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Abstract

The aim of this article is to investigate triple lacunary A-statistically convergent and triple lacunary A-statistically Cauchy sequences in a
neutrosophic normed space (NNS). Also, we present their feature utilizing triple lacunary density and derive the relationship between these
notions.
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1. Introduction

The notion neutrosophy suggests impartial knowledge of thought and then neutral describes the basic difference between neutral, fuzzy,
intuitive fuzzy set and logic. The neutrosophic set (NS) was studied by F. Smarandache [1] who introduced the degree of indeterminacy
(i) as indepedent component. In [2], neutrosophic logic was firstly examined. It is a logic where each proposition is determined to have a
degree of truth (T), falsity (F), and indeterminacy (I). A Neutrosophic set (NS) is specified as a set where every component of the universe
has a degree of T, F and I. Kiris¢i and Simsek [3] considered neutrosophic metric space (NMS) with continuous 7-norms and continuous
t-conorms. The theory of NNS and statistical convergence in NNS were first developed by Kirisci and Simsek [4]. Neutrosophic set and
neutrosophic logic has utilized by applied sciences and theoretical science for instance summability theory, decision making, robotics. Some
remarkable results on this topic can be reviewed in [5, 6, 7, 8]. In [6], lacunary statistical convergence of sequences in NNS was investigated.
Also, lacunary statistically Cauchy sequence in NNS was presented and lacunary statistically completeness in connection with a NNS was
worked. In other study, Kisi [7] defined the notion of ideal convergence in NNS.

The concept of statistical convergence was defined under the name of almost convergence by Zygmund [9]. It was formally introduced by
Fast [10]. Later the idea was associated with summability theory by Fridy [11], and many others (see [12, 13, 14, 15, 16]). The studies of
triple sequences have seen rapid growth. The initial work on the statistical convergence of triple sequences was established by Sahiner et al.
[17] and the other researches continued by [18, 19, 20, 21]. Utilizing lacunary sequence, Fridy and Orhan [22] considered lacunary statistical
convergence. Some studies on lacunary statistical convergence can be examined in [23, 24]. The idea of difference sequences was given by
Kizmaz [25] where Ax = (Ax;) = x; — x4 1. Basarir [26] investigated the A-statistical convergence of sequences. Bilgin [27] presented the
definition of lacunary strongly A-convergence of fuzzy numbers. Also, the generalized difference sequence spaces were worked by various
authors [28, 29, 30, 31].

Since sequence convergence plays a very significant role in the fundamental theory of mathematics, there are many convergence notions
in summability theory, in approximation theory, in classical measure theory, in probability theory, and the relationships between them are
discussed. The interested reader may consult Hazarika et al. [32], the monographs [33] and [34] for the background on the sequence spaces
and related topics. Inspired by this, in this study, a further investigation into the mathematical features of triple sequences will be thought.
Section 2 recalls some definitions in summability theory and NNS. In Section 3, we study the concepts of lacunary statistical convergence
and lacunary statistical Cauchy of triple difference sequences in a NNS and establish some fundamental properties of NNS.

2. Preliminaries

Now, we remember essential definitions required in this study.
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Let A C Nand r € N. §;(A) is named the rth partial lacunary density of A, if

AN,
sy = A0
r

where I, = (k,—1,k/].
The number 8y (A) is indicated the lacunary density (6-density) of A if

1 , .
89(4) = lim - |{k e Iy -k e A}, (l.el,ﬁg(A) :rlggcse(A))

exists. Also, A ={A C N: 8y(A) = 0} is called to be zero density set.
A sequence (xy) is named to be lacunary statistically convergent (or Sg-convergent) to L if for every € > 0,

So({keN: |y —L|>¢e})=0

Triangular norms (#-norms) (TN) were considered by Menger [35]. TN are utilized to generalise with the probability distribution of triangle
inequality in metric space terms. Triangular conorms (#-conorms) (TC) recognized as dual operations of TNs. TNs and TCs are significant
for fuzzy operations.

