Hacettepe Journal of Hacet. J. Math. Stat.
Volume 51 (4) (2022), 11081120
Mathematics & Statistics DOI : 10.15672/hujms. 1022072

RESEARCH ARTICLE

Approximation by statistical convergence with
respect to power series methods

Nilay Sahin Bayram*!@®, Sevda Yildiz?

! Department of Electrical and Electronics Engineering, Faculty of Engineering, Baskent University,
Ankara, Turkey

2 Department of Mathematics, Sinop University, Sinop, Turkey

Abstract

In the present work, using statistical convergence with respect to power series methods,
we obtain various Korovkin-type approximation theorems for linear operators defined on
derivatives of functions. Then we give an example satisfying our approximation theorem.
We study certain rate of convergence related to this method. In the final section we
summarize these results to emphasize the importance of the study.
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1. Introduction

Statistical convergence which is a regular non-matrix summability method is effective
in “summing” non-convergent sequences ([12,23]). Recently, its use in approximation the-
ory has been considered in [13]. Gadjiev and Orhan proved a Korovkin type theorem by
considering statistical convergence instead of ordinary convergence in that work. By relax-
ing the positivity condition on linear operators, various approximation theorems have also
been obtained. For instance, Duman and Anastassiou [2,3] relaxed the positivity condition
of linear operators in the Korovkin-type approximation theory via the concept of statisti-
cal convergence. Following these studies many authors have given several approximation
results via summability theory and convergence methods (see, e.g., [4,5,9-11,17,18,28,29]).

Korovkin type approximation theory deals with the convergence of the sequences of the
linear operators to the identity operator ([1,14]). If the classical and some other conver-
gence methods do not work, then it would be beneficial to use P—statistical convergence.
Unver and Orhan [30] have been investigated the relationship not only between these
concepts but also between the concepts of statistical convergence defined by power se-
ries methods and defined by classical methods and showed that P—statistical convergence
methods and statistical convergence are imcompatible (see, also [6-8,16,20,21,24]).

In the present work the main aim is to study some Korovkin-type approximation theo-
rems for linear operators defined on derivatives of functions via P—statistical convergence
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method. By giving an appropriate application, we provide some graphs in order to illus-
trate the efficiency of our result when it is compared with other results in the literature.
It should also be noted that we study the rate of convergence. In the final section we
summarize the results obtained in present paper.

We pause to collect some basic concepts and notations:

Definition 1.1. Let (p;) be a non-negative real sequence such that py > 0 and the
corresponding power series
o0
=D _pit!
§=0

has radius of convergence R with 0 < R < oo. If the limit

Zp]t xj=1L

exists then we say that x = (z;) is convergent in the sense of power series method ([15,22]).
t

4]
It is worthwhile to point out that the method is regular if and only if lim L L 0

o<t—R- p(t

O<t—>R p

for every j.
This convergence method is a general version of Abel and Borel summability methods.
Korovkin type theorems related to these methods can be found in [19,25-27].

Definition 1.2. [30] Let P be a regular power series method and let £ C Ny. If the limit

dp(F):= lim Z:p]tJ
0<t—R~ p ]E B
exists then dp (F) is called the P—density of E.
Note that from the definitions of power series method and P—density it is obvious that
0 <ép(E) <1 whenever it exists (see also [30]).

Definition 1.3. [30] Let « = (z;) be a real sequence and let P be a regular power series
method. Then x is said to be P—statistically convergent to L if for any € > 0

ijt =0

0<t—>R p ]EE

where E. = {j € Ny : |z; — L| > ¢} that is, dp (E:) = 0 for any € > 0. In this case we
write stp — limxz = L.

