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Abstract

Let S be a numerical semigroup. The catenary degree of an element s in S is a non-
negative integer used to measure the distance between factorizations of s. The
catenary degree of the numerical semigroup S is obtained at the maximum catenary
degree of its elements. The maximum catenary degree of S is attained via Betti
elements of S with complex properties. The Betti elements of S can be obtained from
all minimal presentations of S. A presentation for S is a system of generators of the
kernel congruence of the special factorization homomorphism. A presentation is
minimal if it can not be converted to another presentation, that is, any of its proper
subsets is no longer a presentation. The Delta set of S is a factorization invariant
measuring the complexity of sets of the factorization lengths for the elements in S.
In this study, we will mainly express the given above invariants of a special pseudo-

symmetric numerical semigroup family in terms of its generators.

1. Introduction

There are many recent publications studying
invariants of non-unique factorizations for
finitely generated cancellative monoids. Many of
these are particularly focused on numerical
semigroups. Numerical semigroups provide
particularly specific settings for studying these
decomposition problems. One motivation for
studying the factorization theory of numerical
semigroups comes from its associated numerical
semigroup rings. These rings usually give
concrete examples of more general problems in
commutative algebra [11]

The origin of factorization theory is to
study the decomposition of natural numbers into
their irreducible divisors. In this multiplicative
monoid, the Fundamental Theorem of Arithmetic
guarantees that such a decomposition is unique.
By the Fundamental Theorem of Arithmetic,
every positive integer greater than 1 has a prime
factorization. Just as prime numbers are
components that make up the natural number
system using multiplication, they are generators
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to the components of a numerical monoid. Unlike
factorization in Ny, factorization in numerical
semigroup may not be unique (where Ny, is the set
of non-negative integers)[19]. Some of the
factorization invariants are length sets, delta sets
and catenary degrees.

The catenary degree of the element of a
numerical semigroup, which is a factorization
invariant, defines the relationships between its
different irreducible factorizations of the element.
The catenary degree of the numerical semigroup
is defined as the least upper bound of all catenary
degrees of the elements in the numerical
semigroup.

Calculating the Betti elements of a
numerical semigroup is both complicated and
difficult. It is well known that with the help of
Betti elements, the maximum catenary degree of
the numerical semigroup can be reached.
Moreover, the numerical semigroup with
embedding dimension three has at most three
Betti elements [6].

Delta sets are also defined the sets of the
minimum  distances  between any two
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factorizations with consecutive lengths. Although
many research has been done on this problem, it
IS not an easy task to calculate the delta sets for a
given numerical semigroup.  Geroldinger
presented the first results on Delta sets in [10].
Delta sets on numerical semigroups have been
studied extensively in [3], [4], [5]. Also, the Delta
set of monoids can be calculated using Euclid’s
greatest common divisor algorithm [8].

The structure of this paper is arranged as
follows. In Section 2, we gather the background
of numerical semigroups, necessary definitions,
and notations that we use in the latter sections. In
section 3, we obtained the formulas and the
connections representing the Delta set, Betti
elements, catenary degrees, graphs, and minimal
presentation of the pseudo-symmetric numerical
semigroup family.

2. Material and Method

LetN = {1,2,3, --- } be the set of positive integers
and let N, ={0,1,2,3,---} be the set of non-
negative integers. If S is an additive submonoid
of Ny, S is called a numerical monoid. We say
that the integers {my,my,---,m,} generate S if
s =kymy +kymy + -+ kpymy =

Y0 kimi (k; € Ng,i =12,+,p) fors € S, we
denoteitby S =< my,my, -+, m, >. Interms of
cardinality and set inclusion such a minimal set is
the minimal generating set and it is unique. Thus,
we assume that my < m, <...<m,,.

A numerical monoid S =
(my,my,-+-,m, ) is  primitive  whenever
ged(my,my,-+-,m,) = 1 (where gcd(a,b)
denotes the greatest common divisor of integer a
and b).

The integer p is called the embedding
dimension of S, denoted by e(S). Also, the
integer min(S\{0}) =m, is called the
multiplicity of S, denoted by m(S). We know that
e(S) < m(S). If e(S) = m(S), S is said to have
maximal embedding dimension.

If a non-empty subset S of N, satisfy the
following three conditions, S is called a
numerical semigroup.

1.0 €S.

2.VYs4,5, €S, s+ s, €S.