Definition 2.1. (/35]) Ler  : [0,1] x [0,1] — [0,1] be an operation. If x provides subsequent cases, it is named continuous TN. Take
a,b,c,d €10,1],

(a) ax1=a,

(b)If a<candb<d, thenaxb < cxd,
(¢) * is continuous,

(d)  associative and commutative.

Definition 2.2. ([35]) Let ¢ : [0,1] x [0,1] — [0, 1] be an operation. If  provides subsequent cases, it is named to be continuous TC.

(a) a00=aq,

(b) If a < cand b <d, then alb < ¢{d,
(¢) O is continuous,

(d) O associative and commutative.

Definition 2.3. ([4]) Let F be a vector space, / = {{®,9 (®), B (®),% (®)) : ® € F} be a normed space (NS) such that N :F x RT —
[0,1]. While subsequent situations hold, V. = (F, ", *,0) is called to be NNS. For each @,x € F and A, > 0 and for all 6 # 0,

0<¥9(@,A)<1,0<B(®@,A)<1,0<% (@A) <1VLeR
G (@A) + B (@A) +% (B,1) <3 (for L eRT),
G (@,A)=1 (for L >0)iff ®=0,
)Y (6w, ) = %(w,w
G (@,u)*9 (kK,A) <G (@+K,u+A),
4 (m,.) is non-decreasing continuous function,
llml%m%(w,l)zl
B(@,A)=0 (for A >0)iff @ =0,
) B(cw,A\) = %’(m, o
J) B(o,u)0%8 (k, A)>ﬁ(&5+xu+/l)
k) #(@,.) is non-decreasing continuous function,
mlﬁw (w,l):(),
& (©,A)=0 (for A >0) iff @ =0,
Y (6®,N) = (a; L)
&

—
=

ow, ol

VY (O,u)0% (k,A) > (@+K,u+A),

) % (®,.) is non-decreasing continuous function,

) limy .. % (@,2) =0,

$)IfA <0, then¥ (@,A)=0,B(®,A)=1and ¥ (@,1) = 1.

Then N = (9,B,%) is called Neutrosophic norm (NN).

We recall the notions of convergence, statistical convergence, lacunary statistical convergence for single sequences in a NNS.

Definition 2.4. ([4]) Take V as an NNS. Let € € (0,1) and A > 0. Then, a sequence (x;) is converges to L € F iff there is N € N such that
G(xp—LA)>1—€ B(xx—LA) <€ ¥ (x,—L,A) < &. That is,

lim ¢ (x —L,A) =1, lim B (xy —L,A) =0and lim % (x;, —L,A) =0
k—roo k—yoo k—roo
as A > 0. The convergent in NNS is signified by N —limx;, = L.

Definition 2.5. ([4]) A sequence (x;) is named to be statistically convergent to L € F with regards to NN (SC-NN), provided that, for each
A>0ande>0

lim — \{k<n G(xx—LA)<1l—€orB(xx—LA)>€e X (x,—L,A)>¢e}|=

n—eo p

It is demonstrated by S_y -limx; = L.
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Definition 2.6. ([6]) A sequence (x;) is named to be lacunary statistically convergent to L € F with regards to NN (LSC-NN), provided that,
foreach A > 0 and € > 0 the set

Ce={keN:9(xy—LA)<l—€orB(xy—LA)>€ ¥ (xy —L,A) > ¢}

. o (@.B.Y)
has lacunary density zero. It is signified by Sy

— limxk = é
Now we introduce the following notions (see [17] and [18]).

Definition 2.7. A subset K of N3 is said to have natural density 83(K) if

|K ik |
n,l k—oo nlk

8(K) =P~

exists, where the vertical bars denote the number of (n,1,k) in K such that p <n, q <1, r < k. Then, a real triple sequence x = (qu,) is
said to be statistically convergent to L in Pringsheim’s sense if for every € > 0,

& ({1 eN i p<ng<ir<k [y —L >e})=o0.

The triple sequence 63 = 6,5, = {(n,,l,l;)} is named triple lacunary sequence if there exist three increasing sequences of integers such that
nyg=0, hy=n,—n,_; —c0asr— oo,

lo=0, hy=1—1;_| — 0 ass— oo

and

ko=0, hy =k —k;_| — 0 ast —» oo.

