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ABSTRACT.  In this paper, we reformulate the algorithm in [7] to find an analytical expression for a-cuts of
the solution of the second order nonhomogeneous fuzzy initial value problem with fuzzy initial values and fuzzy
forcing terms. Firstly, we apply Zadeh’s Extension Principle to fuzzify the crisp initial value problem. Then, we use
the Heaviside function and obtain the analytical form of a-cuts of the solution of the fuzzy initial value problem.
Finally, we illustrate some examples using the proposed algorithm.
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1. INTRODUCTION
In this paper, we examine the fuzzy solution of the following second order fuzzy initial value problem through

Zadeh’s Extension Principle:

V() + @y (0) + axy() = ) bigi();
i=1

1

¥(0) =7p; Y'(0) =%, (L.1)
Here a; and a; are crisp constants and g; (i = 1, ..., ) are continuous functions on the interval [0, co). The initial values
Yo, 71 and forcing coefficients b; (i = 1,...,r) are fuzzy numbers. Eq. (1.1) is called the second order fuzzy initial

value problem.

The idea of the fuzzy number and fuzzy arithmetic was firstly introduced by Zadeh [19]. The term “fuzzy differential
equation” was firstly coined in 1978 by Kandel and Byatt [8]. There were many suggestions to define the fuzzy de-
rivative concept. One of the earliest suggestions was to generalize the Hukuhara derivative of a set-valued function.
This generalization was made by Puri and Ralescu [17] and studied by Kaleva [15]. It soon appeared that the solution
of the fuzzy differential equation interpreted by Hukuhara derivative has a drawback: It becomes fuzzier as time goes.
Hence, the fuzzy solution behaves quite differently from the crisp solution. To alleviate the situation, Hiillermeier [14]
interpreted the fuzzy differential equation as a family of differential inclusions. Another approach to solve fuzzy differ-
ential equations is to use Zadeh’s extension principle [16]. The basic idea of the Zadeh’s extension principle is firstly to
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consider the given fuzzy initial value problem as a crisp initial value problem and then to find its crisp solution. After
getting the deterministic solution, the fuzzy solution is obtained by applying the extension principle to the determin-
istic solution. In [5, 6] strongly generalized derivative concept was introduced. And in [3], the authors studied higher
order fuzzy differential equations with the strongly generalized derivative concept. Some other researchers extensively
investigated the fuzzy initial value problems [2,4,9-13, 18,20]. Buckley and Feuring [7] considered the initial value
problem for the n-th order fuzzy differential equations. The only fuzzy numbers were the initial values in their prob-
lem. In [1], Akin et al. investigated a similar fuzzy initial value problem, which has fuzzy initial conditions and fuzzy
forcing coefficients as fuzzy numbers, according to the signs of the solution and its first and second order derivatives.

In this paper, we reformulate the approach in [7] to find an analytical form of a-cuts for the solution of the fuzzy
initial value problem for the second order differential equation using the Heaviside step function. The new algorithm
allows us to find the solution of the fuzzy initial value problem without considering the signs of the first and second
derivatives of the solution and the sign of the solution itself [1, 7].

Before we give the algorithm, let us first introduce the notation which we will be used throughout the paper. All our
fuzzy sets will be fuzzy subsets of the real numbers. We place a bar over a lower-case letter to denote a fuzzy number.
We also write 7(x), A(x) and E(x) for fuzzy valued functions defined on real numbers. An a-cut of a fuzzy valued
function Y(x) will be denoted by Y(x)[a], @ € (0, 1].

1, x>0
0(x) =
) {0,x<0

Definition 1.1. The function

is called the Heaviside step function.

Definition 1.2. Let A;(x) be real valued functions (i = 0, ..., n). The vector valued function
_)
D(x) = (0(Ao(x)), B(A1(x)), ..., O(An(x))

is called a structure vector of length n + 1.

Definition 1.3. Let Ns(x*) denotes the §-neighborhood of x*. If for any ¢ > 0 there exists a point x € Ns(x*) such that
-
8(x)— ®(x*) # 0, then the point x* is called a breaking point.

The rest of the paper is organized as follows. Section 2 contains the idea of obtaining the solution of a second order
nonhomogeneous fuzzy initial value problem using the Heaviside function. In section 3, some numerical examples are
presented for the illustration of the proposed algorithm.

