € X*. Also, assume that for each f;,g; € X
(i=1,2), fio fo < g1 092 whenever 0 < f; < g;. Then, there is a constant C > 0 such
that for each f,g € X%,

Ifoglle < Cliflle llglle-

Proof. In contrast, let (X®,¢) be an algebra and for each n € N, there are f,, g, € X
with || fn|| = llgn]| = 1 such that || f, © gn|le > nd™. So, for each n € N, there is a number

O<)\n<%such that
Ifn!) (Ign|>
() o (Enl) cx,
(An RAUW A
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For each m, k € N with m > k we have

m m

Uil 51

27\, 2n
n=k

n=k
This implies that the function F' := 3 72 ; 2'{’11 belongs to X®. Similarly, G := >.°° 2‘,?7;\‘” €
X®. But, for each n € N we have
|fal ©19n]
FoGlg > || ——T=
7o Gla > [ F555
1
> V] [1fn o gnl llo
s o gal
= o0 Inll®
n 4" 4n
Z n \2 Z A )’
4n \2 9
and so, F o G ¢ X®, a contradiction. O

Sequence conditions. We say that two Young functions ®; and ®, satisfy the se-
quence conditions if there are sequences {ay, } and {3, } of nonnegative real numbers such
that

Z ap B = 00, Z Py () < 00, Z Do(fn) < o0.
n=1

n=1 n=1

Theorem 2.9. Let X be a solid BFS on 2, and two Young functions ®1 and P2 satisfy
the above sequence conditions. Assume that (V;,) and (W) are sequences of elements of
A satisfying the following properties:

(1) sup,, [xv, [lx < 0o and sup,, [[xw, [lx < oo;

(2) for each distinct myn € N, V, "V, =W, "W, = &;

(3) there is a set A € A with u(A) > 0 such that for some M > 0 and for each v € A
and n € N, we have M < (xv, © xw, )(x), where ¢ is a product on characteristic
functions;

(4) for each distinct m,n € N, we have xy, ¢ xw,, =0 on A.

Then, & does not have a natural extension on X1 x X®2.

Proof. Define

F=> anxv, and g:=Y Bnxw,. (2.6)

n=1 n=1

Then, since ®1(0) = 0 we have

8= dilanr) = 3 1) v
n=1 n=1

For each m, k € N with k£ > m we have

k

Z P4 (o) xv,

n=m

k

< Y Pilan) Ixva -

X n=m
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This implies that f € X% since X is complete and sup,, || xv, ||x < co. Similarly, we have
g € X®2. On the other hand, for each z € A,

(fog) (@)= an(xv, og)(x)

n=1

= an Y Bm (Xv, © xW,) ()
n=1 m=1

— Z an Bn(xv,, © xw,)(x)
n—1
> M i an, By, = 0.
n=1

0

Corollary 2.10. Let X be a solid BFS and (X, ) be an algebra such that the hypothesis
(1) = (4) in Theorem 2.9 hold. Then, ® does not satisfy the sequence conditions.

This statement is a development of the following result which has been proved in [25].

Corollary 2.11. Let G be a compactly generated locally compact abelian group and ® be
a Young function with ® € Aqy satisfying the sequence condition and lim,_,q+ @ =

Then, L*(G) is a Banach algebra under the convolution * if and only if for each f,g €
L®(G), (f * g)(x) exists for almost every x € G.

3. On X? spaces

For each p > 1, the function ®, defined by ®,(z) := aP for all x > 0, is a Young
function. We denote XP := X*®» and || - [|xr := || - I3, In fact, for each f € X7 we have

1
[ fllxe = |||fIP]|%. Note that if X := L'(x), then X? = LP(yu), the classical Lebesgue
spaces. In this section specially we study X? as an algebras with the poitwise product.
First we give a general result regarding X® spaces which is an extension of [22, Theorem
7 page 64].

Theorem 3.1. Let X be a solid BF'S on €, and ®; be a strictly increasing Young function
fori=1,2,3 such that

1 () @5 (2) < By () (3.1)
for all . Then, X®1 - X% C X®3 and 1f9lla, < 1%, llglls, for all f € X% and g € X*2.

Proof. Pick non-zero functions f € X®* and g € X®2. Then, there are A, A\a > 0 such
that ®;(sL) € X with H@ﬂ%)”x < 1 and ®(£) € X with H@Q(%)Hx < 1. Then, by
[22, Lemma 6 page 63|, the inequality (3.1) implies that

[fgl | _ 1 f g
‘1)3(2)\1)\2) <5 (‘1)1()\1) + @2()\2)) :

Consequently, by solidity of X we have fg € X®3 and the requested inequality holds. [

Corollary 3.2. Let % +% < % Then,

(1) XP-X7C X".
(2) The equality XP - X% = X" holds if + ++ = 1.

r

Proof. Part (1) directly follows from Theorem 3.1. For part (2), just note that if %—l—% =1

r?

then for each f € X" we have fﬁ e X4, fﬁq € XP and f = fp%q fﬁ g
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A subset € of a topological vector space X is called spaceable if there is an infinitely
dimensional closed subspace Y of X with Y C € U {0}.
For each function f on Q, Ey :={z € Q: f(z) # 0}.