Let nyg; = nylsky, by = hyhghy and 6,5, is determined as

Lisy={(n,1,k) :n—y <n<npl_y <I<Ilgand k_j <k <k},

5 = ny 5= N 5 — t
r — 77 s 77 f -
ny—1 ls—1 ki1

Let D C N x N x N. The number

and sy.5; = S855;.

86,(D) = lim —

st st

{(n,1,k) € L5 : (n,l,k) € D}|
is said to be the 63-density of D, provided the limit exists.

3. Main results

Now, we examine A-convergence and lacunary A-statistical convergence of triple sequences in NNS. Throughout the paper we consider V as
an NNS.

Definition 3.1. A friple sequence x = (x,x) in'V is named to be A-convergent to L € F with respect to (w.r.t in short) NN (4,9,%) provided
that for every A > 0 and € € (0,1), there is a positive integer ko such that

g(Axnlk—L,l) > l—eand,%’(Axnlk—L,)L) <E, @(Axnlk—L,l) < €&

for every n > ko,l > ko, k > ko where n,l,k € N and Ax, e = Xpik — X141k — X k1 T Xnd 1 k+1 — Xnb 10k T Xnd 1041k T Xab 10k +1 —
Xnt1,0+1,k+1- We indicate (9,98,% ) —limAx = L or Ax — L((4,8,%')) as n,1,k — oo.
Definiti . o . (G, BY)

efinition 3.2. A triple sequence x = (x,;) in'V is said to be lacunary A-statistically convergent (or S 0 (A)-convergent) to L € F
w.r.t NN (9,9,%) provided that for every 2 >0 and € € (0,1)

80, (&) ({(n.1.0) €N 9 (A~ L2) <1~ € 0r B (Avus ~L,2) = &% (Axus— L) 2 €} ) =0,
or equivalently,
8o, (A) ({(n,z,k) eN3 G (Avyp —LA) > 1 — € and B (Mxpy — L A) < &, Y (Axpgg — L, A) < e}) —1.

It is indicated by Sg‘j’gﬁy) (A) —limx = L or x, — L(ng’ﬂ’gy) (A)). Using Definition 3.2 and features of the 03-density, we can simply

achieve the following lemma.
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Lemma 3.3. Forevery € € (0,1) and A > 0, the following cases are equivalent:

(a) S5/ (a) ~limx =&,

()

8o, (A) ({(n,1,k) e N*: G (Axy —L,A) < 1 —€})

=g, (A) ({(n,1,k) €N° : B (Axy —L,A) > €})

=89, (A) ({(n,1,k) N> : ¥ (A —L,A) > €}) =0,

(c)

(,zk)eN3 G (A —L,A) > 1 — € and _

e, (A)<{ B (Mxpyy —L,A) <&, ¥ (Axpy —L,A) <& =1

(@)

(‘593 ({ n,l,k €N3 {f( nlkiLyl)> 178})

=89, (A) ({(n,1,k) €N : B (Axyp — L, A) < €})

=g, (A) ({(n,1,k) e N> : & (Axy —L,A) < €}) =1,

(e)

Ser ) —lim® (A~ L,A) =1, Sg. 7 ~1im B (A — L,A) = 0

andS<<¢j]) Um % (Ax, — L,),)—
Theorem 3.4. If a triple sequence x = () in V is S(‘j/ #Y) (A)-convergent to L € F w.r.t the NN (4,28,%), then S(jﬂj)( A) —limx is
unique.
Proof. LetS”g’?J) (A)—limx=1L, andS<!‘Z]) (A)—limx=L,. Foragiven € € (0,1), we select ® € (0, 1) such that (1 — ®)*(1 — ©) >

1—¢and ®<>® < &. Then, forany A >0, we determine the following sets:

