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Abstract: In the present study, the quintic-septic nonlinear modulation of a longitudinal wave
propagating to contribute the dispersive and higher-order nonlinear effects in a generalized
cubically nonlinear elastic medium is considered. In recent work, for the modulation of a
longitudinal wave, a cubic nonlinear Schrédinger equation with a third-order dispersive term is
obtained by using a multi-scale expansion of quasi-monochromatic wave solutions. The third-
quintic-septic longitudinal wave, by choosing specific values of material constants and wave
number for which some coefficients of nonlinear terms are disappeared. In this case, a new
perturbation expansion is needed to balance nonlinear effects with dispersive effects. As a
result, a quintic-septic nonlinear Schrodinger equation with a third-order dispersion term is
obtained as a hew model that balances quintic-septic nonlinearity with a third-order dispersion
term.

Keywords: Nonlinear Schrodinger Equations, Nonlinear Wave Propagation, Generalized Elastic
Medium

Uciincii Mertebe Dispersiyon Terimli Besli-Yedili Dogrusal Olmayan Schrodinger
Denklemi

Oz: Bu calismada, genellestirilmis, kiibik dogrusal olmayan elastik bir ortamda yayilan boyuna
bir dalgada, yiiksek mertebeden dagilim ve dogrusal olmayan etkilerin katkilarin1 incelemek igin
besli-yedili dogrusal olmayan modiilasyonu diistiniilmektedir. Son zamandaki g¢alismalarda,
hemen hemen tek dalga sayili dalga ¢oziimlerinin ¢ok olgekli agilimi kullanilarak boyuna bir
dalganin modiilasyonu i¢in tgilincli mertebeden dispersiyon terimli kiibik, dogrusal olmayan
Schrodinger denklemi elde edildi. Elde edilen denklemde bazi dogrusal olmayan terimlerin
Katsayilarinin yer almadigi belirli bir malzeme sabiti ve dalga sayisi degerleri segilirse, boyuna
bir dalganin davranmigim1 tamimlamak igin, dogrusal olmayan etkileri dagilim etkilerle
dengelendigi yeni bir pertiirbasyon agilimina ihtiya¢ vardir. Sonug olarak, tiglincii dereceden
dagilim terimli besli-yedili dogrusal olmayan Schrodinger denklemi, besli-yedili dogrusal
olmayan etkinin ti¢iincti mertebeden dagilim terimiyle dengelendigi yeni bir model olarak elde
edilir.

Anahtar kelimeler: Dogrusal Olmayan Schrodinger Denklemleri, Dogrusal Olmayan Dalga
Yayilimi, Genellestirilmis Elastik Ortam
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1. Introduction

Nonlinear Schrodinger (NLS) type equations describe the long-time behavior of
modulated wave propagation in various nonlinear and dispersive media such as fluid,
optical, elastic, acoustic, plasma, etc. The NLS equation has solutions called solitons in
which the dispersive and nonlinear effects of the medium are balanced [1, 2]. Solitons
are localized wave solutions that can retain their shape only by phase shift when they
make elastic collisions. This type of wave solution was first observed in 1834 by John
Scott Russell in a narrow and shallow channel in Scotland. Due to this special structure
of soliton, the derivation of partial differential equations describing nonlinear and
dispersive wave propagation in such a medium is one of the important areas in
nonlinear scientific research. In this study, the modulation problem for the complex
amplitude of (1+1) waves propagating in a homogeneous, infinite, dispersive, and cubic
nonlinear elastic medium is considered to examine the contributions of quintic-septic
nonlinear and third-order dispersive effects in a wave motion.

Erofeyev and Potapov obtained the governing equations of motion describing the
propagation of two transverse waves and one longitudinal wave in an infinite
homogeneous micromorphic elastic medium containing high-order displacement
gradients and cubic nonlinear effects [3]:
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+ 7/5 (3(Vx)2Vxx + 2VxWxWxx + (Wx)zvxx)'

Vvtt _C]%WXX +4c|?m2WXXXX :}/Z(u W +u W )+7/4(2W u u +(UX)2WXX)

XX TUX XXX XTXTXX

+ 76 (3(W, )W, + 2V, WV, + (V,)*W,, ),

where t is the time variable and X is the spatial variable in the propagation direction. In
Equation (1), the function u represents the longitudinal component of the displacement
vector with the speed c,, while v and w represent the transverse components with the

velocity ¢, . Additionally, the coefficients in Equation (1) are given as
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where 4 and 4 are linear elastic constants (EC), .4 ’s are the second-order EC, &, ’s
are third-order EC, and , m are the microstructure constants with the mass density
Po- When the harmonic wave solutions

