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1. Introduction

As a tool of motion controller the Bézier curves are the most preferred ones in computer graphics for
animation purposes. For example, Adobe Flash and Synfig are the applications of animation in which
the Bézier curves are often integrated. Users sketched the desired path, and the application creates
required frames for an object moving along the path. By being aware of the current importance of the
Bézier curves, we have been motivated by the following studies. First Bézier-curves with curvature and
torsion continuity has been examined in [1]. Also in [2] Bézier curves and surfaces has been studied
in deep. In [3], Bézier curves are outlined deeply for Computer-Aided Geometric Design. In [4],
Frenet apparatus of the cubic Bézier curves has been examined in E2. We have already examine
the cubic Bézier curves and involutes in [4] and [5], respectively. Before, 5" order Bézier curve and
its first, second, and third derivatives based on the control points are examined in [6,7]. Futher
involute, Bertrand mate and Mannheim partner of a cubic Bézier curve based on the control points
with matrix form has been examined with Frenet apparatus in [8,9]. In [10], the Bertrand pairs have
also been examined by B-Spline curves. Last but not least, the Bézier curves have been associated to
the alternative frame in [11].

2. How to Find 5" Order Bézier Curve

In this study we have motivated by the following questions:
“How to find a 5" order Bézier curve if we know the first, second and third derivatives?”
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Generally, Bézier curves can be defined by n + 1 control points Py, P, ..., P, with the parametriza-
tion
B(1) = Z(i)tl (-1 [P]
1=0
Definition 2.1. The 5" order Bézier Curve has the following equation
> (5
t) = th(1 -] telol
o)=Y (})ea-0"" 1P e

and matrix representation

1 5 —10 10 -5 11[PR
5 —20 30 -20 5 ol m
10 30 -30 10 0 0]]|P

a@=[¢ & @t 1] 50 10 o0 o0 o p§
5 5 0 0 0 0]|]|mnr
1 0 o0 0 o0 0]]|p]

with control points Py, Py, P», P53, Py, and Ps.

Theorem 2.2. The 5 order Bézier curve with given the first derivative and the initial point Py, has
the following control points

Pl:Po-i-%

Qo @1
P, =P —_— 4+ ==
p) 0+5+5

Qo , Q1 Qo
Py=py+ 20 Bl K2
s=hot oty

Qo Q1 Q2 Q3
Pi=Py 420 %L &2 &
4 0+5+5+5+5

Qo Q1 Q2 Q3 Q4
Py=Ry+ <242l x2 28 X1
5 0+5+5+5+5+5

PROOF. If the first derivative of 5 order Bézier curve is given,

T

t4 Qo
3 1
a(t)y=1| | [B]] Q
t Qs
1 Q4

where [B/] is the coefficient matrix of the 4" order Bézier curve which is the derivative of the 5

order Bézier curve, then the control points Qq, @1, ..., Q4 are given as in the following way,



Journal of New Theory 37 (2021) 35-44 / An Examination on to Find 5" Order Bézier Curve in E? 37

Let the 5" order Bézier curve pass through from a given the initial point Py.If we take each P; and
replace, we get all the control points based on the @Q;, 0 < i < 4.

P1=Po+%

Qo @1
Py=Py+ =0 4 &L
p) 0+5+5

Qo , Q1 Qo
Py=py+ 20 Bl &2
s=lot oty

Qo Q1 Q2 Q3
Pi=Py+ =0l &2 b
R

Qo Q1 Q2 Q3 Q4
Ps— Py 20 L 2 KW
5 0+5+5+5+5+5

Hence, this complete rhe proof. O

Corollary 2.3. The derivative of n'" order Bézier curve can not has the origin (0,0,0) as a control
point.