2. Approximation properties via P—statistical convergence

Let k be a nonnegative integer. By C*[0, 1], we denote the space of the k—times contin-
uously differentiable functions on [0, 1] endowed with the sup-norm ||.||. Then throughout
the paper we consider the following function spaces:

cl=1reco,]: f>o} C.={feclo1]: f>0}
c2={feco,1]: f" >0} Cr1={fecCo,1]:f>0}
ct={fecio,1:f so} Cra={feC?0,1]: f>0}
c2={frec?o,]:f so}

We assume here and throughout the paper that the power series method is regular and
the test functions are

file)=a', i=0,1,2,3,4.
Also, we denote the value of T (f) at a point = € [0,1] by T'(f(y); x) or, briefly, T(f; x).
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Theorem 2.1. Let (Tj) be a sequence of linear operators from C2[0,1] into itself. Assume
that

or ({i €N Ty (CyonC2) CChaf) =1. (2.1)
Then
stp —lim ||T5 (f;) — fil| =0 fori=0,1,2 (2.2)
if and only if
stp —lim ||Tj (f) — f|| = 0 for all f € C*[0,1]. (2.3)

Proof. First we assume that T (f) is P-statistically convergent to f for every f € C?[0, 1].
Since f; € C%[0,1], i =0,1,2, T (f;) is P-statistically convergent to f; for each i = 0,1, 2.
Therefore, only the sufficiency part does really require a proof. Let = € [0, 1] be fixed and
let f € C?[0,1]. Since f is bounded and uniformly continuous on [0, 1], for every £ > 0,
there exists a § > 0 such that

S ) < T - T <ot B0 ) (2.4

holds for all y € [0,1] and for any 8 > 1 where M; = || f|| and ¢, (y) = (y — z)*.
Then by (2.4) we get that

— &

2M1 3

hip () = e+ —5—¢ (y) + f(y) = f(2) 20, (2.5)
oy () = e+ 2520 ()~ F () + () 20 (2.6

Also, for all y € [0, 1],
1" 4M16 " 1" 4M1ﬁ "
hg(y)=—5—+f () and by (y) := —— = f (y).

Because of f is bounded on [0, 1], we can choose 3 > 1 so that h/{”@ (y) >0, h;ﬁ (y) >0,
for each y € [0, 1]. Hence hy g, hog € C1 2N C_% and let

Fy = {j €eNp: Tj (C_:,_’Qﬂc_%_) C C+,2 }
By (2.1) it is clear that dp (E1) =1 and so dp (Ng \ E1) = 0. Then we can write
Tj (hipg;x) > 0, for every j € Ey, i=1,2. (2.7)

From (2.5) — (2.7) and by using similar arguments as in the proof of Theorem 2.1 in [2];
for every >0, we get

2
IT5 (f) = fll < e+ Ay IT(f:) — fill (2.8)
i=0
2M, 3 4M.
where A; = max {5 + My + Tlﬁ, 522ﬁ} . Now for a given r > 0, choose an € > 0 such

that € < r, and consider the following sets:

F={jeNo:|T;(f) - fll =},

. r—e .
Foim{d € Nos I () - £l 2 5o i= 0,12
34,
Then it follows from (2.8) that

2
FNEC U(Fz’mEl),
=0



Approzimation by statistical convergence 1111

which gives that
et S5 ) et S (0]
p()jGFﬁElp] » (D) 2 geFmElp] =0() - ' Py . .

0
Now letting 0 < ¢ — R~ in the both sides of (2.9) and using (2.2), we immediately get
that

1 .
lim — pit! = 0. (2.10)
o<t—R- p(t) ]E;E1 J
Furthermore since
1 .
TR I LT B
) jer P jernE, JEFN(No\E1)
1 . 1 .
00,20 2 P
P\Y) sernE P semo\Ey)

holds for every j € Ny, taking again limit 0 < ¢ — R~ in the last inequality and hence it
follows from hypothesis and the inequailty (2.10) that

stp =l [|T; (f) = f]| = 0.