(u,v,w) =e'®™*u,v,W), 3)

where (U,V,W) represents the complex amplitude vector; @ represents the frequency

and k represents the wavenumber, substitute the linear part of Equation (1), the
dispersion relations

D, (k, ®) = @® —c’k* —4cm? (L+v)k* =0,

4
D, (k, @) = w” —c2k® —4c2m?k* =0 )

are obtained. In Equation (4), D, denotes the dispersion relation associated with the
longitudinal displacement u, whereas D, denotes the dispersion relation associated
with the transverse displacements v and w. Due to the dispersion relations (4), it is
seen that the longitudinal wave and transverse waves are dispersive.

On the other hand, the cubic NLS (CNLS) equation developed by Erwin Schrodinger in
1927

iU+ pu, +qlufu=0 (5)

characterizes the slowly-varying amplitude of a quasi-monochromatic wave that
propagates in the weakly nonlinear and weakly dispersive medium [4, 5]. The function
u in Equation (5) denotes the envelope of the complex amplitude of the short wave.
The CNLS equation was recently re-derived in a study examining the contribution of
the high-order dispersive effects on the longitudinal wave modulation emitted in a

generalized elastic medium [6]. In [6], under the assumption D,(k,®)=0, the
components of the displacement vector were expanded into asymptotic power series of
e.Then v = O, W = O, and the CNLS equation valid at the level ¢’ was obtained.
The coefficients in Equation (5) are given by

(6)

with D1(2k,2w):4k2(c§L—cf). In Equation (6), c, is the group speed of the

longitudinal wave. However, for fairly short pulses, the CNLS equation is not a correct
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model of the wave motion, so higher-order dispersive effects need to be included in the
evolution equation. Therefore, in the same study [6], the evolution equation with third-

order dispersive term valid at the level gt

iUt+pUXX+ipuXXX+2q|u|2U +qu2U*+irlu2u:+ir2|u|2uX:0, 7)
where
E:_a)m r:_k4CgL o+ 712 (5(02 _Cz)_48CT2k2m2(1+V))
6 v I 20 3 2(0<C§L—C5)2 9 L y
) (8)
3 2 24 -
r2——% (kch—zw)y3+% (2K, —7m)+ (ZCiL Za))cﬁ k?m?(L+v) | |,
gL L

was also found. Then the new depend variable ¢ =cu+¢&°U was defined to combine

Equation (5) and Equation (7), which leads to the CNLS equation with third-order
dispersive terms:

i+ P+ 010 +i2(Pon + 500 + T 10 4 )=0(2°), 9)

with (@.%.5) =(q,r,.1,)/& .

If the coefficient of the nonlinear term in Equation (5) is zero (4 =0), the balance
between the nonlinear effect and the dispersive effect in the medium will be
disappeared. This situation occurs for the critical wave number K, that is a solution of
the equation

__ 37/12
e, 07

(10)

A new perturbation expansion is needed to examine the effect of the dropping
nonlinearity on wave propagation around the critical wave number k.. Erbay

investigated this problem in a fluid-filled nonlinear elastic tube, and founded the quintic
NLS (QNLS) equation [7]:

iut+puxx+q|u|4u+i(r|u|2ux+su2u:)=0. (11)
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This paper aims to investigate how a balance could be obtained between the third-order
dispersion and nonlinear effects on the wave propagating in the generalized elastic

medium when the coefficient J of the cubic term |¢|2 ¢ in Equation (9) vanishes. To

do this, under the constraint D1(2k,2a)):4k2(c§L —cf) with Equation (10), the new

perturbation expansion for the variable u near the critical wave number k. is needed. A
similar problem has been discussed in the literature for waves propagating in different
media [8, 9].

In [8], Essamma et al., theoretically characterized the electromagnetic wave propagating
in negative-index material by the cubic-quintic NLS (CQNLS) equation with the third-
order dispersive term:

iU, +pU, +ip, uttt+(q1+q2\u\2)\u\2u:0. (12)

In addition, on nonlinear optical waves, the CQNLS equation with third- and fourth-
order dispersive terms

U, + Py Uy 1 Py U + Py U+ (0, 6 u iyl u) =0 (13

was considered to find soliton solutions and exact solutions [10, 11], and to analyze
modulation instability [12].