3. #(Ny\S) <o (where #(A) denotes the
number of elements in the set A)

Namely, a numerical semigroup is a submonoid
of (N,,+) satisfying the third condition.
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A numerical semigroup S is said to be
proper if S # N,. Let S be a proper numerical
semigroup. We denote the complement of S in N,
by G(S). The elements of G(S) are called gaps of
S. The genus of S is the number of gaps of S,
denoted by g(S). F(S) = max(Z\S) is the
Frobenius number of S. Note that F(N, ) = —1.
Henceforth, all numerical sets are proper.

Recall that a numerical semigroup S is
symmetric if F(S) is odd and x € Z\S =
F(S) — x € S, and pseudo- symmetric if F(S)
is even and x € Z\S = x = F(5)/2 or
F(S) — x € S.

For a numerical semigroup S and s €
S\{0}, the Apéry set of S with respect to s is
defined by Ap(S,s) ={x €S|x — s & S} Itis

well known  that  Ap(S,s) = {wy =
0,wyq,- ,wg_1} and w; = min{x € S:x =
i(mods)} for i ={01,..,s — 1}

Researchers can review the definitions and results
given below in more detail in [1], [17].
LetS = (my,my, -+, my ). The
factorizations of s € S is defined by

set of

Z(s) = {(ay, az, -+, )
€ N0p|a1m1 + a’zmz + b
+ apmy = s}.

If a factorization has a positive entry in
the p-tuple, the element can be said to be
supported on the component corresponding to the
generator. The length of a = {ay,ay, -, ay} €
Z(s) is |a] = ay + @, + -+ + a;. The length set
of sisexpressed by L(s) = {|a| | a € Z(s)}.

Fix a numerical semigroup S =
(mq,my,--,my,),and fixs € S. Writing L(s) =
{1 <---< £}, the delta set of s is the set
AS(S)Z{‘gi— {’l_1|2515p} of
successive differences of factorization lengths of
s, and A(S) = UgesAs(s). For a=
(21, %2,-+,%,) € NgP and B = (v, ¥2, -+, ¥p) €
N,?, the greatest common divisor of « and 8 is
gecd(a,B) = (min(xl,yl),---,min(xp,yp)) €
NyP. The distance between a and g is defined
asd(a,p) = max{la — gcd(a, )|, 15 —
ged(a, B)I3-

Given x,y € Z(s) and M > 1, an M-
chain from x to y is a sequence X1,X2,", Xp €
Z(s) such that x; =x,x3,x, =y, and
d(xj,xj41) <M for every je{1,2,--,i—1}
The catenary degree of s € S, c(s) is the
minimal M € N, U {oo} such that for any two
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factorizations x,y € Z(s) there is an M-chain
from x to y. The catenary degree of S, denoted by
C(S),isC(S) = sup{c(s)|s € S}.

Let §=(my,my,--,my) ands € S\
{0}. Consider the graph G with vertex set given
by its set of factorizations Z(s) and an edge
connecting a,b € Z(s) if a and b have disjoint
support as vectors. That is, a = (x;, %2, -, xp)
and b = (y1,¥,,+,¥,) are adjacent in G if for
all i, x; and y; are never both non-zero. For each
s € S\{0}, consider the graph Gswith vertex set
Z(s), where if gcd(a,b) # 0, then two vertices
a,b € Z(s) shareanedge. Anelements € Sis
called a Betti element if G is disconnected. The
set of Betti elements of S is denoted by Betti(S).
Namely, the set of Betti elements of S is

Betti(S) = {s € S|G, is disconnected}

Calculating the Betti elements of a
numerical semigroup is quite complex. The
maximum catenary degree of the numerical
semigroup is achieved with the help of the Betti
elements of it. It is also known that numerical
semigroups with an embedding dimension three
have at most three Betti elements [1], [2], [7].
[15].

Let & be a congruence on
Free(x;,x,,-+,x,) and p be a system of
generators of &. If the cardinality of p is the
smallest in cardinalities of systems of generators
of 3, then p is the minimum relation. Let
§=(my,my, -, my)andlet A = {al,az,-'-,ap}
with a; # a; for all i #j. If p is a minimal
relation of the kernel congruence of
Q: Free(al, ay, -+, ap) - S, (p(a1x1 +azx, +
o apxp) = xymy + XMy + -+ + xpmy, then
p is called a minimal presentation.