)N (e —L1,%5) <1-O¢,
)eN @ xnlk*Lz,% <1-0;,

K1 (©,1) = (n,1,k) N> : B (xy— L1, 4 ) > O,
Kz (©,2) = { (n,1,k) e N*: B (x, — Ln, 2 ) > @1,
Ky1(©®,4) =< (n,1,k) eN*: & xnzk—Lh% >0,
Ky (@,4) =4 (n1k) eN*: ¥ (xu— Lo, %) > O},
(@ﬂ(}/) . o
Since S, (A) —limx,;;, = Ly, then utilizing Lemma 3.3, for every A > 0, we have

Je, (A )(K% (©,2)) = 6, (A) (K1 (©,2)) = dg, (A) (Kz1 (©,4)) =0

Also, using Ség"@’dl) (

S0, (A) (Kg2 (©,1)) = g, (A) (K2 (®, 1)) = 8, (A) (K2 (0, 1)) =
Now let

Ky (0,4) :={Ky(0,A1)UKy(0,1)}N{Kz (0,1) UKz (0,1)}
N{Ky1(0,1)UKy>(®,1)}.

A) —limx,, = Ly, we get

Then examine that g, (A) (K 4 (®,1)) = 0, which gives that g, (A) (N*\ K 4 (®,1)) = L. If (n,1,k) € N>\ K 4 (®, 1), then we acquire
three possible situations.

Thats, (n,1,) € N*\ (Kg1 (8,4) UKz (,4)), (m,1,K) € N*\ (Kizy (©,4) UKoz (8,1)) or (m,1,k) € N*\ (K (©, 1) UKz (,4)).
First, contemplate that (n,1,k) € N3\ (Ki; (©,1) UKg» (©,1)). Then, we have

g(Llsz,l) g(xnlkal,l) f(xnlkaz,%> > (17@)*(17@) >1—e.

For arbitrary € > 0, we get 4 (L; —K»,A) = 1 for all A > 0, which yields L; = L,. At the same time, if we take (n,l,k) € N3\
(K1 (©,A) UKz, (©,1)), then we can write

B (L — Lo, L) <<%(Xn1k—L1, A) ORB (xnlk_L27 72L) <000 <e.

Therefore, we can see that (L — Lp,A) < €. For all A > 0, we obtain % (L; — Lp,A) = 0, which indicates that L; = L,. Again, for the
case (n,1,k) € N3\ (Kz1 (©,A) UKz (0, 1)), then we can write

(L1 —Lo,A) <Y (xnlk*Lu l) O (XnZk*Lza i) <000 <&

For all A > 0, we have % (L; — L,,A) = 0, which yields L; = L,. In all cases, we conclude that S(j AY) (A (A)-limit of triple sequence is

unique. O
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Theorem 3.5. If (4, %,%) —limAx = L, then ng"@'@) (A) —limx = L, but not necessarily conversely.

Proof. By hypothesis x = (x,x) , A-converges to L € F w.r.t NN (¢, 2,%') . Therefore, for every A > 0 and € € (0, 1), there is a positive
integer ko such that & (Ax,;x —L,A) > 1 —¢€ and B (Ax, — L,A) < &, % (Ax, — L,A) < € for all n > ko, > ko, k > ko. Thus the set

{(nJ,k) NG (Avye—L,A) < 1—€ or B (Axup —LA) > €, % (Avy — L, A) > .s}

has finitely many terms. Since every finite subset of N3 has lacunary density zero, we see that

5o, (A) ({(n,z,k) EN? G (A —LA) < 1— ¢ or B(Axu —LA) > €, ¥ (Avyp —LA) > s}) —0.

This ends the proof. O

Theorem 3.6. Take NNS as V. Then, ng"aﬁg) (A) —limx,; = L iff there is a subset

K= {(n,l,k) eN3in k= 1,2,3,...} c N
such that 8g, (A) (K) = 1 and (9,2,%) —lim, | 1)ek n,1 k—so0 i = L.