In [9], the cubic-quintic-septic NLS (CQSNLS) equation with third- and fourth-order
dispersive term

! ux + pl utt +1 p2 uttt + p2 utttt

(ool -l o (0l oY) <0 42

was obtained as the model for the propagation of femtosecond optical pulses through
fiber Bragg grating structure. Solitary wave solutions and dipole solution solutions were
also presented in [9] and in [13], respectively.

2. Material and Method

In nonlinear wave theory, various asymptotic methods are used for the formal derivation
of the evolution equations [14-17]. In this study, the reductive perturbation method
[14,15] will be applied to obtain the quintic-septic NLS (QSNLS) equation with the
third-order dispersive term in a generalized elastic medium. The main principle of this
method is based on understanding how the amplitudes of harmonic waves are
modulated by a nonlinear system. Therefore, two harmonic waves
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i[ (k+AK)x—(o+Ao)t ]

u(x,t)y=Ue ,

UZ(X t) -U ei[(k—Ak)x—(m—Aw)t] (15)

are considered in the linear system. The waves u,(x,t) and u,(x, t) have the same

amplitude U, but their wavenumbers are very close to each other. Superposition of the
harmonic waves (15) simulated in Figure 1,

u(x, t) =u, (X, t) +u,(x, t) = 2U cos(Ak x — Aewt)e' ", (16)

divides the harmonic waves into two parts: a slow-varying part COS(Ak X—Awt) and a
i(kx-ot)

fast-varying part € . That means the amplitude of the wave (16) is modulated.

Figure 1. Superposition of two harmonic waves

At this stage, under the assumptions Ak/k <1 and Aw/w <1, the phase of the
amplitude is expressed as

dw 1d2Q) 2
_ pot = ak| x-32¢ |2 17
AKX — Aot Ak(x dktJ 2ﬁf(Ak) t+ (17)

Thanks to Equation (17), the slow variables
ﬁzg(X—Cth), =&t (18)

are introduced with &= Akis a small parameter and ¢, =dw/dk. In this way, the

parameter £ appears to be a tool for measuring the weakness of dispersion. On the
other hand, & will also measure the weakness of nonlinearity if the components of the
displacement vector are written in asymptotic power series of ¢.
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This study aims to derive the evolution equation that re-establishes the balance between
nonlinear and dispersive effects of the longitudinal wave propagating in the generalized

elastic medium around the critical wave number k. that provides Equation (10).

Considering that the coefficient 0 of the cubic nonlinear term in Equation (9)

disappears around K., nonlinearity should be taken as &Y% instead of & (for

simplification, the subscript ¢ will be omitted for the rest part of the paper.). For this
purpose, the solution u of the governing equations (1) will be taken into account as the
asymptotic series given by

u(&, ) =u? (&, )+ g%[ul(l) (&,7)e° +ccl+ U (&, ) +u (&, 1)’ +c.c]

+e2[uP (&, 7)e"” +ul (&, 7)™ +cc]
+&? U (&, 7) +ulP (&, ) +ul (&, 1) +cc)

5 ) )
+e2[ul® (&,7)e* +uP (&,7)e +c.c] (19)
+&[uP (&,7)e” +ul” (&,7)e" +ul® (&, 7)e¥ +cc]

7 _ _ _
+e2[u (&,7)e” +ul (&,7)e +ul" (&, 7)e™ +cc]

+& U (&,7)e™ +ul? (&,7)e" +ul® (&,7)e” +u® (&,7)e® +c.c]+...,

where € =k X-ot and cc. denotes the complex conjugate of the preceding expression.
The functions u® and u{” in Equation (19) are called the first-order longitudinal mode

and the second-order longitudinal mode, respectively. As the longitudinal wave motion
is considered, the transverse components v and w are assumed to be a linear function

in time t. In addition, D,(k,®)=0, Dl(2k,2a)):4k2(c§L—cf)¢0, D,(nk,nw) #0,
(n=23...),and D,(Ik,1w) =0, (1=1,2,...) will be taken.

Putting the new coordinates (18) and the expansion (19) into Equation (1) leads to a
hierarchy of equations in half power of &. By equating the coefficients of the same
powers, perturbation equations are obtained and then are solved to find the evolution
equations describing the long-time behavior of the wave motion.

3. Results

In this section, the QSNLS equation with the third-order dispersive term involving the
first- and the second-order longitudinal modes is derived. For this purpose, perturbation
equations are first obtained by plugging the transformations (18) together with the
asymptotic series solution (19) into the governing equation (1). Then, these perturbation
equations are solved to drive the evolution equations for the first- and second-order
components. Here are only presented the solutions of the perturbation equation required
to find the evolution equations. Finally, by properly combining the first- and second-
order modes, an evolution equation containing quintic-septic nonlinear and third-order
dispersive terms is obtained.