]
Theorem 2.2. Let (Tj) be a sequence of linear operators from C?[0,1] into itself. Assume
that
op ({7 €No: T (Cranc?) cc?}) =1, (2.11)
Then
stp — lim H fl)] 5 Ly Ly Iy (212)

if and only if

stp — lim H[T] i [0,1]. (2.13)

Proof. Tt is obvious that (2.13) implies that (2.12). Let f € C2[0,1] and z € [0,1] be
fixed. Based on the proof of Theorem 2.1, this can be found as follows:
For every € > 0, there exists a § > 0 such that

2M/8 1 " 2M/3 1
B < ) @ <e v Bl ) (214)
. " . (y — .T)4
holds for all y € [0, 1] and for any 5 > 1 where My = Hf H and o, (y) = -4t 1.
Consider the following functions on [0, 1] :

2M B 3 f” y) n
us 0) = 2o, () + £ ) — o - L0y 20

2M ,B 9 f// y) n
uss () = 2o, () — £ ) — o + 100y 20

Also then by (2.14) and for all y € [0, 1],
w5 (y) < 0 and uy g (y) <0,

<if () + 5+ L2 2(%/2) Py My 4 o) 2
<
2Ms0, (y) - Mo

1
which gives u; g, u2,5 € C2 and observe that o, (y) > 3 for all y € [0, 1]. Then inequality

(2.15)
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holds for all y € [0, 1], where M; = || f|| and My = Hf” H as mentioned before. As we know,

we can choose > 1 such that u; g (y) > 0, uz g (y) > 0, for each y € [0,1] and hence u; g,
ug,g € Cy 2N C?. Then let

FEy = {j € Np: T] (C_i_’g QCE) - Cg} .
By (2.11) it is clear that dp (F2) =1 and so dp (Ny \ E2) = 0. Then we can write

[T} (uw;x)]” <0, for every j € Fy and i =1, 2.

Then we get
S sl i = S el =I5 e
5 el g = Gl S 0 ) <o

Observe that in view of o, € Cy 2N C?, then we can get Tj (04;x) < 0 and using this

1 (i) — 1 @) < - 2221y (o)) + £ (T3 (i)
(@) .
+ 1 ’\[ij;xn -2|.
Thus
. e+ |f () .
115 (F50) — f <x>\§s+2‘|m<fz;x>1 ~f (@),
+ 2P0y (o) (2.16)

Now we compute the quantity 7 (—o,; ) inequality (2.16). To see this observe that

o | (=)t
Y P =)

< 0 ) = 51 (i) + :522 [T (fi)] = 9;3 T (f1;2)]"
+ (‘}”4 - 1) [T} (fosz)]

— A o) = f @) - T o) - £ @)
H T (]~ £ @)
- {m sl - 5 @)+ (”f; - 1) (T o)) — 13 (@)}

(2.17)

Combining this with (2.12) and following the same steps as in the proof of Theorem 2.2
in [2]; for every € > 0, we get

"

| )" = 1]

4
<et+ A ||mf) - f (2.18)
=0
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M. M.
where Ay = {6+2 2y 525

choose an € > 0 such that € < r, and define the following sets:

c={ieN: TN -1z}

} and My = HfNH as stated before. Now for a given r > 0,

1"

G;:= {j €Np: H[Tg (" - f;
In this case, by (2.18),

r—e
> — ;. =0,1,2,3,4.
_5A2}7Z s Ly &y,

4
GNEyC U(GimEQ),
i=0
which gives for every j € Ny, that

4 4
JOSRUEE ol (ol B of PoF) B

p jEGﬁEQ =0 \jEG;NE> =0 \j€EG;

Now letting 0 < t — R~ in the both sides of (2.19) and using (2.8), we immediately get
that

lim pit! = 0. (2.20)
0<t—R~ p Jegr:]Eg
Furthermore since
1 . 1 .
Zp] = 20 Y ot + 0] > it
) it P jeane, PV seano\Es)
1 A
= (t Z pﬂt] ( ) Z pjt]
P\Y) scane, PR seNo\E»)

holds for every j € Ny, taking again limit 0 < ¢ — R~ in the last inequality, it follows
from hypothesis and the inequailty (2.20) that