PROOF. Let first derivative of n'® order Bézier curve has the origin Qg = (0,0,0),

Qi =n(Py1— PF) =(0,0,0)
P11 =P

Hence, Bézier curve has n — 1 control points hence derivative of n'" order Bézier curve cannot has the
origin @;(0,0,0) as a control point. O

Corollary 2.4. If the first derivative of 5 order Bézier curve with given control points Q;, 0 < i < 4,
is given and 5! order Bézier curve has initial point Py = (0,0,0),has the following control points

:Q0+---+Qi71

P; 3

,1<i<5

PROOF. Since P; = Py + QO+Q1+Q5+"'+Q"_1, 1<i<5and Py =(0,0,0), it is clear. O

Theorem 2.5. The 5" order Bézier curve with given the end point Ps and the first derivative, has
the following control points as in the following ways

P4:P_%

szp_%_%
P2:P5—%7%,%
P1:p5_%_%_%_%
pp=p, @1 @ @ G Qo

) ) ) 5 )

PROOF. Let the first derivative of 5" order Bézier curve with control points Qg, Q1, @2, Q3, Q4 be

given as,
T

tt Qo
t3 Q1
o'(t)=| | [B]]| Qa
t Qs
1 Q4
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where [B/] is the coefficient matrix of the 4*" order Bézier curve which is the derivative of the 5%
order Bézier curve. Hence, the control points Qg, @1, Q2, @3, Q4 are

Qo =5(P1 — P)
Q1=5(P— P1)
Q2=5(P3 — )
Q1=5(Py— I3)
Q4 =5(P5 — Py)

If the 5" order Bézier curve passing through the end point Ps, then

P4:P5—%
Q
P3=P4—?3
Py—py— 22
)
P=p-@
)
Q
1302131—?0
and we get all the control points P; based on the Qq, Q1, @2, @3, Q4
P4:P—%
Qi1 Q3
Py=py— %3
s=05—~ 3
Q4 Qs Q2
Py=py— - 32
T s T 5 s
Qe Q3 Q2 O
Pl=py— %32 k2l
T T s 5 5 5
Qe Q3 Q2 Q1 Qo
J L R %0
"5 5 5 5 5
This complete the proof. O

Corollary 2.6. The 5" order Bézier curve with given the end point Ps = (0,0,0) and the first
derivative has the following control points as in the following ways
Qo+ +Qix

Py = 5 , 1<ie<5

Theorem 2.7. The 5 order Bézier curve with given any point Py, 0 < k < n, and the first derivative
has the following control points

Q
Pria =Pk+?k

Pyio= Py + % + ngl

k k+1 4
Po= Py O Gen @
5= Pt o
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Py =P Qr—1
5
Qr-1  Qr—2
P._o=P._ — —
—2 = Dy . .
Qr-1  Qr—2 Qo
Pr— P, Xkl k-2
0= k™ 75 5 5

Theorem 2.8. The 5 order Bézier curve with given the initial point Py,the initial point Qg of the
first derivative and the control points Ry, R1, Ro, R3 of the second derivative , has the following control
points as in the following way

P1:PQ+%

Qo . Ro
P, =P, 2— 4+ —
2 0o+ 5+20

Qo Ry Ry
Py=Py+3%0 4 ot0 M1
3 0+35+ 20+20

Qo Ry R R»
P =Py4+420 320 L o2 712
1= P ds T35y 250 T g
QO 4R0+3R1 2R2 @

P = Py+ 522
s=Poo T+ o T 50 T T

PRrROOF. The second derivative of 5" order Bézier curve is a cubic Bézier curve with control points
Ry, R1, Ro, R3. It has the following matrix representation

T ~

[ 43 ] Ry
2

O//(t) _ tt [B”] Z;

L 1] | R3

B ’ '(n—lggéh—@oi

" |t " (n_l Q22—

CO=10 | B o1 @s- o))

[ 1] | (n—1)(Q4— Q3)

where [B”] is the coefficient matrix of the cubic Bézier curve which is the second derivative of the
5% order Bézier curve. Where control points Ry, R1, R2, Rs, and Qq are given, we can easily find the

Qla Q27 Q?w Q4-

R
Q1:Q0+TO
Ry R
Q2 = Qo + 1 + 1
Ry R Ry
Q3= Qo+ 1 + 1 + 1

_ Ry Ri R R
Q4_QO+Z+T+ 1 —|-4
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Also if the initial control point Py is given we can find easly control points of 5" order Bézier curve

P1:P0+%
Ry
_|_7
Pzleo%-@jLQO 4
) )
Qo Qo+ Qo+t
P;=P+ —
3 0+5+ 5 + 3
R, R, R R, R R
P4=Po+%)+Q0;£+QO+§O+5+QO+40‘5ﬂf+f
_ Qo Qo+ Qo+l oty Qyi Moy Ty i
Ps=PR+——+ + + +
) ) ) 5 )
Hence, we have the proof. O