176



For 0(81/2) , the perturbation equation is D,(k,@)u® =0. Recalling that D, (k,®») =0,

the first-order mode u® is an arbitrary function of the slow variables & and . For
order &, the term uf? is expressed by the first-order mode u®, as follows:

ik
u;” = —4(c|§L 7_1C5_) (u®)" (20)

In the next order, 0(83/2>, the equations

2i(c, w—ck—8eik’m’ (1+v))uf - D, (k, @) u + k*yu{lu®
. * 2
—2ikuPu + ke u | uf =0, (21)

D, (3K, 30)u? + k7, (uf? ) ~6ik*yuuf? =0

are obtained. By Equation (21), the second-order mode u{” remains an arbitrary
function, and ¢, =’ is verified, that is, c, is the group velocity of the longitudinal
waves. Meanwhile, imposing Equation (10) and Equation (20) in Equation (21) implies

2
k V1
2 2

CgL =C,

0 2 3
U = 5w v =0, (22)

. . . . 2 . .
With similar calculations, for order ¢°, the functions u{® and u{” express in terms of
the first-order and second-order modes:

- 2 2 21,2
o iky, u(l)u(l)+371(ch—CL+16ch m(L+v)) aye
R (A B 4(c? —c?)? v
9 L 9 L (23)
5ik°%y, 2 2 5ik*y? 4
_ 7 3‘Ufl)‘ (ul(l)) u® = 41 ( l(1)) .

4(c2 -c?) * 2D,(4k,4w)(c? —c?)’

For O(¢*?), the equation for the first-order longitudinal mode is founded by using the
solutions of lower perturbation equations:
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12ik°m?® (1+v) ¢y,

2 1,3.2

@ ® ) ik, @),

iu® + pu, + s u?| U+ (u®) u®
(5. ~<t) (%) (24)
k4}/2 25k6 4 4 kZ
1 O%,@ O, 0, i o*,® 71,00 _

+———(ufu? +uPu )y T S |0 uf U =0,

Za)(cgL —C,_) 8a)(cgL —CL) @

cZ—c® +24c2k*m? (1+v "
where p=—"2% ZCT L) _
(0]

explicitly in terms of the first-order mode.

In addition, the solution u{® expresses

N|8

3ik®y; (2 —cf +24cik’m? (1+v))

g

u® —
3 2 2 2
D, (3k,3) (c?_-cf)

(89) w2

(25)
15Ky (7D, (4k, 4o) +16k* (c2 —c
+

Doy

2 2\
8(c; —c?) D;(3k,30)D; (4k,40)

gL

To present compact form of the evolution equation (24) for the first-order mode, uy’) is

calculated from the higher-order perturbation equation in the order of g

15k %y?

k —
e — 2 ,(u(l) u® —u® .
2 2
4(cz -c?)

W= O O OO o|*
s peUy )+k(u2 u” +u,” Uy )— ‘ul ‘
(26)
2k%c, ¥, c: 2
+ 9./1 J‘ (‘ul(l)‘ ) de.
T

2
2 2 —0
(CQL N C'—)

The integrand of all integral is assumed to be rapidly decreasing functions of & as &
approaches to —oo. Now, substituting Equation (26) to Equation (24), the
integrodifferential equation involving the first-order mode u® is obtained:

) @ s @ o?,,o\|,,ol? @ (|, @] _
U, + PuU - + ('qlul,e: +0, ‘ul ‘ Uy )‘ul ‘ + 04, Iw(‘ul ‘ dg =0, (27)
T

where the coefficients in Equation (27) are given by
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k3y? (ngL — ¢l +24ck*m’® (1+v)) 5Ky c, kK?y?