Proof. Presume that ng’%’g/) (A) —limx,y; = L. Then, for every A >0 and j > 1,

K(],l) = {(n,l,k) €N3 :%(Axnlka,l) >1— % and c@(Axnlka,),) < ;, @/(Mnlka,l) < %}

b

and

[ —
| —

M(jv)'):{(nahk)ENS:g(Axnlkava’)S1710r<%(mnlkilﬂx‘)2 .7@(A.ank7L7l)Z .
J

~
~

Then g, (A) (M (j,A)) = 0 since

K(j,A)DK(j+1,4) 3.1
and
g, (A) (K (j,4)) =1 (3.2)

for A >0 and j > 1. Now we need to show that for (n,/,k) € K(j,A) the triple sequence x = (x,;) is A-convergent to L € F w.r.t
NN (4, %,%). Suppose x = (x,x) be not A-convergent to L € F w.r.t NN (¢,%,%). Therefore, there are § > 0 and ko > 0 such that
g(Axnlka,),) <1 7[3 or%(Axnlka,l) > ﬁ, @(Axnlka,l) > B for all n > ko,l > k(),k > k(). Let ﬁ > % and

K(B,A) = {(n,z,k) eN3 G (Avyp —LA) > 1— B and B (Axy —LA) < B, & (Axy —LA) < /3}.

Then, we have &g, (A) (K (B,A)) = 0. Since > %, by (3.1) we get &g, (A) (K (j,A)) = 0, which contradicts by (3.2). Therefore x = (x,x)
is A-convergent to L € F w.rt NN (¢, 8.%).

Conversely presume that there is a subset K = {(n,l,k) eN3inl k= 1,2,3,...} C N3 such that 0p, (A)(K) =1 and (¥, %8.%) —
1im i, ; ) e 1 k—so0 Ak = L. Then for every 4 >0and € € (0, 1), there is ko € N such that & (Ax, —L,A) > 1—¢€ and B (Ax,y — L, A) <&,
Y (Axpp —L,A) < g forall n > kgl > ko, k > ko. Let

M(gA) ={(n1,k) N> (Avy —L,A) < 1—€or B(Atyy—L,A) > €, ¥ (Avy—L,A) > €}
CN? —{ (g 15 lkg 1 Kkg 1) » (Mg 425 lkg +2Kkg +2) -+ }

and as a consequence &g, (A) (M (€,4)) < 1—1=0. Hence Sg‘f"'@’@) (A) —limx,; = L. Then, the desired result has been acquired. [
Theorem 3.7. Let V be an NNS. Then Sg,@,@) (A) —limAx,y; = L iff there are sequences y = (yni) and z = (zyx) in 'V such that

Ay = Avuig + Az for all n,k, 1 € N where (%, 8,9 ) —lim Ay, = Land Sy ) (8) —lim Azyyy = L.

Proof. Assume that ng"%’% (A) —limx = L. By Theorem 3.6, there is an increasing sequence

K= {(n,l,k) eN3in k= 1,2,3,...} c N

such that 593 (A) (K) =1and (g,%,@) — lim(n,l,k)el(,n,l,k—)m Axy = L.
Determine the sequences y = (y,;x) and z = (z,x) as follows:

A N Ax,,lk7 if (n7l,k) cK
Ynlk = L, otherwise

and
N if (n,1,k) € K
k= Axyr—L, otherwise.
Then, y = (y,x) and z = (z,) serves our aim.

Conversely if such two sequences y = (y,;x) and z = (z,x) exist with the required features, then the consequence follows immediately from
Theorem 3.5 and Lemma 3.3. O
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Definition 3.8. A triple sequence x = (xy;) in'V is named to be A-Cauchy w.r.t the NN (¢, %,%) provided that for every € € (0,1) and A > 0,
there exist positive integers ko, k1 ,ky such that 4 (Axnlk — Axmpq,k) >1—¢eand # (Axnlk — Axmpq,l) <&¥ (Ax,,lk fompq,l) < € for
all n,m > k0> l>P > k17 k76] > k2~

Definition 3.9. A triple sequence x = (x,) in 'V is named to be lacunary A-statistically Cauchy or ng,g,y) (A)-Cauchy w.r.t the NN
(¢,98,%) provided that, for every € € (0,1) and A > 0, there exist positive integers N,M, P such that

8o, (A) (n,1,k) € N? 1 G (Axypg — Apg, A) < 1 —€ or :0
3 B (Axnlk 7Ameq,A) >e Y (Axn,k 7Axmpq’},) >¢

forallnm>N,l,p>M, k,qg>P.

