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Abstract

"How to find any »"" order Bézier curve if we know its first, second, and third derivatives?” Hence we have
examined the way to find the Bézier curve based on the control points with matrix form, while derivatives are
given in E3. Further, we examined the control points of a cubic Bézier curve with given derivatives as an example.
In this study first we have examined how to find any »’" order Bezier curve with known its first, second and third
derivatives, which are inherently, the (n— 1) order, the (n—2)" and the (n—3)" Bezier curves in respective
order. There is a lot of the number of Bézier curves with known the derivatives with control points. Hence to find
a Bézier curve we have to choose any control point of any derivationin this study we have chosen two special

points which are the initial point Py and the endpoint P,.
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1. Introduction and Preliminaries

A Bézier curve is frequently used in computer graphics and related fields, in vector graphics and in animations as a tool to
control motions. Especially, in animation applications, such as Adobe Flash and Synfig, Bézier curves are used to outline
object’s behaviors. Users sketch the desired path in Bézier curves, and the application creates the required frames for an object
moving along in that given path. For 3D animation, Bézier curves are often used to define 3D paths as well as 2D curves by
key-frame interpolation. We have been motivated by the following studies. First, Bézier-curves with curvature and torsion
continuity has been examined in [1]. In [2, 3], Bézier curves are outlined for Computer-Aided Geometric Design. Bézier curves
and surfaces have been discussed deeply in [4, 5]. Frenet apparatus of both the n’" degree Bézier curves have been examined in
E3, in [6]. The Bishop frame and the alternative frame have been associated with the Bézier curves in [7] and [8], respectively.
The matrix forms of the cubic Bézier curve and its involute have been examined in [9] and [10], respectively. Cubic Bézier
like curves have been studied with different basis in [11]. 5" order Bézier curve and its, first, second, and third derivatives are
examined based on the control points of 5/ order Bézier Curve in E* by [12]. Further, the Bertrand and the Mannheim partner
of a cubic Bézier curve based on the control points with matrix form according to Frenet apparatus have been examined in
[13, 14]. Some other couples of Bézier curves have been studied in [15].

Generally, a Bézier curve of an n'" degree can be defined by 1 + 1 control points Py, Py, ..., B, by the following parametriza-
tion:

B(r) = if?(’) 7]
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where B//(t) = (")¢' (1—1)" " is known to be Bernstein polynomials and (?) = ﬁ are the binomial coefficients. Bézier
curves have some specific properties inherited by Bernstein polynomials. Since B(t) > 0 for r € [0,1] and i =0, ...,n,
and the polynomials have the property of partition of unity that is Y7 ,B?(¢) = 1 , the Bézier curves are invariant to affine
transformations. Moreover, the curve lies in the convex hull of its control points by two of these properties. The end point
interpolation property ensures that any Bézier curve has the first and the last of control points on it, whereas none of others do
not touch the curve, necessarily. Moreover, the recursiveness property and the derivatives of the polynomials lead this study,

intrinsically.

2. How to find a Bézier curve with known derivatives

Before responding the main question of this paper, we suggest readers to see [9] and [10], where another question that "How to
find the control points of a given Bézier curve?” was studied. To solve the latter, we have referred the matrix form of Bézier
curves as it is relatively the simplest representation. Further, it is advised to check the matrix representation of 5" and n'* order
Bézier Curve and derivatives provided in [12] and [16], respectively. Now, let us consider the main argument "How to find a
Bézier curve if we know its first derivative 7 with the background of a knowledge on finding the control points of a given
Bézier curve.

Theorem 2.1. Fort € [0,1], i € Ng and P; € B3, a Bézier curve of n'* order defined by B (t) = Y7 B () [P] has the following
control points by means of the given its first derivative and the initial point Py

+ Qo+01+02+...+0i
n

P=P  1<i<n

P.=P._ 1+ Q];;l .

Proof. The derivative of the any Bézier curve B (¢) is

B/(1) = ”il (n— l)ti (-1 o,

i=0 t

where Qo, QOi,...,0,—1 are the control points. The first derivative of a n'" order Bézier curve has the following matrix
representation

Qo
01
t .