"

ste — lim ||[7; (1) = "] = 0.
(|
Theorem 2.3. Let (T}) be a sequence of linear operators from C*[0,1] into itself. Assume
that
op ({7 €No: Ty (Cranct) cci}) =1, (2.21)
Then
stp — lim H fz)] 1,2, (2.22)
if and only if
stp —lim | [T ()] — fH =0, for all f € CY[0,1]. (2.23)

Proof. Tt is enough to prove the implication (2.22) = (2.23). Let f € C'[0,1] and = €
[0, 1] be fixed. Then for every € > 0, there exists a positive number § > 0 such that

oM / , oM
—e— T;’% W<f-f@<<et 523 Ve (¥) (2.24)
holds for all =|r _ -2’
olds for a yG[0,1]andforanyﬁlehereMg—HfHand%(y)— 3 + 1.
Now using the functions defined by
20Ms3 /

015 (W) = =5 W) ~ [ (W) +ey+uf (2),

2M3p3

026 (¥) = =53 (W) + F () + ey —uf (2),
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we can easily see that 61 3 and 6, g belong to C’i forany 8 > 1,ie. 015(y) >0, 6025 (y) > 0.
2
Also observe that ~, (y) > 3 for all y € [0, 1], then inequality

(£ () —ey+ [ (2)y) 82 _ (M + My +¢) 2
2M37z (y) - Ms

(2.25)

holds for all y € [0, 1], where M; = || f|| as mentioned before. Now we can choose § > 1
such a way that 61 g (y) > 0, 02,5 (y) > 0, for each y € [0, 1] and hence 6, g, 02 53 € CL1NCL.
Let

By:={jeNy:T; (ChanCh) c CL}
By (2.21) it is clear that dp (F3) = 1 and so dp (No\ F3) = 0. Then we can write
T; (9;”3;:5) > 0, for every j € F3 and ¢ = 1,2. Then we get

L 0 )] = [0 ()] + €Ty (i) + £ () [T (fs)] 20,

T (s ) + [T (2] + €Ty (i) — £ @) [T ()] 20

Since the function v, € Cy 1 N CL, we have T} (7,) € CL and

\[Tj (fi2)] — f (@)

<e+ (e+|f @) |17y (f:2)] - fi (@)

2P ()] (2.26)

+

holds. Since

!

T (s )] = [Tj (“’ i 1;:1:)]

{1 (f52)] = f5@)} -2 {[1(f12)] - f@)}

3

+22{[T; (fi;0)] = fi (@)} + (1 - 2) {[Tj (for o)) = f <m>} . (227)

combining this with (2.26), by using similar lines as in the proof of Theorem 2.3 in [2]; for
every € > 0, we get

!

iz () = || <2+ a5 3 5 () - 5,
1=0

2M35
0

and define the following sets:

R:={jeNo: |[T;(N] - F =},

(2.28)

where Az = {5 + M5 + } . Now for a given r > 0, choose an € > 0 such that € < r,

>T'—€
~ 445

’

Ri= {5 eNo: T () - 2
In this case, by (2.28),

}, i=0,1,2,3.

3
RNEsC|J(RiNE;3),
=0
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which gives for every j € Ny, that

1S , 1 & ,
it < —— jtj — jtj . 2.29
PR <t>§%(je§; ) @(%%f’ ) 220

Now letting 0 < t — R~ in the both sides of (2.29) and using (2.26) , we immediately get
that

lim pit! = 0. (2.30)
o<t—R-p(t ]e;ﬂ; J
Furthermore since
1 , 1 A
Zpﬂt] = ®) Z pit! + ) Z p;t!
jER p JERNES3 p jERﬂ(No\ES)
1 .
< —= > pit+ > pit!

p(t) JERNE; p () jE(No\E3)

holds for every j € Np.
Thus it follows from hypothesis and the last inequailty that

stp — lim ||[7; (f)]

3. An application

In this section, we give an application showing that in general, our results are stronger
than classical ones and we provide some graphs in order to illustrate the efficiency of our
result when it is compared with other results in the literature.