Theorem 3.10. If a triple sequence x = (x1) is lacunary A-statistically convergent w.r.t the NN (¢, 2,%) iff it is lacunary A-statistically
Cauchy w.r.t the NN (4, B,%) .

Proof. Let x = (x,x) be a lacunary A-statistically convergent sequence which converges to L. For a given € € (0, 1) select s > 0 such that
(I—g)x(1—¢€)>1—sand eQe <s. Let

A(eJL) = {(}Ll,k) (S N3 19 (Axn[k—L,%> <l—-¢gorA (Axn,k—L,%) > €, ay <Axn1k—L7%) > 8}.

Then, for any A > 0,

693 (A) (A(g,1)) =0, (3.3)
which gives that g, (A) (A€ (g,1)) = 1.

Let (m,p,q) € A°(¢,A). Then

%(mmpq—L,%) >1-¢€ and%(Axm,,q—L,%) <Eg, Q/(Axm,,q—L%) <E.

Now, take

B(s,A) = (n,l,k)€N3:§¢(Axn,kame,7L)Slfsor
> a ‘%)(Ax"[k_Ax’"PW/l) >, g(Axnlk_Axmptpk) > '

We have to prove that B(s,A) C A(e,A). Let (n,1,k) € B(s,A)NA°(g,A).
Hence ¥ (Ax,,lk fompq,l) <l-s59 (Axnlka, %) > 1 — ¢, in particular, ¥ (Axmpq —-L, %) > 1—e¢. Then

1—5> 9 (Axuk — Apg, A) z%(Axn,rL,% *%(MmquL,%> >(l—g)x(l—¢)>1—s

which is not possible. On the other hand, 2 (Ax,jx — Axtmpq,A) > s and B <Axnlk —L, %) <&, B (Axmpq —L, %) < €. Hence,

A

s < B (Axnlk _Axmpmk) < B (Axnlk _La E 2

A
) OA (Axm,,q —L, —) < eQe <,
which is not possible. Hence B (s,A) C A (g, 1) and by (3.3), we acquire &g, (A) (B(s,A)) = 0. In the last case, again we obtain B (s,A) C
A(g,A). This proves that x = (x,x) is lacunary A-statistically Cauchy with regards to the NN (¢, 4,%).
Conversely, let x = (x,,;) is lacunary A-statistically Cauchy but not lacunary A-statistically convergent w.r.t the NN (¢, %,%/). For a given
€€ (0,1), select s > O such that (1 —€) % (1 —€) > 1 —s and Qe < s. Since x is not lacunary A-statistically convergent

G (v — Aimpg, A) 254<Axn;ka,%) *%(AxmquL,%) >(1—&)x(1—€)>1—s,
B (Atuii — Mpg, M) < B (Axnlk L %) Y (Axmpq L %) <ede<s,
v (Axnlk _Axmquv) <% (Axnlk —L, %) oW (Axmpq —L, %) < eQe <.

Therefore g, (A) (B (s,)) = 0, where

B(s,A) = (n,0,k) € N> : G (Axyp — Axypg, A) < 1—sor
’ B @(Axnlkaxmpqal) >, @(Axnlkfmmpzpl) >s

and so &g, (A) (B(s,A)) = 1, which is a contradiction, since x was lacunary A-statistically Cauchy w.r.t the NN (¢, %,%"). Hence, x have to
be lacunary A-statistically convergent w.r.t the NN (¢, 2,%). O

Theorem 3.11. For any triple sequence x = (x,ji) in NNS, the subsequent cases are equivalent:
(i) xis Sg‘j"%’gy) (A)-convergent w.r.t the NN (9, B,%) .
(ih) x is S(gf’%’@) (A)-Cauchy sequence w.r.t the NN (4,8,%).

(iii) There is an increasing index sequence K = {(k1,ka,k3)} of N® such that 8, (A) (K) = 1 and the subsequence { (xy, k, 1) }(

isa ngﬁ“ﬂ/) (A)-Cauchy sequence w.r.t the NN (4, 58,%) .

k1 J{z,kj,)GK
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