1 Qn—l

where [B'] is the coefficient matrix of the (n— 1) order Bezier curve which is the derivative of the n' order Bezier curve and
the control points Qy, Q1,...,0,—1 are

Qo =n(P—Py)
OQi=nP,—P)

On—1 :n(Pn_Pn71)~

For more detail see in [16] .There are a lot of number Bézier curves with the first dervatives have these control points. Then we
have to choose any initial point. In this study we choose first two special points which are the initial point Py and the end point
B,



How to Find a Bézier Curve in E3 — 14/24

Let the n'* order Bézier curve pass through from a given the initial point Py, then

P =P+ @

n
P=P+ &

n
P3 = P2 + %

n
Pn =P+ anl

n
if replace we get all the control points based on the Q;,

P =P+ &

n
P, =P+ @ + g

n n

Q 01, D

PA=Rh+—+—+—
n n n

N “L I - SR I
n n n n

This complete the proof. O

Corollary 2.2. The derivative of n'" order Bézier curve can not has the origin (0,0,0) as a control point.

Proof. Let first derivative of n'* order Bézier curve has the origin Q; = (0,0,0)

Qi=n(Py1 —PF)=(0,0,0)
P11 =h.

Hence Bézier curve has n control points and cant be n'* order Bézier curve. So derivative of n'" order Bézier curve cannot has
the origin Q;(0,0,0) as a control point. O

Corollary 2.3. Ifthe first derivative of n'" order Bézier curve with given control points Q;,0 < i < n— 1, is given and n'"* order
Bézier curve has initial point Py = (0,0,0),has the following control points

_ Qo+t Ot 40
n

P,

,1<i<n.

Proof. Since P, = Py + M, 1 <i<n,and P = (0,0,0), it is clear that

_Q0t+O1+ 0+ + 0
n

s

1 <i<n.

O

Corollary 2.4. n'" order Bézier curve with given the first derivative and the initial point Py, under the condition Py = Qy, has
the following control points

(n+1)P n O1+02+...+ Qi1
n n

p=po+ 2L

n

=

, 1<i<n
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Theorem 2.5. The Bézier curve based on the control points a n'" order Bézier curve with given the first derivative and the end
point P, has the following control points as in the following ways

P :Pn—Q0+Q1+Q2+"'+Q"71, 1<i<n

n
Poa=p- 9L

Proof. If the first derivative of n'" order Bézier curve is given,

tnfl T QO
O
al(t) = [B']
anl
then the control points Qg, Q1,...,Q,—1 are given , where
Qo =n(P—Py)
Q1 =n(P—P)

On—1 :n(Pn_Pn—1)~

Let the ' order Bézier curve passing through the end point P,, then

P, is given
P :Pn_Qn71
n
On—2
Pn72:Pn71_n7
n
On—3
Pn—3:Pn—2_n7
n
P2:P3—%
n
P1:P()fg
n
P0:P1—@

n
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if replace we get all the control points based on the Q;,

P, is given
On-1
Pnfl:Pn* u
n
Pn—2 — Pn _ Qn—l o Qn—2
n n
Pn73 _ Pn o anl B Qn72 . Qn73
n n n
P=P,— On—1 _ On—2 _ On-3 _ %
n n n n
P =P, Ot _On2 s O O
n n n n n
PO:Pn_Qn—l _Qn—Z_Qn—3 —...—%—%—@
n n n n n n
This completes the proof. 0

Corollary 2.6. The n'" order Bézier curve with given the first derivative and the end point P, = (0,0,0) has the following
control points as in the following ways

Q0+ 01+ O+ 4+ Qi

n

Py = Jd<i<n.

Corollary 2.7. The Bézier curve based on the control points a n'" order Bézier curve with given the first derivative and the end
point P,, under the condition P, = Qq, has the following control points as in the following ways

—1 i
PH:(” )Pn_Q1+Q2+ +Q'1,1§i§n
n n
Py =P — G :
n

Theorem 2.8. The n'" order Bézier curve with given the first derivative and any point P, ,0 < k < n, is given, has the following
control points Py, Pyi2,...,P, and Py, Py, ..., P,

Ok
Perr =B+~
Piyr = P+ & + Qi1
n n
Po=pop &y Gty Qo
n n n
Ok—1
P =P —
n
Q-1 Qi
Peo=PFP_ — -
n n

P0=Pk—Ql;_1 _Q/;—z_QerQnHrQo.