Example 3.1. We consider the following linear operator on C2[0, 1]

i ={ i, i lai (3.1

where M; and Lj, j € Ny are defined as follows

1
My(fia) = [ (14 )8f () dt, @ € [0,1]
0

and
1

Lilfiw) = [ (=) f (t)dt, w € [0,1)
0
Also, assume that the power series method is given by

0 if j =2,
Pi=\ 1, ifj=20+1.
1—|—j 1+

-f2 ().

It is easy to see that M;(fo;x) = fo(x), M;(fi;2) = 3y
J

TN (@), My(fai2) =

Now, we have
A ifj=2
T fo: ) — — ! ¥ if J )
Hence, we get
stp — lim [T (fo) — foll = 0.
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Also, it is clear that

To( o) — _ itz S
J(fl,m) J1(x) { j_TzZ’ if j=20+1,

and we get
stp —lim [T (f1) = fll = 0.
Finally,

—22%(14j) if j =2l
Ti(f2;x) — T) = Jj+3 7 =
i(f232) = f2 (2) { }2&2’ if j=20+1,

and we have

stp —lim [|Tj (f2) — fal| = 0.
Hence we conclude that our operator satisfies all assumptions of Theorem 2.1. Therefore
we obtain

stp —lim [|T; (f) = fI| = 0.
However it can be easily seen that (T5(fo)) is not convergent and statistically convergent
to fo. Hence, these show that Proposition 1 of [9] and statistical Korovkin theorem ([3]) do
not work for our operators 7} defined by (3.1) (It is illustrated for the function f(x) = x3+1
in Figure 1).

2 2
—— Exact f(x)
—j=5 1.5}
| —ij=15 /
18 }=25 1 — Exact f(x)
j=55 —j=4
1.6 ——i=95 { 0.5f —j=16
j=26
> > 0 j=50
1.41 1 05 —j=90
1.21 1
-1.5¢ .
1 : : : -2 : . : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

Figure 1. (Left) The function f and operators T;(f;x) for j = 5,15,25,55,95;
(Right) the operators T} (f;x) for j = 4,16,26,50,90 where f(z) =23 + 1.

4. Rate of convergence

In this section, we prove some results which give the degree of approximation by means
of linear operators.
The modulus of continuity, denoted by w (f,d) is defined by

w(f,9) = yilip< |f(y) — f(=)]

where 0 is a positive constant, f € Cla,b]. It is easy to see that, for any ¢ > 0 and all

w(f;0) < (1+ [c)w(f;9)
where [c] is defined to be the greatest integer less than or equal to c.

Now we present some estimates of rates of power series method for Korovkin-type
theorems.
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Theorem 4.1. Let (T;) be a sequence of linear operators from C2[0,1] into itself and
T; (C12NC%) C Cya, for all j € Ng. Assume that the following conditions hold:

stp —lim || T (fo) — fol =0 (4.1)

and
stp —limw (f,d;) =0 (4.2)

where 0 = /|| Tjpz|| and . (y) = (y — z)?, then we have, for all f € C2[0,1]
stp —lim [T (f) = f|| = 0.
Proof. Let x € [0,1] be fixed and let f € C2[0,1]. We can write that
~(1+ 50 W)t < f o) - 1@ < (1+ HaW))w o) 13)

for all y € [0,1] and for any 8 > 1 where ¢, (y) = (y — 2)*. Then by (4.3) we get that

01 0) = (14 5300 ) ) (£,) +  (4) = £ () 2 0 (1.4
20 0) = (14 G0 )0 (1:0) = £ ) + F () 2 0 (1.5

Also for all y € [0, 1],

"

0l () = 25w (£,0) + ' () and g () 2= 2 (£,0) — " ().