é is used to indicate the Kkernel
congruence of @. The expression set of s € S is
defined as follows:

Z(s) =7 1(s) = {alxl + azxy + -
+ apxp|x1m1 +x,my + -
+ XpMy = s}.

For X =a1x; +azx; + -+ apx, €
Free(ay, ap, -, ap), ¥y =ay; +ay, + -+
apyp € Free(al,az, e, ap). Let the dot product
of x and y be defined as x - y = x;y; + x,y, +
X Y. For x,y € Free(al,az, ---,ap) , XRy
ifx=y=00rn,,--n €Z(s) forsomes €S
suchthatn; = x,n; = yandn; -n;,, foralli €
{1,---,1 — 1}. It can be easily seen that R has an
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equivalence relation on Z(s). The element of
Z(s)/R are called R-classes. It is known that
every finitely generated semigroup S has a finite
minimal presentation and that all minimal
presentations of S have equal cardinality.

A graph G = (V,E) consists of a set of
objects V' called vertices, and another set E,
whose elements are called edges, such that edge
{u, v} is identified with an unordered pair by uv,
where E € {{u,v}lu,v € V,u # v}. A path of
length m is a sequence of edges of the form
V1Vz, U3 VU3,, UmVUms1- A graph G = (V,E) is
said to be connected if there is at least one path
every pair verticesin G = (V, E). Otherwise, G =
(V,E) is disconnected. A connected graph with
m vertices includes in least m — 1 edges. Such
connected graph is called a tree [14].

A subgraph G' = (V',E") of a graph
G = (V,E) is a graph whose vertex set V' is a
subset of the vertex set V, that is V' < V, and
whose edge set E’ is a subset of the edge set E
that is E' < E. If G is a connected graph on m
vertices, a generating tree for G is a subgraph of
G that is a tree on m vertices.

Let X+ @, y a binary relation of X and
P = {Py,...,P.} apartition of X. If there exists
x €Pandy € P;suchthat (x,y) € y Uy™?,
Gy = (P,E) is a graph associated to y in
connection with the partition P where P;P; with
i #j.

Let S = (my,my,--,m,) and R be an
equivalence binary relation on Z(s) for s € S.
And let se€S and Pi,..,P,be different
equivalence classes of R contained in Z(s) for i €
{1, k}.

A; = {mj|x; < x for some x € X;}

The set of vertices of the different
connected components of G is included in these
sets. To show that we first need to prove that
{44, ..., A} is a partition of V.

For s € S define the graph Gg =
(Vs' ES)' as Vs = {mi € {mlimZI "'lmp}ls -
m; €S} and Eg= {Tm]|s - (m; + mj) €
S, i #j}.

3. Results and Discussion

Studies on Frobenius number, gaps and some
properties of this numerical semigroup are
included in [12], [13]. Also, in this section we
study on  pseudo-symmetric  numerical
semigroups of the form S =< 3,3+ 5,3 4+ 25 >
for 3 fsand s € N. We will obtain here some
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invariants of such numerical semigroups. When
S = (my, m,, m3) is a numerical semigroup, for
i €{1,2,3}

¢; = min{k € N|km; € ({m;, mz, m3P\{m;})}

and there exist non-negative integers r;;, 7y, for
{i,j, k} = {1,2,3} such that cm; = r;m; +
TikMy-

Proposition 1. ([18], Proposition 2.13) Let
my,m, € N with gcd(m,,m;) =1. There are
the following equations:

1) F((my,my3)) =mym, — my —m,.
mymy— my—my+1

2) g((my,my)) = .

Proposition 2. ([19], Proposition 4.1) Let S =
(m;,my,,mg) be a numerical semigroup
minimally generated. An element 8 € S is a Betti
element if for some i € {1,2,3} B; = c;m;
where ¢; = min{k € N|km; € ({my,m,, m3}\

{m:H}.

Lemma 3. [1], [2], [15]
generated monoid S, we have

For any finitely

c(S) = max C(S) = max{c(b): b
€ Betti(S)}

and
min C(S) = min{c(b) : b € Betti(5)}.
Then

c($) = max{c(B)|p € Betti(S)}.

Lemma 4. ([18], Theorem 8.17) Let S be a
numerical semigroup and let s € S\{0}. The
number of connected components of G is equal
to the number of R-classes in Z( s).