Second, lets find the answer of “How to find a Bézier curve if we know the second derivative ? ”
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Theorem 2.9. The n'" order Bézier curve with given the initial point Py, the initial point Qq of the first derivative and the

control points Ry, Ry, ...,R,—> of the second derivation, has the following control points as in the following ways
P =P+ &
n
i—1)R i —2)R i —3)R R;_
Bop+i®y (=VR (=DR (=9 |y R 5,
n nmn-1) nh-1) nh-1) nn—1)

Proof. The second derivative of n'" order Bézier curve by using matrix representation is

[ =2 T r Ro
R
OC”(Z‘) _ [B”]
t .
L 1 _ L Rn—2
R (n—1) (01— 0y)
(n—1)(Q2—01)
a//(t) — [B//:I .
t .
L 1 _ L (n_l)(anl_Qn—z)

Control points Ry, Ry, ...,R,—2, and Qg are given, we can easily find the Q1,0»,...,0,—1.

Qo is given
Ry
01=00+—-
n—1
R R
0 =00+ —> + —
-1 n-—-1

Ro R, Ry

On-i :Q0+n—l+n—l+mn—l'

Also if the initial control point Py is given we can find easly control points of 7' order Bézier curve

Py and Qy are given

P1=Po+@
n
2 R
p—pyr 220, R
n  nh-1)
300 2Ry R,
Py=PRy+ 22
s=1ot n +n(n71)+n(n71)
4Q0 3R0 2R1 1R2
Py=Ry+ =2
A= n Jrn(n—l)jLn(n—l)Jrn(n—l)

o, Q0 (i—DRy  (i-=2)R  (i-3)R Ry 2
PliPOJrn+n(n—1) nin—1) n(n-1) "'Jrn(n—l)'
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Corollary 2.10. The n'" order Bézier curve with given the initial point Py, the initial point Qy of the first derivative and the

control points Ry, Ry, ...,R,_» of the second derivation, under the condition Py = Qo = Ry , has the following control points as
in the following ways
] —1)-1 [ —2)R i —3)R R
po itz =) (=DR (=3R |y Ria 5y
nn—1) nin=1) nmn-1) n(n—1)
Proof. Since
P (i-DR  ([(=2)R  (i-3)R; R
pP=P 2 e l—
' 0+ln+n(n71)+n(n71) n(n—1)+ + nn—1)’
—1)P+i(n—1)Py+(i—1)R | —2)R | —3)R R;_
p = DR+in=DR+ =D  ((=2)R  (=3)R Rio
n(n—1) nn—1)  nm-1) n(n—1)
nn—1)+i(n—1)+(—-1 i —2)R i —3)R R;_
po M= +in=D 4=, (=R (=R | R
nn—1) nn—=1) nn-1) nin—1)
it is clear. N

Now, let us find the answer to "How to find a Bézier curve if we know its third derivative ? ”

Theorem 2.11. The n'" order Bézier curve with given the initial point Py , the initial point Qg of the first derivative , the initial
point Ry of the second derivative and the control points Sy, S1, ...,S,—3 of the third derivative has the following control points
as in the following ways

i—1)+...+3+2+1)R [ —2)+...+34+2+1)S
P,-:Po—i—i%—i—«l )+ 342+ DRy (((—2)+...4+3+2+1)Sp

n(n—1) nn—1)(n—2)
(i—3)4..43+241)S 38,4 1S3
nn—1)(n—2) T onn—1)(n-2) nan—-1)(n-2)

Proof. The third derivative of n'" order Bézier curve by using matrix representation is

r tnfS 17T B SO
S1
OC’”(I) _ . [B ///] ’
t .
L 1 1 L Sn73
Riall (n—2)(R1 —Ro)
(n—2) (Rz—Rl)
_ . [B ///] .
t .
L 1 i L (” - 2) (Rn—2 - Rn—3)

Control points S, Sy, ...,S,—3, and Ry are given, hence solving the following system

