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1. Introduction

The aim of this paper is to study the existence of ground state solutions for the following non-local
problem

(—A)Zl(.)u = Hy,(z,u,v) inQ,
—-A aa()V = Hy(z,u,v) inQ, (1)
u=v=0 on RN\Q,

where Q C RY is bounded open subset with Lipschitz boundary 952, s € (0,1), H,, H, denote the partial
derivatives of H with respect to the second variable and the third variable and (—A)Zi(') represents the

non-local fractional a;(.)-Laplacian operator of elliptic type introduced in [12] and defined as,

u(z) — U(y)\) u(@) —uly) dy

lz —yl|* lz—yl* |z —yN’

(2)

(A, yulz) =PV ox az(
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for all x € RN, where P.V is the principal value and ai=12 : R™ — RT are two functions given later.
We recall that ay(t) = [t|P7%t, as(t) = [t|97%t (for 1 < ¢ < p < N, N > ps, t > 0), satisfies (¢1)-(¢2)
in hypothesis, and the operator is reduced to the well know non-local fractional p-Laplacian operator.
Moreover, for the variable exponent case, we find the fractional p(z,.)-Laplacian operator which is given by

s Ju(@) — u(y) P2 (u(x) — u(y)) N
(—A)p( )u(x) = 151(1) v, 7 — D) dy forxzeRY,

and the system (1) reduces to the fractional (p(.), ¢(.))-Laplacian system studied in [9] and given as:

(—A);(.)u = Hy(z,u,v) inf,
—A); v = Ho(z,u,0)  in, (3)
u=v=0 on RN\Q.

There has also been a great deal of interest in the existence of solutions for systems like . For this reason,
we have many researchers in the litterature who studied this type of systems by using some important
methods, such as variational method, Nehari manifolds and fibering method, three critical points theorem
(see for instance [2l, 3 13]). In addition, this type of operator can be used for many purposes., such as,
phase transition phenomena, population dynamics, continuum mechanics, see for example [19] [I7, [16]. The
fractional operator (—A)Zi 0 have also been employed in a number of problems, like, a non-local Kirchhoff
problem (see [6]):

K(LXQA<|U(£):;EQ)|> |xdjdyy|N)(A)Z(')u = Hy(z,u) inQ,

u=20 on RN\Q,

where K is the Kirchhoff function and A is an N-function. As well Azroul et al in [5], by means of
Ekeland’s variational principal and direct variational approach, they investigate the existence of nontrivial
weak solutions for the following non-local problems:

(—A)Z(.)u + a(ju))u = Ah(z,u) inQ,
u=20 on RM\Q.

In [20] we studied the fractional A-Kirchhoff system type, we used the Mountain pass theorem to get a weak
solution to the following system

[ (u)} —A)* al(.)u = Hy(xz,u,v) inf,
[ 2(v)](=A) Jon()V = Hu(z,u,v) inQ,
=v=0 on RV\Q,

where the functional .%;_; 5 : Xg’Ai(Q) — R is defined by

s = [ a (MO u) ey "

[z —yl* Jlr—y

where the space X(‘?Ai(Q) is defined as follows
Xg’Ai(Q) ={ue XARY) u=0a.eRN\ Q},

which equipped by the Gagliardo semi-norm [.]; 4,, given by

[]sA—lnf{)\>O // ( )\|x_y|(3)|>|x—y|_Nd:L“dy§1},



H. El-Houari, L.S. Chadli, H. Moussa, Results in Nonlinear Anal. 5 (2022), 112-{130 114

and X*4¢(Q) is the fractional Orlicz-Sobolev spaces (see [12]) defined by

X54i(Q) = {u € L (O / / <A’“’ yﬁ(y)> iz — y|~Ndady < oo}.

This space is equipped with the norm,

[lulls,a; = llulla; + [u]s,a,

where L 4(Q2) is the Orlicz space given by

LA(Q2) = {u : @ — Rmesurable function such that /

QA()\\u(x)\)) dz < +00,A > 0},

equipped with the usual norm |lul|4 = inf {)\ >0 : / A(M;)D dz < 1}.

In this paper, we use the fibering map analysis an% the Nehari manifold approach to solve problem .
The approach is not new but the obtained results are. Our work is motivated by the work of Corréa et al
[15]. The main difficulty in this work arises from the non-homogonitie of the operator (2)).

This work is structured as follows. In Section. 2 we briefly recall some properties of Orlicz and fractional
Orlicz Sobolev spaces. Section. 3 is devoted to specify the assumptions on data and showing our existence
results of problem and its proof.

2. Some preliminary results

The reader is refered to [I], 4, [10], 12, 21] for more details on Orlicz and fractional Orlicz-Sobolev space.

Let’s A: RT — RT be an N-function, i.e. A is a convex even function and is represented as follows:

¢
At) = / a(r)dr,
0
where a: Rt — RT is satisfies:

a(t) >0 fort >0, lim a(t) = oo, a(0) =0, (5)

t—o00

and is a non-decreasing and right continuous function.
Let’s remember that an N-function A is satisfied a Aj-condition (A € Ay), if for some constant k& > 0,

A(2t) < kA(t) foreveryt > 0. (6)

Let A and B be two N-functions. The notation B <« A means that, for each € > 0,

B(t
®) —0 ast— oo.
Aet)
Recall that, the Holder inequality holds
/ lu(@)v(z)| da < [[u]|al|v]|z) for all u € La(Q) and v € Lz(9),

where A is the complementary function of A and given by this relationship

A(t) := sup{tr — A(r)}.

r>0
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The Young inequality reads as follows:
st < A(s) + A(t) for allt, s > 0. (7)

The fact that, A € Ay implies that
ug = u in La(Q) < / A(u — u)dx — 0. (8)
Q

We assume that

PATT() oo A= (1)
(Ho) /0 A dt < oo and (Hoo)/l A= dt = +o00 for s €(0,1).