9L

G = 2(c —cﬁ)za) ’Qz—(cz —cﬁ)sw, s——m- (28)

2
9 9

At this stage, the integral term should be eliminated from Equation (27). Therefore,
subtracting the u{®* multiplied of Equation (27) from its complex conjugate gives

(‘“1(1)‘2) ('D( uu? - Ufﬁ“fl’*)+%\ufl’\4)- (29)
! £

When plugging Equation (29) to Equation (27) leads to the QNLS equation describing
the propagation of the first-order longitudinal wave near the critical wavenumber K_:

* 4
iu® + pu, +i((g, + pa, ) uu® - pguu “)Uf”{qz—%j\ul‘“\ u® =0.  (30)

In addition, for O(£°), the solution u{® is given by

e —I(Ai‘u(l" u(1)+A2u(l’+A3u(1))‘u(l)‘ u“){ 'gzu(l)*JrAAu(l)*)(ul(l))?’
+|A5(u(1)) +Aa( U9y l(1)) +|A7(( (1)) 3y 1(125)

(31)

with the coefficients

_ k'7c, (49054c) -100327c(c; +66620ccq, ~14888c; )

3840a)(ch —c?)
K°y5c? (49085¢! ~83812c7c? +35216¢! ) 15Kk

3840(c? —c?)’ e -)

gL

kz (9kc (278c! - 289c7c] +56c; ) o(541c! +1636¢]c; ~1772c; ) (32)

1920(c? ¢ )5

A~ k*y; (250 +18ke, )A—,= ky, ),AG: , ),A7: 7, ;

8o(c2 —c )3 4 -

To be able to observe the contribution of higher-order dispersion and higher nonlinear
impacts, the behavior of the mode u” is determined on the order of g
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. 2 2 - 2
iuf) + pull), +irul)., +|Bl((ul(l)) us —((ul(l)) )5 uf! j+B2 u$[" u®

+iB ( " u"l;*ul(l))ugl)—(ZiBluég—Bél‘ufl)ruf)—Bs(ul(l))z uf)*) ul(l)‘z
(33)
( ‘ulg‘ +Bu®u® + Buu ))ul(l)+Bg(ul('1§)2 u®”
( (Blou u® +Bulu )+ Blz‘u ‘ )‘ul(l)‘z u® +Buu® =0,
where
ch(cf—ch)—Bkmch (l+v)(2w—3kch) o" Kiy?
20’ 6 T 20(e q)
a)(ch cL)
B, =kB,, B, = k37122(3k2CgL _2(0), - k®y (45(0 kc3 ) B :Lﬁs,
20 (ch —cL) 4 (ch —cﬁ) 4a)(c§L —cﬁ)
2 (10ke +2c, (3o-The, ) K2 (L42¢! +137c%c? —99c! )
6 = > B, = '
60° (¢! -c; ) 360° (C;, —C,_)
. 3k, 77 (ke,, — o) . K7 Z(9ct-7cl)  K'y(338ct-149c L)’ a

P I Y () e v P
K7y (12 —164cf)+ k°c? 7 (25¢¢ -7c; )
120°(c —c )3 20° (2 —cf )3 Dl(3k,3w)’
k°y; (14975¢; - 24805¢/c; +11399c]c; —-12c; )
4800 (c?, —cf)8

11~

12 =

_kgchyf(40645cf—87798cfc;+65349cfch -15082¢; ) 5 K2y,

9600° (2. —c?) P 20

gL

The term uf? in Equation (33) is found from the solution of the equation for O(¢*) and
the expression of uf? in terms of the first-mode uf® and the second-mode u’ is as
follows:
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o O L yDuD yBy®” Byl
% =C,|u§ ‘+|C( U +uluP —ufus” - uu®”)

£
+C3(u§1)*u1(1)+u§”u1‘l’*)ul(l)‘ +C4_|-i(u§l’*ul(l) (l)u(l)*) dé
X (35)
+C, (WU +ufu )+ C, uf —ic, (uu® —ufu® ) |u® [
G0 +iG [ () () oz
The coefficients in Equation (35) are given by
/ 3 2k’
C = zk 712 G, = 2k]/1 7:Cy = S 7.C, = gL7/12 G = 271 2\’
Cy —CL Cy —CL 2(ct-c?) (2 —cf) 3(c; —cf)
Ky (321c{ ~118cc; -167c; ) o __kn [13+6kch]
- 2 1 7 _—3 R B
180° (¢ -¢}) (cf-c2)l2 o
k%y; (2233c; —4248c/c} +1428cfc; +8c; )
8~
720" (c? ¢ ) (36)
k c,, 71 (563c; +2025¢/c? —2785¢;c, +776¢; )
720" (¢} -] )
5 3 kc
c,-—Kn 4[3(49c —~T4cfc} +26c, )-—-(48c, —cic) —44c, )J
40’ (¢} —c @

Now, the integrodifferential equation involving the second-order mode u® given as
below is calculated by substituting Equation (35) to Equation (33):