Ry is given,
So
R, =R
1 0+(n_2)7
So S
R2:R0+ + ’
(n=2) (n-2)
So S SH
R3 =Ro+ + + ,
(n=2) (n=2) (n-2)
S S Sy
Rn—2—RO+ 0 + ! + n-3
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We can easily find the Ry, R»,...,R,—>. Also if the initial control point Qg of first derivative is given we can find easily Q;
control points of n' order Bézier curve

Qo is given,

Ro
01=00+—:,

n—1

R R
0= Qo+ ——+——,

n—1 n-—1

R R R
Q3=Qo+n_0 > 2

Ry R R,_»
Qn71:Q0+n_ + + ... L

Qo, Ry are given,

Q _Q +L

1 0 (}’l* )7

B Ro So
Q=02 Tyt e T ey

B Ry 28 S
Qs =003 T T T n=2) T =D (n=2)’

4R 380 25, 52
Qi =00t T =2 T = ni=2) T D=2

o (i—1)Ro (i—2)So (i—3)8,
0 =0t S =2 T -1 (n-2)
2Si74 1S,;3

T =2 T =1 n—2)

the n'"* order Bézier curve pass through from a given initial point Py, then

P1=Po+@,
n
2 R
P2=P0+&+ L,
n  nn-—1)
_ 300 3Ro So
B =ht e = T h— D (n—2)
400 6R RAY) S1
Py =PRy+ 22
At e D T == Thi— D=2y’

Q ((i—D+...434+24+1)Ry  ((i—2)+...+34+2+1)S
Py=Ry+n=
8 0+nn + n(n—1) nn—1)(n—2)
3854 Sn—3

) =2 =D (n=2)

3. How to find a cubic Bézier curve with known derivatives
In this section as an application we will study on cubic Bézier curves which are defined in E*. For more detail see in [3] .

Definition 3.1. A cubic Bézier curve is a special Bézier curve has only four control points Py, P|, P> and P3, with the
parametrization

a(t)=(1—1)Py+3t(1—1)* P +31> (1 —t) P, +1°Ps
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and matrix form of its the cubic Bézier curve with control points Py, Py, P>, P3, is

A1 -1 3 -3 1 P
12 3 -6 3 0 P
a)=1", 3 3 0 0||nm
1 10 0 o] m

Also using the derivatives of a cubic Bézier curve Frenet apparatus {T,N, B, k, T} have already been given as in the [9].
The first derivative of a cubic Bézier curve by using matrix representation is given by

21711 2 1 0o
at)y=1 t -2 2 0 01
1 1 0 ol o

where Q9 =3(P1—PR),01 =3(P,—P,),0> =3(Ps — P,) are control points. The second derivative of a cubic Bézier
curve in matrix representation is

T
men |1 -1 1 Ry
“o=[1 ][ 7 o] %]
where Ry = 6 (P, — 2P, + Py), Ry = 6 (Ps — 2P, + P;) are control points.

Theorem 3.2. The cubic Bézier curve with given the first derivative and the initial point Py, has the following control points

P1:P0+%7
_l’_
&:%+%3@7
+01+
= s DO

Corollary 3.3. The cubic Bézier curve with given the first derivative and the initial point Py,under the condition Py = Qq,has
the following control points

Py 4P
P =Pyt 00
1=ft 3 =5
P+ 4P
R=ht 03Q1:TO+%’
P 4P
P3:PO+M: 30+Q1;LQ2_

Theorem 3.4. The cubic Bézier curve with given the first derivative and the end point Ps, has the following control points

P2=P3—%7
P1=P3—%—g7

3 3
%:&7&+®+%'

3

Corollary 3.5. The cubic Bézier curve with given the first derivative and the end point Ps, under the condition Py = Q5 has the
following control points

P 2P
P :P —_—_— = —
2 3 3 3’
2P
p 2D &
3 3
2P
Py = 5 Q1400

3 3
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For an example, let us consider the cubic Bézier curve a(t) = (3¢> — 61> +3t,—3t> 4 3¢2,3) with the control points
Py = (0,0,0),P = (1,0,0),P, = (0,1,0),P; = (0,0, 1). (See, Figure 3.1)

Figure 3.1.
The 3" order cubic Bézier curve o (t) = (313 — 612 + 3¢, -3¢ +31%,13)