Under (Hy) and (Hs), we introduce the conjugate N-function, denoted A*, given by the following expression
of its inverse in R -
AT
(AD)7L(t) = / 1N+(:) dr fort > 0. 9)
0

rN

Now, we set some propriaties on the fractional Orlicz-Sobolev spaces.

Theorem 2.1 (Generalized Poincaré inequality). [7/ Let A; be an N-function. Then there exists a positive
constant M such that, N
lulla; < Mluls.a;  Vu € X7 (). (10)

Remark 1. If © is bounded and A; be an N-function, then [u]s 4, is a norm of Xg’Ai(Q) equivalent to
||u||s,4,- Moreover, (XS’Ai(Q), [us,4,) is a separable, reflexive Banach space, if and only if A; € Ay and
A; € Ay (see [12]). Furthermore if A;(v/#) is convex, then the space (XS’AZ' (), [u]s,,) is uniformly convex.

Theorem 2.2. ([7]) Let Q be a bounded open set in RN, and C%'—regularity with bounded boundary. If
(Hy), (Hx) and (in appendiz) hold true, then the embedding X4 (Q) — La:(Q) is continuous, and
the embedding X% (Q) — Lp(Q) is compact for any N-function B < AY.

Remark 2. By Lemma Lemma and , we show that A;, A; € As.

Remark 3. Under hypotheses (H1) and by Theorem the following embeddings XS’AZ' (Q) = LY(Q) and
X54(€) < LY(Q) are compact.

Remark 4. Based on the Young’s inequality ([7]), H(z,0,0) = 0 and the fact
H(xz,u,v) = /Ou H(z,r,v)dr + /DU Hy(z,0,t)dt V(z,u,v) € QxR xR. (11)
By and Lemma (in appendix), there exists a constant ¢4 > 0 such that
|H(xz,u,v)| < cs(Vy(u) + Pa(v)), V(z,u,v) €2 xRxR. (12)

We have now all the required tools to examine our problem . To do this, we will need to define our
work space X := X3 (Q) x X5*2(Q) under the norm

[(w, )| = [u]s,a; + [v]5,4,
~ |lu

5,A1 + HUH&AQ

By Remark , we can show that X is a separable and reflexive Banach space.
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3. Hypothesis and Nehari manifolds approach.

To state our result, we assume the following condition on the function a; and H:
The functions a; : RT — R¥ are of class C? and satisfies the following conditions:
lim ta;(t) = d lim ta;(t) = oo.
(¢1) limta;(t) =0, and  lim ta;(t) = oo
(¢2) t — ta;(t) is strictly increasing.

(¢3):

" ) "
1<l —2:=inf (t‘“(t)) b oup B o < minf NV — 2,1, ~ 2,1y —2}.

t>0 (ta;(t)) _igg (ta;(t))

It’s pretty obviously if we applying arguments as in [14], we show easily that (¢3) implies the following
condition:

(p3): 1<l :=inf

and H satisfies:

(Ho): H:Q xR xR — RisaC! function such that H(x,0,0) = 0 for all z € Q.

(H1): There exists a complementary functions (¥;, ¥;) increasing essentially more slowly than A o near
infinity such that

t2a;(t)

i=n; <min{N,ly,, g }

lt) _ ()

n; <ly, < %I>1£ Vo) = 21;10) O ny, < 00, (13)
lt] I¢]
where W, (t) := t i (r)dr, W;(t) = t W, (r)dr for all t € R. Moreover,
0 0
{ummmwnéqwumo+w§@xw» 14
[ Ho (2, u,0)| < cr(dha(v]) + Wy (Wi (w)),

for all (z,u,v) € Q x R x R, where ¢; > 0.
. H(x,u,v
AT
|(ww)| oo [u]™ + |v]2
(H3): The function

= +00, uniformly for all x in Q.

min{ H,(z,u,v), Hy(x,u,v)}
=2+ o

(u,v) —

is increasing on R?\{(0,0)}.
Let .#;—1.2. be the function defined in , then we have the following Lemmas:

Lemma 3.1. ([10] Lemma 4.1 ) The following properties hold true:
1)

gz< u > <1, fOT‘CLllUGXS’Ai\{O}a

[uls, 4,

2)
fO([U]s,Ai) < 52(”) < 61([11]8’141.), fOT all u € X(‘]SvAi.

Lemma 3.2. [7] The functional .F; is weak lower semi-continuous.

At that point the fractional a;(.)-Laplacian operator defined in (2)) is well defined between XS’A’L'(Q) and
its dual Space (XS’A" (Q))*. In fact, in ([I2], Theorem 6.12) the following representation formula is provided

) — ul)] (ule) - uly))(w(e) - v(y)) dedy
i o// < mew ) g F—L (15)

for all u,v € X3 ().
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Lemma 3.3. [11] Suppose that A;(v/t) is convexr. Moreover, we assume that the sequence (wy) converges
weakly to w in X (Q) and
lim sup(.Z#/ (wy), wx — w) < 0. (16)

Then (wy,) converge strongly to w € X3 (Q).