Theorem 2.9. The 5 order Bézier curve with given the initial point P, the initial point Qg of the
first derivative, the initial point Ry of the second derivative and the control points Sy, S1, Sz of the
third derivative has the following control points as in the following ways

Pl:Po-i-%

Qo . Ro
Po=FPy+2==+ —
2=hot et g,

_ Qo , ,Ro , So
P3—Po+35+320+60

Qo Ry So St
Py= Py 4420 4 6220 4 320 01
4 0+ 5+620+360+60

Qo Ry So S1 59
Py =Py 4520 4 1020 1 620 1 321 | 22
s = Pyt 50 41000 + 620 + 34+ 2

where Py, Qq, Ro, and Sp, S1, 52 must be given.

PROOF. The third derivative of 5! order Bézier curve is a quadratic Bézier curve with control points
S0, 51,52 . Also it has the following matrix representation

-T -

[ 2 So

a///(t) — t [B //l] Sl
[ 1] | S2
- 4T

t? [ (n—2) (R1 — Ry)
o"Wy=1| t | [B" | (n—2) (R - R)
| (n—2)(R3 — Ra)

Where [B "] is the coefficient matrix of the quadratic Bézier curve which is the second derivative of
the 5 order Bézier curve. Since te control points S, S1, S2, and Ry are given, by solving the following
System

S
R1:R0+?0

Sy 51
Ry=Ro+ 24+ 2L
2 0+3+3

So ST S

Ry = Ry+ 20 421 22
8= fod g F g
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We can easily find the Ry, Ro, R3. Also if the initial control point Qg of first derivative is given we can

find easly Q; control points of 5** order Bézier curve
R
Q1=Qo+ *0
R() So
Q2=CQo+2 1 + D
Ry So S1
- 204920 P
@3 =Qo+3 74295+ 95
R() So Sl S2
- 40 el 2, 22
Qa=Qo+a-F+35+29 + 35
Hence,
P,=F+ @
Qo
Py=Py+2%0 0
2 =Lt ey +3 20
Qo Ry
Py= py+ 30 ol f
3 0+3 + 20 + 20
Qo Ry + %
_py 3ol
b3+ 20 20
Qo So
= Py +3% gflo | 5o
o+ + 20 + 50
Qo Rl Ry
Py=PFPy+4— 3* — + —
1= R A m 3oy T2 Ty
Qo RQ—I—SO Ro—i—%-i-%
= P, 4— 3— 2
ot ey 20 teoe 20
Qo So 51

—P0+4?+6%+3@+@

QO Rl Rg Rg
Ps=Py+5-2 4422 43 L 4o 24 5
s 5+20+20+20+20

Qo Ro+5% Ro+5+5 Ro+%+5+%
_p 590 4T g 9
0+ o+ 2oJr 20 T 20 + 20

Qo So S1 Sy
—p X0 490 L g20 gL | P2
o +5 +020+660 B2+ o5

This complete the proof.

2.1. An Example to Find 5" Order Bézier Curve with Given First Derivative

In this section, we will give an example to find 5

more detail, see [3].

order Bézier curves which are defined in E3.

For

Example 2.10. Let a (t) = (74t° — 210t* + 180t3 — 50t? + 5t 4+ 1, —79¢> + 185t* — 130t + 10t* + 10¢
+1, —63t5 + 95t* — 303 — 5t + 2) be an example of a 5" order Bézier curve with control points,

Py=(1,1,2),P = (2,3,1), P, =(-2,6,0),P3s = (7,-3,-4), P+ = (5,0,5), Ps = (0, -3, -1

The control points of the first derivative of 5! order of a Bézier curve are

Qo=5(P — ) =5((2,3,1) — (1,1,2)) = (5,10, -5)

Q=5 —P)=5((-2,6,0)—(2,3,1)) = (-20,15,-5)

Qs = 5(Ps — Py) = 5((7,—3, —4) — (=2,6,0)) = (45, —45, —20)
Qs = 5(Py— P3) = 5((5,0,5) — (7,3, —4)) = (—10, 15, 45)