Proposition 5. ([18], Proposition 31.) Let S =
(my,my,..., my, ) be a numerical semigroup. S is
a numerical semigroup with maximal embedding
dimension if and only if Ap(S,my) =
{O,mz,---,mp}.

Proposition 6. ([18], Theorem 8.19) Let S =
(my,my,---, my,) be a numerical semigroup and
s € S\{0}. If G, is disconnected, then s = w +
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m; with the nonzero w € Ap(S,m;) for every
j €{2,...,e}

Lemma 7. ([16], Theorem 7;[18], Lemma 4.27)

The following conditions are equivalent.
1. $S=<33+s3+2s> for 3tsand
sEN.

2. S is a pseudo-symmetric numerical
semigroup with maximal embedding
dimension 3

Theorem 8. The set of Betti elements of the
pseudo-symmetric numerical semigroup S =<
3,3+ 5,34+ 2s > with 3 +sand s € Nis the set
Betti(S) = {6 + 25,6 + 35,6 + 4s}.

Proof. Let S =< 3,3+ 5,3 + 2s > for 3  sand
s € N. Then

¢, = min{k € N[3k €E<3+5,3+ 25 >}

= min{k € N|3k
€{03+56+2s[32+9)]6
+4s,...}}

=2+s

¢, = min{k € N|k(3 + s) €< 3,3+ 25 >}
= min{k € N|k(3 +5)
€{036,...,3

+25,2@+9)]9+2s,...}}
=2

c; = minfk € N|k(3 + 25) €< 3,3+ 5 >}
= min{k € N|k(3 + 25)
€{033+5,66+5,96

+ 25,9 + 5, ...,, }}

=2

(Note that the Frobenius number of A=
(3,3 +s)is F(A) = 3 + 2s by Proposition 1. So
k=2)

From Proposition 2, the Betti elements of S are

fi=cg - m =2+s)-3=6+3s,
Bo=cy - my=2-(3+s)=6+2s,
B3 =c3-m3=2-(3+2s)=6+4s,

and the set of Betti elements of S is

Betti(S) = {6 + 25,6 + 35,6 + 4s}.

Example 9. Let us consider the set S in Theorem

8. If s =75, then S§ =< 3,8,13 >. Let's find the
Betti elements of the pseudo-symmetric
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numerical semigroup S. First, let's find the
numbers c; fori € {1, 2,3},

¢, = min{k € N|3k €< 8,13 >}
= min{k € N|3k € {0,8,13,16,[21] ...}

=7
¢, = min{k € N|8k €< 3,13 >}
= min{k
€ N|8k
€{0,3,69,12,13,15,[16] ... }}
=2

c; = min{k € N|13k €< 3,8 >} =
min{k € N|13k €
{0,3,6,8,9,11,12,14,15,16,17,

8,20,21,22,24,25,[26] ...} = 2

From Proposition 2, the Betti elements of S

,81 = Cl.nl = 73 =21

,82 =C.Nny = 2.8=16 = Bettl(S)
ﬁg = C3.n3 =213 =26
= {16,21,26}

From Theorem 8, The set of Betti elements of S
is Betti(S) = {6 + 2.5,6 + 3.5,6 + 4.5} =
{16,21,26}.

Theorem 10. The catenary degree of the pseudo-
symmetric numerical semigroup S =< 3,3+
5,3+ 2s> with 3tsand s e Nis ¢(S) =s+
2.

Proof. Let S =< 3,3+ 5,3+ 2s > for 3 s and
s € N. Firstly, we will find the factorizations of
Betti elements of S.

e We write f1=6+25=3x;+3+
S)xy + (34 25)x3 (x1,%3,x3 € Ny) by
definition the factorizations. In this case,
the solution of the linear equation is
found as (0,2,0) and (1,0,1). So,
Z(B) =Z(6+2s) =
{(0,2,0), (1,0,1)}.

e We write f,=6+3s=3x;+3+
$)x, + (34 25)x3 (x1,x,,%x3 € Ny) by
definition the factorizations. In this case,
the solution of the linear equation is
found as (s + 2,0,0) and (0,1,1). So,
Z(B,) =Z(6+3s) ={(s+
2,0,0),(0,1,1)}.

e We write f3=6+4s=3x;+(3+
$)x, + (34 25)x3 (x1,x,,%x3 € Ny) by
definition the factorizations. In this case,

the solution of the linear equation is
found as (s +1,1,0) and (0,0,2). So,
Z(B3) =Z(6+4s) ={(s+
1,1,0),(0,0,2)3.