We can see that the energy functional I on X corresponding to system is as follows

I(u,v) = Fi(u) + F2(v) — T(u,v),  for all (u,v) € X,

where Y (u,v) = / H(z,u,v)dz. Under the assumptions and (H), by similar arguments as ([§], lemma
Q
3.2 ;[12], Theorem 6.12) we can prove that I is well-defined and of class C'(X,R) and

T'u), @) = [ aalhahabadn | ol Dhobod
QxQ Qx0 (17)
—/Hu(x,u,v)udar—/Hv(x,u,fu)vdx,
Q Q

for all (u,v) € X, where h, = % and dy = |xdf;lin. Then, the critical points of I on X are weak

solutions of system . However, the energy function I is not bounded below on the whole space X. In
fact, using and when ||(v,u)|| > 1 by Lemma 3.1 and Poincaré’s inequality we infer that

I(u,0) = minf|lully,, [lull2, ) +min{[[o][2,, [J0ll72, )
— 04/\Ill(v)dw—04/\112(v)dx

HUHSA1 + HUHSAQ _C4ma);{|’u”\pl llully,

34 4

HUHSAHFHU 52 — callullg," g, :

llull§ 4, + 1ol %IIUHS,AI C5HUHS,A2‘

n\Ill } ’nq;2}

— camax{|[o] [y |lo]

— caflv

AVARAVARLY,

Since 1 < l; < ny,, then I is not bounded below on the whole space X. But is bounded below on an
appropriate subset .4 of X. For that we will minimize the energy functional I on the constraint of Nehari
manifold

A = {(u,v) € X\{0,0} : (I'(u,v), (u,v)) = 0}.

Main result.

The main result of this section is:

Theorem 3.4. Assume that (¢1)-(¢3) and (Hp)-(Hs) hold. Then the system possesses a nontrivial
ground state solution (u,v) in the sense that there is (u,v) € A~ such that

/ al(yhu\)huhudqu/ ag(\hv\)hvhvdu:/Hu(x,u,v)uda:—i—/Hv(m,u,v)vdx,
QxQ QOxQ Q Q

I(u,v) = @ %I)lé/‘/[(ﬂ,’[)).

In order to prove Theorem we require the following Lemmas

Lemma 3.5. Suppose that and (Hy) holds then we have

/ H,(z,ug,vi)(ug —u)de — 0 and (i7) / H,(z,ug, vg) (v, — v)dz — 0.
Q Q
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Proof. Let {(ug,vx)} be sequence in X, such that (ug,vr) — (u,v), by Remark 3| we infer that:

(%) up — u in XS’AI(Q), up — u in LY1(Q), u, — u a.e Q and uy, < hy for some hy € LY1(Q),
(#%) vp — v in XS’AQ(Q), v — v in LY2(Q), v — v a.e Q and uy, < ho for some hy € LY1(0).
Then we have by (H;) and Hoéder’s inequality

‘/QHu(%Ukavk)(uk—u)dfC < 201H¢1(luk!)+@1_1(‘I’2(vk))\!al\|uk—UH\Ify (18)

Assumption (Hj) shows that the complement (¥1, V1) € As, which together with the convexity of N-
function, (54), Remark [3| () and () implies that

[ Tl + 77 (@l <

which, together with again, shows that

—1
11 (Juk) + 1 (P2(v)llg, < C, (19)
for some C' > 0. Moreover, (x) and shows that
||uk — uH\pl — 0.
Then, combining , and (see appendix), we get the item (i). Similarly, we proof item (ii). [

Lemma 3.6. Assume that (Hs3) is hold, then the functions r — &Hy(z,r,2)r — Hy(z,r,2z) and z —

éHZ(az,r, 2)z — H,(x,0,2) are increasing in (0;00) for each x € Q, where H,(x,7,2) = /0 H,(x,p, z)dp,
H.(x,0,2) = / H,(x,0,q)dg and G = min{ny,na}.
0

Proof. By using (Hs) we have

d (1 — t¢ d (H,(z,7,2) t¢ d ( H.(x,r2)
dr(GHr(xvra Z)T - HT(x,r, Z)> = Gd?“( rG-1 ) 2 GCZ?"(?“Gl + ZG1> > 0’ (20)

for all » > 0 and x € Q. Similary,

d (1 — t% d (H,(z,0
dZ(HZ(I‘,’I“,Z)Z—HZ(l‘,O,Z)) = (z(x,,z)> >0, z>0,z€Q, (21)

O

At this point, aiming to determited the behavior of I on .#” we introduce the fibering map ®,,, : Rt — R
associated to the Nehari manifold given by

D, 0(t) = I(tu,tv), forall (u,v) € X.
Then we get the following properties:
Proposition 5. Suppose that (¢1) — (¢p3) and (Hy) — (Hs) hold. Then

D, (t D,
L()>O as t—0 and L():—oo as t— oo.
1 4 g 1 4 g
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Proof. Let’s claim the first limit. By equation there exists ¢4 > 0 such that
[H (2, u,v)| < ca(W1(u) + Ua(v)),
for a given €,t € (0,1). By using Lemma Lemma 2.3 in [6] and (in appendix), we infer

t™e

na
D, (1) > / A1 (|u])dx + te/ As(|v|)dz — 04(tl‘1’1 + tl‘l’z)
A Jo X2 Ja

X max{/gllfl(u)dx,/ﬂ\llz(v)dx}

By the arguments above, we have for all (u,v) € X\{0,0}
Dy (t they 4 ¢ho
() > mln{ /A1 (Jul)d /A2 (Jv] dx} —cy— L
1 4 ¢n2 1 4 ¢n2

y m{ [z, [ w)dx}.