Because of f is bounded on [0,1] we can choose 8 > 1 such a way that glll,ﬁ (y) > 0,
gg,ﬁ (y) > 0, for each y € [0, 1]. Hence g1 8, g25 € C1 2N C’?F and then by the hypothesis
T (gip;x) >0, forall j € Ng, € [0,1] and i = 1,2 (4.6)
and hence
Tj (gip;x) >0, fort € (0,R), x €[0,1] and i =1, 2.
From (4.4) — (4.6) and the linearity of (7}) we get

7y (o) (£:0) + D0 () 4 T (fr0) — £ (@) T3 (i) 2 0,

7y (ore) o (£0) + 2200 (o) - 03 () 4 £ () 5 (o) 2 0,

thus

~Tj (fo;z)w (f,9) — Buw (f,9)

62

T (pziz) < f(2)Tj(fo;2) =T (f;2)

< T (ow)e (o) + 200 ).

Then we obtain

,0
15 () — £ @) < () + @ (1,0) + 17 @DIT; (ose) — fo )l + 27 ).
If we take § := 0 := \/||Tj (a3 2)||, M1 = || f (z)| and taking supremum z,y € [0, 1], then
we get

175 (f) = Il < L+ B)w (f,85) + (w (£,0) + M) 1T (fo) = fol - (4.7)
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Given € > 0 define the following set

R A LGRS RS
s ={iwlha)z o)

S0+ = {0 1o ()T (o)~ oll = 5o |
So 0 ={is I ) - fol = o |

Then we easily see that S C S U .Se U .S3 and also defining

~{islo ol 2 f5r |
Sy 5 ={as i - foll 2\ 5o}

one can deduce that Sg C Sy U Sy. Hence we get S C S;USyU S,y USs, So we get that

ij < Z pit! o) Z pit’
JES jES ics’
ZE: pit!

J€S3

S5

_|_7
p

D > pit! +
jesy

from the hypothesis and the last inequailty we obtain that
stp —lim [|T; (f) = fI| =0,

that is, the assertion. O

Note that the following theorems may be proved as in Theorem 4.1. So we omit their
proofs.

Theorem 4.2. Let (1) be a sequence of linear operators from C2[0,1] into itself and
T; (Cy2NC2) C C2, for all j € Ny. Assume that the following conditions hold:

stp — lim||[7; (fo))" — fo (4.8)
and
stp —limw (fu, 5j) =0 (4.9)
- . _ - 2
where §; := /|| T} (—0z)|| and oy (y) = — ot 1, then we have, for all f € C*[0,1]

stp — lim ||[7; (f)]”

Theorem 4.3. Let (T;) be a sequence of linear operators from C[0,1] into itself and
T; (Cyin C&_) C C_1~_, for all j € Ng. Assume that the following conditions hold:

stp—hmH (fo)] = fo (4.10)

and

stp —limw (f,6;) = 0 (4.11)

33
where 05 = /|| Tjvz| and vz (y) = (y3x) + 1, then we have, for all f € C'[0,1]

stp — lim||[7; (f)]
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5. Conclusions

Finally we give the following concluding remarks.
<& Let (1) be a sequence of linear operators from C10, 1] into itself and Tj (C.) C O,
for all j € Ny. Then for all f € C]0,1],

stp —1lim [T (f) = f| =0 (5.1)

if and only if
stp —lim ||T5 (f;) — fil| =0, i =0,1,2 (see [30]). (5.2)

<& We remark that all our theorems also work on any compact subset of R instead of
the unit interval [0, 1].

< Theorem 2.3 works if we replace the condition Tj (Cy1 N C;) C CL by Tj (C11NCL) C
(y —)°

3 + 1 instead of

C1. To prove this, it is enough to consider the function p, (y) = —

vz (y) defined in the proof of Theorem 2.3.
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