So, let's find the distance of the edge between
these factorizations of Betti elements of S, then
find the catenary degree of Betti elements of S.

e gcd((0,2,0),(1,01)) =
(min(0,1),min(2,0), min(0,1)) =
(0,0,0)
d((0,2,0),(1,0,1))

= max{[(0,2,0)
- (O'O'O)L |(1'0'1) - (0,0,0)'}
= max{[(0,2,0)[,1(1,0,1)[}
=max{2,2} =2

2
(02,0)————*(1,0,1)

Figure 1. The catenary graph of g,

Therefore, if we draw a graph composed of
these vertices and edges in Figure 3, the catenary
degree of B, = 6 + 2s is 2.

o gcd((0,1,1),(2+s5,00)) =
(min(0,2 + s),min(1,0), min(1,0)) =
(0,0,0)
d(x,y) = max{|(0,1,1)

—(0,0,0)],1(2 +5,0,0)
- (0,0,0)'}
= max{|(0,1,1)],[(2 + 5,0,0)|}
=max{2,2+s}=2+s

2+s
(0P1P1) L (2 + S' 010)

Figure 2. The catenary graph of g,

Therefore, if we draw a graph composed of
these vertices and edges in Figure 3, the catenary
degree of B, = 6 + 3s5is2 + 5.

. gcd((0,0,Z), (s + 1,1,0)) =
(min(0,s +
1),min(0,1),min(2,0)) = (0,0,0)
d(x,y) = max{](0,0,2) — (0,0,0)|,|(s + 1,1,0)
= max{[(0,0,2)],|(s + 1,1,0)|}
=max{2,2+s}=2+s

2+s
(0,02)% ®*(s+1,1,0)
Figure 3. The catenary graph of 3
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d((0,2,0),(1,0,1))
Therefore, if we draw a graph composed = max{[(0,2,0)
of these vertices and edges in Figure 3, the —(0,0,0)],(1,0,1) — (0,0,0)|}
catenary degree of B3 = 6 + 4sis 2 + s. = max{](0,2,0)],](1,0,1)|}
According to Lemma 3, =max{2,2} =2
C(By) =2.
c(8) = max{c(B)|p € Betti(S)} = o gcd((0,1,1),(9,0,0) =
max{2,s +2} =s +2. (min(0,0), min(1,0), min(1,0)) =
0,0,0
Example 11. If s = 7, then S = (3,10,17). Let's d(x, y() = m)ax{l(O,l,l) —(0,0,0)],1(9,0,0)
find the catenary degree of the pseudo-symmetric —(0,0,00]3
numerical semigroup S. = max{|(0,1,1)],1(9,0,0)[}
Using the GAP package numericalsgps = max{2,9} = 9
[8], the following results are obtained C(B,) = 9.

e gcd((002),(81,0)) =

S: =NumericalSemigroup([3,10,17]); (min(0.8) ,min(0,1), min(2,0)) =

<Numerical semigroup with 3 generators>

. . . 0,0,0)
ap> BettiElementsOfNumericalSemigroup(se); (0,0,
?28, 27, 34] group(se) d(x,y) = max{|(0,0,2) — (0,0,0)],1(8,1,0)
—(0,0,0)}
gap> Factorizations(20,S); = max{|(0,0,2)[,1(8,1,0)[}
=max{2,9} =9

[[0,2,0],[1,0,1]]
gap> Factorizations(27,S); C(B3) = 9.
[[9,0,0],[0,1,1]]
gap> Factorizations(34,S);
[[8,1,0],[0,0,2]]

According to Lemma 3,

c(S) = max{c(B)|B € Betti(S)} =
The catenary degree of Betti elements of S. max{2,9} = 9.