Using the fact that n; < ly,, then the last inequality rewrites as

Pu(t) G €
W> mm{)\l/QAl(WDdf’?» )\2/9142(|v|)d$}+0(1).

C B(1)
B e gr mm{)\l/Al [ul)d /A2 (v])d }

Now for the second limit. By using , we have

Hence

D, (1) H(x,tu,t
uiv( < max{/ A1 (Jul)dz / As(|v]) daz} de. (22)
¢ 2 q M4t
Moreover, we can see that
H(x,tu,t H(x,tu,t
H(z, tu, tv) > / (@, tu, tv) x min{|u|" + |v|"?}dx — 4o0. (23)
o thttn2 Q \tu\”l + ‘t’U|n2
In fact that condition (H3) and we infer that
H(x,tu,t
B 1) 4, 4o, (24)
q o+t
Combining in we proof the second limit. O

We have already seen that [ is of class C'(X,R), then by using , the first derivative of the map ®,, ,
is given by

P, () = (I'(tu, tv), (u,v))
:/ ta1(|thu])h2du+/ tag (|thy|)h2dp

axQ “ OxQ ! (25)
—/ Hy(z,tu, tv)udz — / Hy(x,tu,tv)vdz for all t > 0.
Q Q

Then we have the following properties:
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Proposition 6. Suppose that (¢1) — (¢3) and (Ho) — (Hs) hold. Then

(¢ o (t
L()>O as t—0 and L():—oo as t— oo.
it gn2 tnt + gn2

Proof. For the first limit, let’s first show that, by equation there exists ¢; > 0 such that

[ tustollulde + [ |Gt to)lolds < e [ (wneul) + Ty (a(00)) ulda
Q Q Q

. (26)
+01/ (walltel) + 3" (91 () ) folda,
Q
using Holder inequality for right side integral we have that,
_ 1 _
[ (oniea + 7 oo ude < 5 [ (w1a(eal)) + Faead) + Waevl) + ¥l
1 _
<4 [ (e, = 03t + Tl + Walfol) + Waleal
1 _
<4 | (mwatieud + Tuleal) + (o) )
Q
for 0 <t < 1 and by applying , we infer that
[ (el 07 @aeol)) ulde < ot [ @i+ 697" [ @)
Q Q Q (27)
+th2—1/ W ([v])da.
Q
By same argument above we have
[ (vaevl) +5 " (s el oldo < mayts> ! [ waolydo + ¢ [ Tl
Q Q Q (28)

g1 / U (|uf)dz.
Q
Combining and in we get that
/ |Hy (z, tu, tv)||u|dz —l—/ |H, (2, tu, to) ||v]de < e (0271 + vl
Q Q
x max { (ny, +1)/ Uy (Jul)dz, (n%—f—l)/ A (29)
) Q
—I—cl(tl%1+tl\1121)max{/\111(\u|)daz,/\Ifg(|v|)dz}.
Q )
Now using (¢3)" and in we have
l l
(1) > 1/ Ay (thy|)dp + 2/ Ag(Jthy|)dp — ¢y (1171 4 ¢hwa 1)
’ t Jaxa t Jaxa
xmax{(n\pl +1)/ Uy (|u])dz, (n\p2+1)/ wg(\vy)dx}
Q Q
_ cl(tlﬁl_l +tl‘1’2_1)max{/\111(]u\)da:,/ @2(]v|)d:c}.
Q Q
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Now using Lemma 2.3 in [6] and (51), we infer that

tnzfl

Lt —t l2 ly,—1 | g, —1
A1 (|u])dx + 3 A2(|v|)dx—cl(t V1T )
Q 2

(1) =
X max{(n\pl +1)/ Vi (|ul)dz, (ng, + 1) /\112 [v]) daz
Q

_cl(tl‘l’l_l—i—tl‘l’z_l)max{/ Wy (Jul) dx,/ 2(|v]) dac
Q

then,

(I)/ () 1(th,171+th,271)
e 1—|—t"2 T > mln /A1 (Jul)d /A2 (Jv]) dm T g g

Xmax{(n\pl —|—1)/Q\I/1(|u])dx, (n%—l—l)/Q\IfQ(WDdx}
c1(tlai—1 +tl¢j—1) max{/lell(luDda:,/Q\IJg(\dex},

tnl 1+tn2 1

the fact that n; < min{ly,, l@} we conclude the result for the first limit. For the second limit, we have

0

W S max § 11 Al(’huDd/,L,ng/ A2(|hv|)du

QxQ QxQ
H,(x,tu, tv)|ul Hy(z,tu, tv)|v|
B Q t"l_l—l-t”?_l T — Q tn1—1+tn2—1
Using we have
H(z,u,v) :/“ H,(x,rv) J +/U H.(z,0,z) d

Juf[™ + o]z o |ul™ + vfre jul™ +Jv|"2

H.(z,r,v) lr|m =t 4 o2t
|T’n1 1 + ’U|"2 1 |7=|n1 + |U|"2
Y H,(x,0,2) |u\"1 Ly |zt
| 2|21 |[u[™ + |z|"2

We can easly see that
ni—1 na—1 ni—1 no—1
o N U b
a2l o+ fof

As a consegence of (Hs) we infer that

H,(z,0,z) < Hy(z,u,v) and H(z,r,v) - H,(z,u,v)
e S Rt e et S R T

It follows using , and inequalities that
H(z,u,v) < /“ Hy(z,u,v) dr + /” Hy(x,u,v)
T e = o]
B w(z,u,v)u Hy(z,u,v)v
" TP o T ol

Using (H2) we conclude that

Hy(z,u,v)u Hy(x,u,v)v
T et ¥ T e

— 400 when (u,v) — +oo.