M, oy® 0 u® W, ol ®F O
iUy + puy L +iru), — 2(ZB +B,C, )[(( ) )gu +2‘u ‘ us j
- * * é * *
(1),® (17, @ )y ® () 1y, @ Oy
+i(Byuu" — (B, - B,iC, )uT uf Jul + B,.C,u j U uf +ufu) dg
((B +B,C; )usul” + (B, + B,,C, )u (l)*u(l’)‘u(l" u +(Bs + B,Cq ‘u(l)‘ u®

u® g 4 U@y ® )y ® U@\ o
Uy 2ty +(By + ByC ) Uy 22Uy ) +B( )u

(37)
+((B, +ByCs)

+(( ~B,C,)uu® +i(B,, +B,C, )u (1’u1(1)*+(812+BlSCB)‘ul(l)r)‘uf”r u®

B, Cu [ (U ) - (uul) Jag -o.
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To eliminate the integral terms in (37), the real part of u{”" times Equation (27) is
added to the real part of u®"times Equation (37). As a result,

& * 2 N\ 2
I (u® - uful) de =i(8,+8,-B,) [ (uul) ~(uu ) Jae
+ip(u§f}ul(l)*+ufl)u(“* ulu® —uu )+ r‘u1 (38)

+(( pd, — B;) (U7 U +uuf” )~ (B, + By, ) u®)| /3) u®f
is founded. Then substituting Equation (38) into Equation (37) with the constraint
C,=C,(B,-B,-By) (39)

leads to the partial differential equation in terms of the second-order mode u® :

iu + puf +irul, - 2(ZB +By(C, - pC4))(((ul(1))2) ud” +2‘u1(1)‘2 ugligj
+i(83u1‘}§u1(1)*—(8 +By(pC, —C,))uf" u(l)) ug” ~i pB,,C, (uf ) Uz
+(BS+BB(C3+C4(pqs—B3)))‘ul(l)‘ (ul(l)) ud”

+(B, +By (C,+C, (pg; —B,)))u[ uf +(B, + B, (C, +1C,)
0+ )

u“‘ u®

(1)‘ U (40)

+((B, +ByCs )uLu® + (B, +B,,Cy u

+i(( -B:C, )uTu® + (B, +B:C, uy (1)*)

+(By, + By (Cy —C, (B +B,,)/3) ) u” ‘ u® =

On the other hand, the constraint given in Equation (39) causes relationships between
some coefficients in Equation (30) and Equation (40)., i.e.,

ql-l-pqu—(2|31+Bl3(C2—pC4))=
pa;=pBC, (3+Bl3(pC4—C2))/2,

G G5 _ (B4+Bl3(c7 +C,(p qa_Bs))) _ (BS+ Bl3(C3+C4(p qa_Ba)))
2 3 2 :

(41)

q, -
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One can easily see that that Equation (40) is linear in terms of the second-order mode
ul, however, it is nonlinear in the first-order mode u{®. As a result, defining the

dependent variable transformation
¢ =eu® +&u, (42)

Equation (30) and Equation (40) can be conveniently combined, that is, adding &
times Equation (30) to & times Equation (40) implies the equation

ig, + Dy +i(cudd +8:0)d+ B0 9 +ic (1 +(Bbt + Bo9)lol )

2 2 . 2 9 6 (43)
ve(alof g+ai(p.) 6 +aclol g +at’dl+ 2lof 6=
Equation (43) is valid for O(¢®) with the coefficients
=B,/¢’, @, =—pB,C,/&*, o, =(B, +Bls(C +1C,))/&*, a, =By /%,
a5 =(B, +B,C,)/&%, s = (B, +B,Cs)/e”, B =(d,-0,0,/2)/ &, "

ﬂzZ(B11+813C7)/54’ ﬂsz( 10_B13C7 /‘9 '
Z:(Bm +Bj; (Cs_c4(Blo+ Bn)/3))/‘96

4. Conclusion and Comment

In this study, by a perturbation approach, a nonlinear evolution equation, which may be
said to be the quintic-septic NLS equation with a third-order dispersion term, is
obtained to propagate the longitudinal wave in a dispersive and nonlinearly elastic
medium. Similar evolution equations balancing the septic nonlinear effect with the
third- and fourth-order dispersive effect are found to descript the nonlinear wave motion
propagating in different media [8, 9]. However, for the generalized elastic medium, this
balance could be achieved between septic nonlinearity and third-order dispersibility.
The balance problem of fourth-order dispersive effect and higher-order nonlinearity can
be studied in the future.
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