From Theorem 10, the catenary degree of the
pseudo-symmetric numerical semigroup S
c()=s+2=7+2=09.

e gcd((0,2,0),(1,0,1) =
(min(0,1),min(2,0),min(0,1)) =

(0,0,0)
Theorem 12. The graph of the pseudo-symmetric
numerical semigroup S =<3,3+s,3+2s>
for 3 + sand s € N is as following:
Table 1. The graph of S =< 3,3+ 5,3 + 25 >
Graph Connected components  Relations Factorizations
Geis {3,3 + 2s},{3 + s} (%, + x3,2x5) (1,0,1),(0,2,0)
Ger3s {3L{3+5,3+2s} (24 9)xy), (xz + x3) (s +2,0,0),(0,1,1)
Goras {33 +s} {3 + 2s} ((s + Dx; +x,), (s + 1,1,0),(0,0,2)
(2x3)
Proof. Let S =< 3,3+5,3+ 2s >for3 {sand Remark 13. Assume now that S = (m,, m,, ms).
s €N. Then, Ap(S,3) = {wy = 0,wy,w,} = For {i,j,k}=1{1,2,3}, let the non-negative
{0,3 + 5,3 + 2s} from Proposition 5. According integers c;, r;; and ry;, be defined as below.
to Proposition 6, w € Ap(S,3)\{0} = {3+
5,3+ 2s}ands =w + m; forj € {1,2,3}. Thus, e If¢ymy = cym, = c3mgs, then
s € (Ap(S,30\{0) + {3 +5,3+2s}={3+ {(c1x1, €2%2), (€11, €3%3)}
5,3+ 2s}+{3+s5,3+2s}={6+2s,6+
3s,6 + 4s} = Betti(S). Table 1 is expressed is a minimal presentation of S.

with those obtained.
o If ¢;my #cymy = cgmg, then ¢;my =
am, + bmy with a, b € N. Thus,
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{(c1x1, ax; + bx3), (C2%2, C3x3)}
is a minimal presentation of S.

o |If #({c1x1, %5, c3x3}) = 3,
then cm; = rijmj + TikMg for some
non-negative integers r;; and ;.. Then,

{(c1x1, 1222 + 113%3), (C2X2, 121X
+ 123%3), (C3x3,731X1 + T132%2)}

is a minimal presentation of S.

Theorem 14. The minimal presentation of the
pseudo-symmetric numerical semigroup S =<
3,3+5s,3+2s> with 3tsand s e Nis as
following:

{((s + 2)xq, %2 + x3), (2x3, x1 + x3), (2x3, (s
+ Dxy + x)}

or

(G
+2,0,0),(0,1,1)), ((0,2,0), (1,0,1)), ((0,0,2), (s
+1,1,0)}.

Proof. Let S =< 3,3+ 5,3+ 2s > for 3 s and
s €N. For i€ {1,2,3}, the integers c; were
obtained in proof of Theorem 8. For {i,j, k} =
{1,2,3}, the non-negative integers are obtained
according to the definitions of r;; and 7y, as
follows.

T21=T23=T32=T12=T‘13 :1 and 7"31 =s+
1.

By Remark 13, The minimal presentation of S is

{((s + 2)xq, %2 + x3), (2x2, x1 + x3), (2x3, (s
+ Dxy + x5)}

or

{(((s +
2),0,0),(0,1,1)),((0,2,0),(1,0,1)), ((0,0,2), (Gs+

1), 1,0))}.

Proposition 15. ([9], Proposition 2) If the
numerical semigroup S = (m,,myms) is not
symmetric, then the r;;, 7, € N are unique for
{i,j, k} = {1,2,3}. In addition,
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Ci = Tji + Ty

From m; < m, < m3 we will get the following
result.

Lemma 16. ([9], Lemma 3) Let the numbers c;,
r;; and 1, be defined as we previously
determined, c¢; > 1y, + 113 and ¢z > r3q + 135.
Set

8 = |ci — 1 — 7]
forevery {i,j, k} = {1,2,3}.

From Lemma 16, &6; = ¢y — 11, — 113
and 83 = r3; — 13, — c3. Also, from Proposition
15, 62 = |61 - 63'

Lemma 17. ([9], Lemma 4) Under the standing
hypothesis, minA4(S) = obeb(8;,63) and
max A (S) = max{5;, 53}.

Remark 18. Given Lemma 17, we can think §; #

&3 because in other case we will write
mind (S) =maxA(S) =6, = 63. And then
A(S) = {61}

Theorem 19. The Delta set of the pseudo-
symmetric numerical semigroup S =< 3,3+
s,3+2s>with3+s ands € N is A(S) = {s}.