At that point, last limit just above and give the result of the second limit.

(30)

(32)

(33)
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@y0(1)

tK—l

Lemma 3.7. Assume that (¢3), (H3) and [25), then t —

max{nl, 712}.

is a decreasing function, where K =

Proof. Let’s claim that

d [‘I’L,v(t)] 0
del tK-1 '
Using then we have that,

d [%,v(t)] :/QXQ d {tm(\thu!)hi+ta2(\thul)h3}du

% tK-1 + tK-1 (35)
/ d rHy(z, tu, tv)u + Hy(x, tu, tv)v
— | = { ]dm.
Q dt tE-1
Also,
d rtay([thy|)h2 + tas(|thy|)h? h2 (ay (thy)thy — (K — 2)ay (thy))tH =3
%[ (K1 ] - (2K—4
(36)
2 (ah(thy)thy — (K — 2)ag(thy))tE 3
+ t2K—4 :
We remark that (¢3) implies
tal(t)
S <K—2 forallt>0,
a;(t)
which implies that,
taj(t) — (K — 2)a;(t) <0. (37)
Using inequality , we infer that
d {tal(lthul)hi +taz(lthvl)h3] <0
dt tK-1 -
Hence
d ®;,.,(t) d (Hy(z, tu, to)u + Hy(x, tu, tv)v
el 5 < _ Il u 9 Y v 9 Y d ) 38
dt[tK—l]— /th[ K1 ]x (38)
Wee can see that
Hy(z, tu, tv)u + Hy(z, tu, tv)v S Hy(z, tu, tv)u + Hy(z, tu, tv)v
tK—l - tnl—l —l—th—l
< min{ H,(z, tu, tv), H,(x, tu, tv)} (39)
= |ut|™—2tu + [vt|["2 =2ty
x min{2|u|" 2%, 2[v["2, 2|u™, 2|v|"2 2%},
According to (Hs) and we get
d 19;,,(1)
ﬁ{ K1 ] <0
Ul

Lemma 3.8. Assume (¢1) — (¢3), (Ho) — (Hs). Then the function J; : XS’A" — R, given by
Ji(w) = / ai(|h)) | ho|2dp for allw € X5
QxQ
is Cl(Xg’Ai,R) and

(J/(w),v) = /Q . (2ai(\hw]) + a;(hw)\hw\)hwhvdu for allw,v € Xg’Ai. (40)
X
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Proof. The proof is similar to that given in [Proposition 3.5, [15]]. O

Lemma 3.9. Assume (¢1)-(¢3), (H1)-(H3). Then for each (u,v) € X\{(0,0)}, there exists an only t =
t(u,v) > 0 such that (tu,tv) € A . Moreover, I(u,v) > 0 for each (u,v) € N .

Proof. Let (u,v) € X\{(0,0)}, by the definition of I we have that ®,,, € CI(XS’Ai,R). Furthermore, by
proposition@we have for a small ¢ that ®;, ,(t) > 0 and for a large ¢ that @/, () < 0. On the other hand, the
map ¢ +— @, (t) is continuous, then there exists at least one number ¢ € (0, 00) such that @;, ,(t) = 0. Which
means that (tu, tv) € A Let’s see there is only one ¢ = t(u, v) such that @, ,(t) = 0. By Lemma|3.7| we have

uwo(t) .
1

( )
(tu,tv) € JV. Moreover it follows by Proposition [5| that t(u,v) is a maximum point of @, , on (0,00). In
the proof of Proposition [5| we infer that @, ,(¢(u,v)) > 0, which implies that I(t(u,v)u,t(u,v)v) > 0. The

arguments above also show that @ ,(t) < 0 for each (u,v) € X\{(0,0)}. Finally, since (u,v) € 4" if only
if t(u,v) = 1, we deduce that I(u,v) > 0 for each (u,v) € 4. This completes the proof. O

that, t —

tK is a decreasing function that vanishes once in (0, c0) so that there is an only ¢ = t(u,v) > 0

such that

= 0. Hence the function ®,, admits an only critical point namely ¢t = t(u,v) > 0 and

Lemma 3.10. Let (ug,vi) € A be a minimizing sequence of I over the Nehari manifold A . Assume that
(¢1) — (¢3), (Ho) — (H3) hold true. Then (uy,vg) is bounded in X.

Proof. Let (ug,vi) € A4 be a minimizing sequence that is (ug,vr) € A and I(ug,vp) — C . In order
to demonstrate the boundedness of (ug,vg), we argue by contradiction. Let us suppose that there exists a
subsequence of (ug, vx), always denoted (ug,vg), such that ||(ug,vk)|| — +o0o. We discussed the problem in
two cases.