Q1 =5(Ps — P) = 5((0,—3, —1) — (5,0,5)) = (—25, 15, —30)
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5t order Bézier curve with given the first derivative and the initial point Py, has the following control

points
P =P+ %
Py =P+ % + %
Py =P+ % + % + %
P4=P0+%+%+%+%
P5:P0+%+%+%+%+%
Py and Qq, Q1,...,Q4 are given
P =(1,1,2) + (5’105’_5) =(2,3,1)
Py =(1,1,2) + G5, 1%’ -5, &%, ;5’ =5 _ (—2,6,0)
Py=(1,1,2) + (5, 1(;),—5) n (—20, ;5, —5) (45, —455, —20) (7,—3,—4)
Pi=(1,1,2) + (5, 1(;,—5) n (—20, ;)5, —5) (45, —455, —20) n (—10,515,45) _ (5,0,5)
Py=(1,1,2) + (5, 1(;), —5) n (—20, ;5, —5) N (45, —45,—20) + (—10, 155,45) + (—25,—-15,-30)
=(0,-3,-1)

The second derivative of 5t order of a Bézier curve as a 3" order Bézier curve with control points
Ry, Ri1, Ro, R3 are given as in the following way

Ry =4(Q1— Qo) =4((—20,15, -
Ry =4(Q2— Q1) =4(
Ry =4(Q3 — Q2) = 4(
Rz = 4(Q4 — Q3) = 4((—25, —15,

( 5) — (5,10, —5)) = (—100, 20, 0)
(45, —45, —20) — (=20, 15, —5)) = (260, —240, —60)
(—10,15,45) — (45, —45, —20)) = (—220, 240, 260)

( —30) — (—10,15,45)) = (=60, —120, —300)

The 5" order Bézier curve with given the initial point Pp,the initial point Qg of the first derivative
and the control points Ry, R1, Rs, R3 of the second derivation , has the following control points as in

the following ways

P1=P0+%

Qo Ro
Py=Py4+2%0 4 20
2= Fot 27+ oy

Qo Ry R
Py = Py+3%0 4920 U
3 o—l—35 + 20—1—20

QO RO Rl RQ
P =Py 4+4%0 4320 L o 112
e A IR T

QO 4R0 3R1 2R2 R3
P = P+ 520 iz
5= o T T T
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where Py, Qo, Ry, R1, R3 are given.

P o= (1,1,2) + B850 — (9.3 1)

P = (1,1,2) + 510 -5) | (_10362070) — (=2,6,0)

Py = (1,1,2) + 510 =5) | o= 10200200)+(260 —240,—60) (7,3, —4)

P o= (1,1,2) + 510 —5) 4 3= 100200)+2(260 ggo —60) | (= 2202810260) (5,0,5)

Py = (1,1,2) + 510 =5) (71%%,20,0) 4 3(260, 22040 —60)  2(= 2202%40 260) | (=60, 12%0 —300)
=(0,-3,-1)

The third derivative of 5" order of a Bézier curve using the control points Sy, S1, and Sy of 5 order
Bézier Curve are

So =3 (R1 — Ro) = 3((260, —240, —60) — (—100, 20, 0)) = (1080, —780, —180)
S1 = 3(Ry — Ry) = 3((—220, 240, 260) — (260, —240, —60)) = (—1440, 1440, 960)
Sy = 3(Rs — Ry) = 3 ((—60, —120, —300) — (—220, 240, 260)) = (480, —1080, —1680)

3. Conclusion

We know that the first derivative of a 5" order Bézier curve is 4" order Bézier curve with 5 control
points,in this study we have examined that, when any 4" order Bézier curve with 5 control points is
given, how to find 5% 5% order Bézier curve is
cubic Bézier curve with 4 control points, we have examined that, when any cubic Bézier curve with 4
control points is given, how to find 5" order Bézier curve. Further the third derivative of a 5" order
Bézier curve is a quadratic Bézier curve with 3 control points. We have examined that, when any
cubic Bézier curve with three control points is given, how to find 5" order Bézier curve. As a result
we can choose any initial or end control points except origin of any order derivatives and we can write
which we want exactly the 5%

order Bézier curve. Also, the second derivative of a

order Bézier curve.
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