Proof. Let S =< 3,3+ 5,3 + 25 > for 3 s and
s € N. For {i,j, k} = {1,2,3}, the non-negative
integers c;, ;; and . were obtained in proof of
Theorem 8 and Theorem 14 as follows.

€1 =2+5,05 =03 =2,
T‘12=T13=1and7‘31=5+1.

T21 = T3 =732 =

When we write the obtained values into
the equations in Lemma 16, the following
equations are obtained.

O =ley—rp—rsl=12+s-1-1] =|s|
=S

Gy =lcz—rp—13l=12-1-1]=10]=0

b3 =lcz =131 =13l =12-5s-1-1] =|-s]
=S

Namely, &; = 63 =s. Taking into account

Remark 18,

A(S) = {61} = {s}.
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Example 20. If s =4 ,then § =< 3,7,11 >.

Using the GAP package numericalsgps
[8], the following results are obtained. We show
how we can compute Betti elements, the catenary
degree, the minimal presentation, the delta set of
S, factorizations of elements of S and the graph
associated to in S using GAP package
numericalsgps.

gap> se:=NumericalSemigroup([3,7,11]);
<Numerical semigroup with 3 generators>
gap> BettiElements(se);

[14, 18, 22]

gap> CatenaryDegree(se);

6

gap> MinimalPresentation(se);

[[[0, 2, 0], [1, 0, 111, [[5, 1, 01, [0, 0, 2]], [[6, 0, O],
[0, 1, 1]]]

gap> DeltaSet(se);

[4]

gap> Factorizations(14,se);

[[0, 2, 0], [1, 0, 1]]

gap> Factorizations(18,se);

[[6. 0, 0], [0, 1, 1]]

gap> Factorizations(22,se);

[[5. 1, 0], [0, 0, 2]]

gap>
GraphAssociatedToElementinNumericalSemigr
oup(14,se);

[[3,7,11], [[3, 11]1]

gap>
GraphAssociatedToElementiInNumericalSemigr
oup(18,se);

[[3,7,11], [[7, 11]1]

gap>
GraphAssociatedToElementInNumerical Semigr
oup(22,se);

[[3,7,11], [[3, 711]

Namely, we obtain the set of Betti elements, the
catenary degree, the minimal presentation and the
Delta set of S from Theorem 8, Theorem 10,
Theorem 14, Theorem 19.

Betti(S) = {6+ 25,6 + 35,6+ 4s} = {6+ 2 -
46 +3-46+4-4} ={14,18,22},
c(S)=s+2=4+2=6,

The minimal presentation of the pseudo-

symmetric  numerical semigroup S is

{((s

+2,0,0),(0,1,1)), ((0,2,0), (1,0,1)), ((0,0,2), (s

+1,1,0))}

= {((4

+2,0,0),(0,1,1)), ((0,2,0), (1,0,1)), ((0,0,2), (4

+1,1,0))}

= {((6,0,0), (0,1,1)),((0,2,0), (1,0,1)),
((0,0,2), (5,1,0))}

A(S) = {s} = {4}.

And from Theorem 12, we can construct Table 2
as follows.

Table 2. The graph of § = (3,7,11)

Relations

Factorizations

Graph Connected components
Gia {311}, {7}
Gig {33, {711}
622 {3!7}!{11}

(1 + x3, 2x3)

(6x1), (x2 + x3)
(5x1 + x3), (2x3)

(1,0,1),(0,2,0)
(6,0,0),(0,1,1)
(5,1,0),(0,0,2)

4. Conclusion and Suggestions

This study aims to present the relationship
between the Delta Set, Betti elements, catenary
degree, graphs, and minimal representation of the
family  of  pseudo-symmetric  numerical
semigroups and their generators. Such numerical
semigroups are also of great interest in ring
theory because numerical semigroups have many
applications in ring theory and algebraic
geometry via the valuations of one-dimensional
local Noetherian domains whose value groups are
numerical semigroups. Therefore, the results in
this manuscript can be extended and studied by
ring theory researchers.

342

Contributions of the authors

All authors contributed equally to the theory and
the writing of the manuscript. This study is
generated by the master thesis titled “DELTA
SETS OF NUMERICAL MONOIDS” of Ozkan
CELIK and his supervisor Meral SUER.

Conflict of Interest Statement

There is no conflict of interest between the
authors.