Casel: Suppose that ||ug||s 4, — +0o and also ||vg||s,4, — +00. Let @y, = ug||ug||, a4, and vy = UkHkaSA2
Then the sequence (uy, Dx) is bounded in separable, reflexive Banach space X. By Remark I, 3l there exists a
point (@, ) € X such that:

(a) U — u in LY1(Q) and Ty, — % in a.e in Q.

(b) T — 0 in LY2(Q) and T,, — T in a.e in (.

We claim that [ # 0] :== [z € Q: u(z) # 0] # 0 and [0 # 0] := [z € Q : T(x) # 0] # 0. Firstly, assume by
the way of contradiction that [u # 0] = 0 and [0 # 0] = 0, that is w =0 in Xg’Al () and v =0 in X AQ(Q)
Now using the continuity of the function H, (a) and (b), we infer that

/ H(x,uy,v,)dxr — 0 x €. (41)
Q

Since (ug,v) € A then
I(ug,vg) = ngcf(tuk,tvk) for each k.
Hence there exists a constant K > 0 such that,
Cy +op(1) = I(ug,vg)

> I(Kuy, Kvy,) = / A1 (Khg, )dp + / Az (Khg, )dp (42)
QxQ QxQ

- / H(m, Ky, K@k)d:c.
Q

Combining , and using Lemma we get
Cy+or(l) >28(K) + or(1). (43)
Passing to the limit in we get

Cy>20(K)>0, K >0.
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which is impossible. Therfore [u # 0] # 0 and [v # 0] # 0. Remember we are assuming that ||(ug,vg)|| —
+oo and I(ug,vg) — C 4. Hence
I(uk, 'Uk)
uellshy, + lvells2,

= o(1).

which implies that,

H(x,ug,vg) 1 /
de = Aq(hy, ) dp
/ T+ o 2 = Tl ¥ Tonl s Jope ()
1

Ag (hvk)dﬂ + Ok(l).

Huk‘|g,1141 + HkaS A2 QxO
Then by applying Lemma [3.12] we have
/ H(z,up,vp) 0 [kl l5a, o] [52,
Q

][5, oy Ml +loellB2, 0 Huwlls, + okl 52,
=1+ Ok(l)

Going to the limit of the last inequality, we deduce that

H
lim sup/ (, wk, Ok) dr < 1.
k—o0 Q|’uk’sA1+Hvk|sA2

+ o (1)

On the other hand, applying Fatou’s Lemma and the fact that [u # 0] # 0 and [0 # 0] # 0, we have

lim inf/ H{(z, u, vi) dx 2/ lim inf H{(z, u, vi) dx
Huk|| Q

k—o0 s,A1 + Hvk‘HZti k—o0 HukHZlAl + HU’CHZ?AQ
H 27, |1 |7y, |2
> / lim infd L@ k) " [ .

g™ [T |2

It’s clair that — min{[u|",|7|"?} # 0 when & — +o0o. Then by using (H3) and last

max{ [ug |, [vg["2 }
inequalities just above we conclude

H
lim inf/ (, g, vr) dr = 400,
k=oo Jo [|ukllsi, + [lvells,

which is impossible.

< C or ||vglls,a, < C for some C' > 0 and all £ € N. Without loss of
generahty, we assume that HukHSAl — 400 and ||vgl|s,4, < C, for some C > 0 and for all k£ € N. Let
u = “kHUkHSA and T = Uk||uk|\sA1 then ||U||s,4, — 0 and ||@g||s,4, — 1. By Remarkl there exists a
point (7,7) € X such that:

(¢) up—7uin Xy (Q) and Uy — @ in a.e in Q,

(d) v —7vin Xs 42(Q)); and v, — ¥ in a.e in €.

By similar argument in Case 1, we prove that [ # 0] # 0. Hence ||(ug,vg)|| — +oo and I(ug,vr) — C 4.
Then

I(Uk,l}k) _ k(]-)
k|5, +C™ '

Applying Lemma [3.12] we get

H(.Q?,Uk,'l)k)
dr <14 ok(1).
/Q urllsly, +C™

Passing to the limit in the last inequalities we have

H
lim sup/ (2, uy, ve) dr < 1.
k—o00 Q HukHsAl—i—Cm
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In other way, using Fatou’s Lemma and the fact [u # 0] # 0, we have
H H
lim inf/ (ﬁiuk’ k) de > / lim inf H (@, g, o)
k—o0 Q HukH A, 4+ Cn2 Q k—oo ‘uk‘m + ‘Uk‘m

S?
[l 52, k] |vg ]2 } .

max{|Jug|[3%, [ox["2, C"2 [ | }

We can see that, when k is large enough we have

o If max{||ug[%, [vk]"2, C™2 [ag]™ } = [|ug||52, [ok]™2, then
[l 52, k] |vg [
o oy = " 0. (44)
max{[fug|[%y, [ok|"2, Cr2[a,|™ }
o If max{||ug|[;>y, [vg["?, C"2 g™ } = C™2[ag|™, remembre that |vg| = [Ux||ugl|s 4, and [|ug||s.4, — 1 then
we have
_ 1—
][5 2, [k]™ [or ]2 2 K LA s R o fork - too.  (45)
maX{HukHZQ/xl‘vk‘nQ? Cn2 ’ﬁk’ﬂu} Cn2 Cn2 Cn2 .