Example 3.6. If the first derivative of the cubic Bézier curve is o (t) = (9> — 12t +3,—9¢> + 6t,3t?) given. It’s matrix
representation is

21711 2 1 0o
Ot/(t) = t -2 2 0 O
1 1 0o ol o

We can find the control points Q;, 0 < i < 2 as in the following way easily

2 T

t 1 2 177e] 21T 9 -9 3
t 2 2 ol||lo |=]7¢ ~12 6 0|,
10 o]lo | |1 30 0

0] [ 3 0 0

o |=]-3 3 o0

o] 0o -33

There are a lot of number Bézier curves with the first dervatives have these control points. Then we have to choose any initial
point. To make the correction our example, let the initial point be Py = (0,0,0) with Qyp = (3,0,0),0; = (-3,3,0),0, =
(0,—3,3) . Since

P3=Po+w7
we get
P1:(O,O,O)+@:(I,O,O),
P—py s (3,0,0) +3(—3,3,0) —(0,1,0),
Py= Pyt (3,0,0) +(—3,3,0) + (0,-3,3) —(0,0,1).

3
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Now we can write the cubic Bézier curve

(21T -1 3 3 1][hR

a(r) = 12 3 -6 3 0 P

t 3 3 0 0[P

1] L1t o0 0 o]]|n
(A1 -1 3 -3 17[0 0 0
e 3 -6 3 0|10 0
|t 3 3 0 0|0 10
B 1 0 0 0][0 01

=[3-6r24+3r 3*-3° P |].
Let the end point be P; = (0,0, 1) with Qyp = (3,0,0),0; = (-3,3,0),0» = (0,—3,3). Since

P2:P37%7
0 O
P=p—22_
1 3 3 3
P0:P3_Q2+Q1+Qo7
3
0,-3,3
= (0,0,1)— @33 _01,0),
0,-3,3 -3,3,0
Plz(ovoal)_(737)_( ;7):(17()’0)7
0,-3,3 -3,3,0 3,0,0
%:@@U—(”)+(§’>+“’)=mpm.

Let the any point except the initial or the end point be P, = (0, 1,0) with Qp = (3,0,0),0; = (—3,3,0),0, = (0,—3,3) are
given. Since

P3:P2+%7
3
b is given,
O O
p=p+=2_2_=1
1 2+ 3 3 3
PZ_%7
P0:P2+%_Q2+Q1+Qo
3 3
:PZ—Q1+Q0,
3
0,-3,3
P3:(0,1,0)+%=(0,0,1),
P, is given,
O O O
p=p+=-=_=1
1 2+ 3 3 3
-3,3,0
=(0,1,0) ( ’3’):(1,0,0),
PO:P2+%—Q2+%I+QO,
—-3,3,0)+(3,0,0
= 01,0~ FRUEEDO g0

3

To find cubic Bézier curve with given second derivative we have the following theorem;
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Theorem 3.7. The cubic Bézier curve with given the second derivative,the initial point Qg and the initial point Py, has the
following control points

Py and Qg are given,

P1:P0+%7

Oo  Ro
p=P+220 4+ 20
2 0+ 3 —|—6

Qo R0 R
Py=pPy+3=0 420 4 7L
3 o-|—33 + 5 + 6

Example 3.8. The second derivative & (t) = (18t — 12, —18¢ + 6, 6¢) of a cubic Bézier curve in matrix representation is

o= s —18 67 [¢]"[-1 1][Ro
! -12 6 0] |1 1 0 Ry
where Ry = ( —12, 6, 0 ) and Ry = ( 6, —12, 6 ) are the control points

Py=(0,0,0) and Qp = (3,0,0)are given,

P1=P0+%0,
Qo , Ro
P=Py+2
) 0+ 3 —|—67
Ry R
Py=R+ Qo+ 3 + o

Py =1(0,0,0) and Qp = (3,0,0) are given,

3,0,0
A =000+ 2% = (1.0,

3,0,0) (—12,6,0
(3,0,0) )

P2:(0,O,O)+2 3 6 :(07170)7
Py =(0,0,0) +(3,0,0) + (_123’6’0) + (6’_612’6) =(0,0,1).
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