M. Siier, O. Celik / BEU Journal of Science 11 (1), 335-343, 2022

Statement of Research and Publication Ethics

The study is complied with research and
publication ethics

References

[1]
[2]

[3]
[4]
[5]
[6]

[7]

[8]

[9]

[10]
[11]
[12]
[13]
[14]

[15]

[16]
[17]
[18]

[19]

A. Assi and P.A. Garcia-Sanchez, Numerical semigroups and applications. Springer, Cham: RSME
Springer Series, 2016.

S. T. Chapman, P. A. Garcia-Sanchez, Z. Tripp and C. Viola, C. “Measuring primality in numerical
semigroups with embedding dimension three,” Journal of Algebra and Its Applications, vol. 15, no. 1,
pp. 16, 2016.

S. T. Chapman, R. Hoyer and N. Kaplan, “Delta Sets of Numerical Monoids are Eventually Periodic,”
Aequationes Math., vol. 77, pp. 273-279, 2009.

S. T. Chapman, N. Kaplan, J. Daigle and R. Hoyer, “Delta Sets of Numerical Monoids Using Non-
Minimal Sets of Generators,” Comm. Algebra, vol. 38, pp. 2622-2634, 2010.

S. T. Chapman, N. Kaplan, T. Lemburg, A. Niles and C. Zlogar, “Shifts of Generators and Delta Sets of
Numerical Monoids,” Internat. J. Algebra Comp., vol. 24, no. 5, pp. 655-669, 2014.

R. Conaway, F. Gotti, J. Horton, C. O’Neill, R. Pelayo, M. Williams and B. Wissman, ‘“Minimal
presentations of shifted numerical monoids, ” International Journal of Algebra and Computation, Vol.
28, no. 1, pp. 53-68, 2018.

R. Conaway, M. Williams, J. Horton and F. Gotti, “Shifting numerical semigroups” Allen Institute for
Artificial Intelligence. 2015. [Online]. Available: https://www.semanticscholar.org. [Accessed: Dec. 12,
2020].

M. Delgado, P. A. Garcia-Sanchez and J. Morais, ““numericalsgps™: a gap package on numerical
semigroups,” 2020. [Online]. Available: https://www.gap-system.org/Packages/numericalsgps.html.
[Accessed: Nov. 11, 2021].

P.A. Garcia-Sanchez, D. Llena and A. Moscariello, “Delta sets for numerical semigroups with
embedding dimension three,” 2015. [Online]. Available:  https://arxiv.org/abs/1504.02116v1
[Accessed: Nov. 11, 2021].

A. Geroldinger, “On the arithmetic of certain not integrally closed Noetherian integral domains,” Comm.
Algebra, vol. 19, pp. 685-698, 1991.

A. Geroldinger and F. Halter-Koch, Non-unique factorizations: Algebraic, combinatorial and analytic
theory, Boca Raton-London-New York: Chapman and Hall/CRC, 2006.

S. Ilhan and M. Siier, “On a class of pseudo symmetric numerical semigroups,” JP Journal of Algebra,
Number Theory and Applications, vol. 20, no. 2, pp. 225-230, 2011.

S. ilhan and M. Siier, “Gaps of a class of pseudo symmetric numerical semigroups,” Acta Universitestis
Apulensis, vol. 34, pp. 99-104, 2013.

D. Narsingh, Graph Theory with Applications to Engineering and Computer Science. The United States
of America, USA: Prentice Hall Series in Automatic Computation, 1974.

C. O’Neil, V. Ponomorenko, R. Tate and G. Webb, “On the set of catenary degrees of finitely generated
cancellative commutative monoids,” International Journal of Algebra and Computation, vol. 26, no. 3,
pp. 565-576, 2016.

J. C. Rosales and M. B. Branco, “Irreducible numerical semigroups with arbitrary multiplicity and
embedding dimension,” J. Algebra, vol. 264, pp. 305-315, 2003.

J. C. Rosales and P. A. Garcia-Sanchez, Finitely generated commutative monoids. New York: Nova 28
Science Publishers, 1999.

J. C. Rosales and P. A. Garcia-Sanchez, Numerical semigroups. In: Developments in Mathematics. New
York: Springer, 2009.

M. S. Schwartz, “Factorization Lengths in Numerical Monoids,” 2019. [Online]. Awvailable:
https://digitalcommons.bard.edu/cgi/viewcontent.cgi?article=1034&context=senproj_s2019
[Accessed: Nov. 11, 2021].

343