According to (Hz), , and last inequalitities just above we conclude

H
lim inf / @ e ) g o,
k—o0 Q Huk|| A + Cn2

S,

which is impossible. Thus (ug, vx) is bounded in X. The proof is complete. O

Proposition 7. Assume (¢1) — (¢3), (Ho) — (Hs). Then A is a Ct-submanifold of X. i.e, any critical
point of I, y is a critical point of I.

Proof. Consider the functional J; : W — R defined by
Je(u,v) = Li(u,v) — / H,(z,tu, tv)udx —/ Hy(z, tu, tv)vdz,
Q Q
where
Ii(u,v) :/ tal(thu)thu—i-/ tag(thy)h2dp.
QxQ QxQ
According to the Lemma we can see that I; € C! and by using equation we show that

i) @) = [ (Gaa(th) + i thDlehu] b

+ / (2a2(|thvl) + a'2(|thvl)|thu])hvhgd,u, u,v e X,t €R.
QxQ
One also shows that

(I)Z,v(t) = /Q><Q [(al(’thu‘) +a/1(|thu‘)|thu‘)hg + (QQ(‘tth +a/2(‘thv|)‘thv|)h12)}du

—/Q(Hu(x,tu,tv)) udw—/Q(Hv(ac,tu,tv))vdx.

Now set
B(u,v) = (I'(u,v), (u,v)) (u,v) € X.

By using Lemma it follows that B € C'. Furthermore Proposition [5| infer that ¢ = 1 is the global
maximum of ®,,, also in the prove of Lemma [3.9) we see that

(B'(u,v), (u,v)) = @y (1) <0, (u,v) € A (47)
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Using the fact that .4 = B~1(0) and 0 is a regular value for B, the set .4 is a C'-submanifold of X. Now
assume that (u,v) € 4" is a critical point of I, 4. According to Theorem of Lagrange multiplier, there exist
a real constant A such that
I'(u,v) = AB'(u,v),
(I'(u,0), (u,0)) = MB'(u,v), (u,0)) = 0.

Using we infer that A\ = 0. Therefore I(u,v) = 0, so that (u,v) is a free critical point of I. This
completes the proof. O

Lemma 3.11. Assume that (¢1)-(¢3), (Ho)-(Hs). Then there exists (u,v) € A such that
Cy =1(u,v) > 0.

Proof. Let (ug,vx) € A be a minimizing sequence of I over the Nehari manifold .4#". By Lemma there
exists (u,v) € X such that

(€) wp—uin XyM(Q) and vy — v in XJ2(Q).

e We claim that (u,v) # (0,0). Assume on the contrary that (u,v) = (0,0). The fact that (ug,vg) € A
and by using (¢3)" we have

0 < Ax(ha,)dp + Ay (hu,, )dp
19549 QxQ

1
(b, dnt - [ sl )02, d (48)

<
l2 Jaxa

li Jaxo

< max { (Hy(x, ug, vg )ug + Hy(x, ug, v )vg ) dex.

Ll Jg
Applying Lemma [3.5 we get

/(Hu(x,uk, v )ug + Hy (2, ug, vk )vg)de = og(1).

Q

As a consequence of Lemma ||ug, vi|| = 0 which contradicting Lemma So the claim is proven.
According to the Lemma [3.8| we have (u,v) € X — (I'(u,v), (u,v)) is weakly lower continuous. Hence

<I/(U, U)a (U, ’U)> < lim inf<I/(uk7 'Uk), (uk7 Uk)> =0.

k—+4o0

Recall that @, (1) = (I'(u,v), (u,v)) < 0. By Lemma there is ¢ € (0,00) such that @, ,(tu,tv) = 0.
Hence (tu,tv) € A.

e Claim that ¢ = 1 so that (u,v) is in A".
Furthermore, by contrary we assume that ¢t € (0;1). Then

Cy < I(tu,tv) = I(tu,tv) — é([’(tu,tv), (tu,tv))
1 1
- /QX(i (Al(thu) - 5@1(thu)(thu)2) du + /QXQ (fZ(thv) _ aaz(thu)(thv)Q) di (19)
—l—/ﬂ (EHu(a;, tu, tv)tu — Hy(x, tu, tv))dac + /Q (aHv(aﬁ, tu, tv)tv — Hy(z, 0, tfu))dac7

where H, and H, is given in Lemma The fact that, the functions
1
t— Ai(t) — aai(|t|)t2 are increasing in (0; 00),

and by using Lemma [3.6] we conclude that

Cr < [ (A = Guah) P+ [ (Aalh) = G (o))

1 — 1
Hu(x,u,v)uHu(x,u,v))d:p+/ (5 Ho(z,u,v)v — Hy(z,0,v))dz.

+Q(G .G
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Now using the weak lower continuity of the functions

1
U — - <Ai(hu) — Kai(hu)(hu)2> dp

and (Hp) we infer that

o 1 9
co <tmin | [ (i) = Gorl) )+ [

(Aalh,) = (o) (b)) o

1 — 1 _
+/ (fHu(a:, g, Vg )ug, — Hoy (2, ug, vk))dm + / (aHv(x, Ufe, V)V — Hv(ac,(),vk.))dx]
Q Q
. 1
= lim (I(uk,vk) — 5(-’/(7%7%), (uk,vk») =Cy.

k—o00

Which impossible. Thus ¢ = 1, then (u,v) € 4. This finishes the proof. Now we have all tools to prove
our Theorem 3.4

Proof of Theorem

Let (ug,vr) € A be a minimizing sequence for I over .4#. By the proof of Lemma there is
(u,v) € A C W such that

up — U in XS’Al(Q) and v —v in XS’A2 (Q).
Applying Lemma [3.3| we get

up = u in XgM(Q) and v — v in X7 (Q).
Since I € C*(X,R), it follows that I’(ug,vx) — I'(u,v). By Lemma (u,v) € A and

Cy=1 =min/ > 0.
N (U, ’U) H}‘l/n

By Proposition 7| the set .4 is a C''-submanifold of X so that (u,v) is a critical point of I, y. Again, the
proposition [7] shows that (u,v) is a critical point of I. O]
Appendix.