Definition 3.3. [2, Definition 4.1] Let B be a topological vector space. We say that a
relation ~ on B has property (D) if the following conditions hold:

(1) If (zy) is a sequence in B such that x, ~ z,, for all distinct index m,n, then for
each disjoint finite subsets A, B of N we have

Z QnTp ~ Z BmTm,
neA meB

where «,, and (,,’s are arbitrary scalars.
(2) If a sequence () converges to x in B and for some y € B, x, ~ y for all n € N,
then z ~ y.

Here, we recall the following theorem that is an applicable version of the useful theorem
3.3 in [4].
Theorem 3.4. Let (B,|| -||) be a Banach space, ~ be a relation on B with property D,
and X be a nonempty cone subset of B. Assume that:

(1) there is a constant ¢ > 0 such that ||z 4+ y|| > c||z| for all x,y € B with x ~ y;

(2) if z,y € B such that x +y € X and x ~ y then z,y € X;

(3) there is an infinite sequence {x,}°2 1 C B —XK such that for each distinct m,n € N,
Ty, ~ T

Then, B — X is spaceable in B.
Proof. See Theorem 4 in [2]. O

In the following as an application of Theorem 3.4 we generalized [7, Theorem 2] to XP
spaces. First we recall the following lemma from [2, Lemma 1].

Lemma 3.5. Let X be a solid Banach function. Then, the followings are equivalent:
a) inf{||xrllx: F € A and p(F) >0} =0.
b) there is a pairwise disjoint sequence {Ap}o> in A such that

1
0 <llxanllx <55: (neN).

n’
In next result, the set XP x X7 is equipped with the norm || - || defined by

I I = (1 f e + [lglloco

for all (f,g) € XP x X1.

Let inf{||xallx : ©(4) > 0} =0, and assume that % + % > 1. Then, AL < and so by

[26, Theorem 2.1], we have Xt ¢ X". Pick h € Xiva — AT Then, XP - X9 ¢ X" because
f= hits € XP and g = hits € X1, but fg =h ¢ X"; see [6, Theorem 9] for the case of
Lebesgue spaces. In next result we give a generalization of [7, Theorem 2| and we show
that the difference X? - X? — X" is enough large.

Theorem 3.6. Let % —1—5 > L and inf{|xallx : u(A) > 0} = 0. Then, the set {(f,g) €
XP x X9: fg¢ X"} is spaceable in XP x X1.

Proof. We show that the requirements of Theorem 3.4 hold taking B := XP x X4, K :=
{(f,g) € XP x X7: fg € X"}, and the relation ~ defined by
(fi,91) ~ (f2,92) ifandonlyif Ef NEs =FE; NEy, =2

for all (f1,91), (f2,92) € B. By some calculations one can see that the relation ~ satisfied
the property (D) in Definition 3.3. Also, one can easily see that items (1) and (2) in
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Theorem 3.4 hold. So, it would be sufficient to prove the condition (3). Since inf{||xal|x :
u(A) > 0} =0, by Lemma 3.5 there exists a pairwise disjoint sequence {A,}52; in A such
that 0 < ||xa,[lx < 5 for all n € N. Let {N,,},en is a family of pairwise disjoint infinite
subsets of N. For each n € N set

Jn = Z XA y 9n = Z XAy

keNa (K2[Ixa,llx) kN, (K2[Ixa,llx)

B I=
Q=

Since
1

(Y )

N

XAy
(K2|Ix 4. llx)

r is Cauchy in XP, and so by completeness of XP there exists
(klIxay llc)
an element f,, € X? such that f, = Y keN, — X% in XP. But X? is a PCS-space, and
(k2 lIxay llxc)
so for each n € N we have f,, = > rcn (XA’“)l = fn a.e. Therefore, f, € X? (n € N).
k2[xa; llx)
Similarly we have g, € X? for all n € N. On tkhe other hand since Aj’s are disjoint,

=

2

keEN,

< 00,

3 =

. A
the series > pcn, XA

Sl

A r
fngnzz XA l+l¢xa (nGN)
keNn (K2[[xa,/lx)? "

Indeed, if f,,g, € X", then |fngn|" € X, but for each s € N,, we have
XA
(gl )T =01 S eyl
RENn (k2 xall) 7
17(l+l)r
lxaly
- S2T(%+%)
o 82r<%+%) ’
and so |||fngn|"|lx = oo, a contradiction. This implies that {(fy,g,)}52; is an infinite

sequence in B — X with (fn,gn) ~ (fm, gm) for all distinct m,n € N because N, N N, =
a. O

3=
3=

Setting p = ¢ = r in the above theorem we conclude the next fact.

Corollary 3.7. For eachp > 1, if XP is closed under the pointwise product, then inf{||xa||x :
u(A) >0} > 0.

Remark 3.8. In Corollary 3.7 replacing X by X and setting p := 1 we conclude that if
X® is closed under pointwise product, then

inf{q)l(ll) s u(A) > O} > 0,

xallx

and then equivalently we have inf{||xa|lx : u(A) > 0} > 0. In particular, if inf{u(A) :
p(A) > 0} > 0, then the the Orlicz space L® is not a Banach algebra with the pointwise
product.
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