In this section we give some inequalities which will be used in our proofs. the proof is given in [18].

Lemma 3.12. Let &(t) = min{th, t%}, &;(t) = max{t",t™} and A; is an N-function then these assertions
are equivalent:

1)
. tai(t) tal-(t) L
1<l:= 1%1r>1£ A0 < igg A n; < N. (50)
2)
o(t)Ai(p) < Aipt) < &i(t)Ailp), Vi, p > 0. (51)

3) A; satisfies a Ag-condition.

Lemma 3.13. If A; is an N-function satisfies (@/ then we have

So(llulla;) < /QAz'(IUI)dw <&(llullay),  Yue La(Q). (52)
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Lemma 3.14. Let A; be the complement of A; and &(t) = min{tii,tm}, &(t) = max{tii, "}, t > 0 where

li = lzl—il and T; = i 18 an N-function and hold, then A; satisfies:
1)
fg(t)Ai(T) S Ai(Tt) S fg(t)Al‘(T’), Vt, r Z 0. (53)
2)
&a(llullz,) < /QAz'(IU\)dﬂ? < &(lullg,), Vue Lz, (). (54)
Proposition 8. Assume that (¢3)" holds. If ||(uk,vi)|| < + with a large k, then we have
Iy,
lim "uk”sA1+" kHSAQ H kHsAl—i_H kHsAQ —0.
koo [|ugllhy, + orllsZ, — Huwllsha, + el
Proof. The fact that ||(ug, vg)|| = |[uklls,a, + ||vkls,a, < 7 implies
! + ! l l
u + P e v s n1+n2
P e O T "
HukHs’Al—i—Hvkﬂ&Az B kn1 4 kn2 Loy o,
k™Mo kne2
and
1 n 1 ) )
Il s, oo e -
HukHs,Al + ||vk”s,A2 4+ — ki + kne by How,
ko ke
Combining and we get
Kler o gl Eratne Khey o gl Eritne gratne o pley o gl
k1 4 kne x k;l‘l’1+l‘1’2 + k1 4 ke x ki‘lﬁ +Z\Il2 - knt 4 kne ( I{;Z‘I’1+l‘1’2
k;l‘l’1 + k;l‘l’2
klw144w2 )
_ -l -1 -1 -1 57
_W(k Uy 4 kT kT 4 | ‘1’2) ( )
1 1 1
= 7y, —n1 ly, —n2 + ly,—n1 lyy,—n2 + 1 1
k¥ 1—{—]{; 1 P + ko2 klei—m1 4 fley—n2
- _
Elva—m o Elwy—n2
The fact that n; < l\yi,i\yi we get the result when & — oo. O

Lemma 3.15. Assume that (¢1) — (¢3), (H1) — (Hs). Then there exists a constant C > 0 such that
llu,v|| > C for each (u,v) € N .

Proof. The prove is arguing by contradiction, suppose that there exists a subsequence denoted by (ug, vy) €
A, such that ||(ug, vg)|| < 4, for each integer k > 1. Using with ¢t = 1 and (¢3)" then we have

/ Ay (hu e + / Al )i
QxN QxN

1 1
<o [ aln
l Jaxa l2

1 1
< max {E’ E} Q(Hu(alc, U, vk)uk + Hy(z, ug, vg)vg)dx

ag(hy, )2, dp

< o max{(mw, + D& (unlla,), (ray + Déa(lfog]lw2)}
+ max{ga(lullg, ), & (llvwllz, )}
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where ¢y = 2¢; max {%, i} According to the Lemma Remark |3 and last inequality we have for k
large enough

l l
lurllsy, + lvelly?y, < comax{(nw, +D)lurlly), (mw, + 1)lvellg; }
l l
+max{||uglIg " oI5 2}

< co max{Cuy, (ny, + 1) Jug [ Ay Cws (nw, + 1)]oelI.” s

i (58)
+max{Cg, [ [url |4, O, | [ox]['3, )
< c2 maX{C‘I’1(n‘I’1 ) C‘P2(n‘1’2 + 1)}(||uk||5 Ay + H kHs Az)
2
+e2 maX{C'\I,l C%}(‘ sAl + v kHS\PjZ)-
Dividing the last expression by [|ug|[gy, + [|vk|[¢%, we get to
| <afelitit e
Uk 5A1 k sA2 k 5A1 klsAQ (59)
(II k||sA1+H chsA2 [l k||sA1+H ngAQ)
> G5 =+ )
Nl Hloells2y, el Hlvell52,

where c3 = co max{Cy, (ny, + 1), Cy,(nw, + 1)}, ¢4 = comax{Cg ,CF, } and c5 = max{cs,cs}. The fact
that n; < ly,, ly, and by applying Proposition |8 we get for a large k,

1< C50k(1)7

which is a contarduction. O
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