2. SETTING THE ALGORITHM For Fuzzy INiTIAL VALUE PROBLEMS
We try to solve the following type of the fuzzy initial value problem:

V' (X) +ary (x) + axy(x) = Z bigi(x);
i=1

¥(0) =05 ¥'(0) =71 .1

Here ¥y, ¥; and bi(i=1,...,r) are fuzzy numbers, a; and a, are crisp constants, and g;(x) (i = 1, ..., r) are continuous
functions on the interval [0, co). We will firstly solve the following crisp initial value problem related to the fuzzy initial
value problem in Eq. (2.1) and then apply Zadeh’s Extension Principle to the solution [7]:

V) + @y () + axy(x) = ) bigi();
i=1

¥(0) = y0; ¥'(0) =y (2.2)

Here yp, y; and b; (i = 1,...,r) are real (i.e., crisp) numbers. The general solution of the differential equation (2.2) can
be written as:

Y(x) = 131 (0 + 2320 + ) biGi(); 2.3)
i=1
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where ¢ and ¢, are arbitrary constants; y;(x) and y,(x) are linearly independent functions satisfying the homogeneous
part of Eq. (2.2) and G;(x) (i = 1, ..., r) are particular solutions for the following differential equations:

V(X)) + a1y’ (x) + apy(x) = gi(x); (i = 1, ..., 7).

Let us next obtain the solution of the crisp initial value problem (2.2). To do this, we introduce the initial conditions to
the general solution given by Eq. (2.3). Therefore, we obtain the following system of equations:

{ c1Y(0) + c22(0) + X7, b;Gi(0) =y
c1y1(0) + e2y5(0) + X1, b;Gi(0) = 7,

In Eq. (2.4), ¢; and c; are the unknowns. Here after, we use the following notations for the sake of shortness.

Wit w2
W= ;
war Wy

wi1 = y1(0), wiz = y2(0), wa1 = ¥1(0), wa = 5(0);

- a = Yo |\ ® Ao
> = b = ’Ai: ;
=)= ) 7= ()

Aoi = Gi(0),A1; = Gi(0);i=1,..,r

2.4

According to these notations, we write (2.4) in the matrix form:
r
ﬁ
W¢ 27—Zb[A[.
i=1

Using Cramer’s method, we obtain ¢; and c¢; as follows:

o= Wil |W2j|,j_
T Wi’ o
Here
| win owin | .
- - - s
W] Wal W WiIW2 — Wa Wi2
Yo Wi2
Wil = = YoW2 — Y1W12;
Wil Y wa Yowa — Yiwi2;
wir Yo
[Wio| = = YIWiL — YoWal;
w2l Y1 4 yowars
.
iz bidoi win
[Worl=| &F = Z bi(Aoiwa — Awi2);
s bidi wa = ’
.
wir iz biloi
|Wa| = i = Zbi(Aliwll — Aogiway).
war i biAy p

Thus, cjand ¢, can be rewritten as

o = Wil — [Wail  yown —yiwia — X1y bi(Aoiwaz — Ajjwia)
= =

(W] W] ’

. (Wial = [Wal  viwir —¥YOway — 20z, bi(Ajiwir — Agiwny)

2 = = .
(W] (W]

To simplify the results above, c¢; and ¢, can be rewritten in the following form, respectively:

c1=Yofo —vifiz+ Z bi(Arifiz — Aoif22)
P
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and

¢ =vyifii —Yofu + Zbi(AOifZI - Avifi1)
P

where f;; = lww"fl;i,j =1,2.

From the results for ¢; and c¢;, we can now derive the classical solution of the given crisp initial value problem as
follows:

i) + €232 + D biGi(x)

i=1

(Yof22 —vifiz + Z bi(A1ifiz — Noif2))y1(x)
o1

Y(x)

+ (yifi1 = vofa1 + Z bi(Aoifor = Avifi)y2(x) + Z biGi(x).
i=1 i=1

This solution can also be written as:

Y(x) = yo (f2y1(x) = fo172(x)) + y1(f11y2(x) — froy1(x))

+ Z bi(Gi(x) + y1(0)(A1:f12 = Aoif22) + y2(0)(Aoi f21 — Arif11))-
=1

Next we use the following notations for the sake of its comprehension:

Ao(x) = froy1(x) = f1y2(x), Ar(x) = fiiy2(x) — froy1(x);
Bi(x) = Gi(x) + y1(x)(A1ifiz — Aoifr2) + ¥2(0)(Aoifor — Arifir) (2.5)

where i = 1, ..., ». Thus the solution of the crisp initial value problem can be written as:

Y(2) = yodo(x) + VIAIX) + ) biBi(x) 2.6)
i=1

It can be easily seen that the solution in Eq. (2.6) is linearly dependent only on the initial values and forcing part of Eq.
(2.2). Now, we apply Zadeh’s Extension Principle and write the solution of the fuzzy initial value problem as follows:

P () = Fodo(x) + 11AIX) + ) BiBi(x) @7)
i=1

where a—cuts (a € (0, 1]) of ¥;, b; and Y(x) are defined as follows:

yilal = [yiL(@), yiv(@)];
bilal = [bi(@), biy(@)];
Y(0)la] = [Yi(x, @), Yy(x, @)].
Here y;1 (@), bir(@), and Y. (x, @) are lower bounds and y;y (@), b;y(a), and Yy(x, @) are the upper bounds of a—cuts,

respectively.
By taking these a-cuts into account in the solution (2.7), we obtain the following result:

1 :
[Yo(x,), Yu(xa)] = > lyi(@), v @1A4i(x) + > [bis(@), bi(@)]Bi(x)
i=0 i=1
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where

1 r
Yi(x,) = " min{[yi(@), v (@)A0} + Y min{lbi(@), biy(@)]Bi(x)},
i=0 i=1

1 r
Yu(x,a) = > max(lyi(@), v@Aix)} + > max((bi(@), biy(@)]Bi(x).
i=0 i=1

Here the min and max are evaluated for each x > 0 and @ € (0, 1]. Using the Heaviside function, we can write the
a-cuts of the solution of ¥(x) as follows:

1
Yi(x,a) = > [yiv(@) = (iv(@) = yin(@)0(A(x)IAx)
i=0

+ Z[biU(a’) = (biv(@) = bir(@))0(Bi(x))]Bi(x) 2.8)
i=1

and
1

Yy(x,a) = Z[%L(a) + (yiv(@) = yi(@)0(Ai(x))]Ai(x)

i=0
+ Z[biL(a’) + (biv(@) = bir(@))0(Bi(x))]1B;(x). (2.9)
i=1

It is known from Akin et al. [7] and Buckley et al. [1] that analytical forms of the @-cuts for the solution of a fuzzy
initial value problem depends on the behavior of Y(x) and derivatives of Y(x). This new formulation gives us the a-cuts
of the solution of the fuzzy initial value problem in Eq. (2.1) without considering the signs of the first and second
derivatives of the solution and the sign of the solution itself.

3. NumericaL EXAMPLES

In this section, we observe three different second order fuzzy differential equations with fuzzy initial values and
fuzzy forcing coeflicients using the proposed algorithm. In each case, the initial values and forcing coefficients are
uncertain and modelled by triangular fuzzy numbers in the form of @ = (a;,a,,as). We will find the a-cuts of the
solutions by using Eq. (2.8) and Eq. (2.9). We will also find the breaking points and investigate the functions causing

those breaking points by observing the structure vector B(x).

3.1. Example: Consider the second order linear fuzzy differential equation:

)_/’ + 3y + 2y = b1 x% + b, cos x with fuzzy initial values ¥y = (0, 1,2), ¥; = (4,5,7), and fuzzy forcing coeflicients
by =(1,2,3), b, = (50,100, 150).

Let us first solve the crisp initial value problem:

Y’ + 3y + 2y = 2x* + 100 cos x;

y0) =1, y(0)=5

Since g;(x) = x% and g2(x) = cos x, we obtain G(x) and G, (x) as follows:

G;(x) = 0.5x* — 1.5x + 1.75;
Gy(x) =0.1cosx + 0.3 sin x.

By solving the differential equation in the crisp initial value problem, we obtain the general crisp solution as:
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Y(x) = cre ™ + cpe ™ + x> = 3x + 3.5+ 10 cos x + 30sin x.

The functions Ag(x), A1(x), B1(x) and B;(x) are obtained as follows:

Ao(x) = 27 — 7,

Al(x) = e ¥ — e,

Bi(x) = 0.5x* — 1.5x + 1.75 + 0.25¢7>* — 2¢7*,

Bs(x) = 0.1cos x + 0.3 sinx + 0.4 > — 0.5¢7*.
According to Eq. (2.8) and Eq. (2.9), the a-cuts of the solution can be expressed as follows:

Yi(x,@) = [2 = a = 2(1 = @)8(Ao(x))]Ao(x) + [4 + a + 3(1 — @)0(A1(x))]A(x)
+[1+a+2(1 —a)f(B1(x))]B1(x) + [50 + 50a + 100(1 — @)8(B,(x))]B2(x),

Yu(x, @) = [a@+2(1 — @)8(Ao(x)]Ag(x) + [4 + @ + 3(1 — a)8(A1(x))]A1(x)
+[1 +a+2(1 —@)8(Bi(x))]B1(x) + [50 + 50 + 100(1 — @)8(B(x))]1B>(x).
We have also calculated that
- -
OQR.721) - ®(2.722) =(1,1,1,1) - (1,1,1,0)

il

bl

—
0
—
0
—
0

+
- -
D(5.965) — ©(5.966) = (1,1,1,0) = (1,1, 1, 1) #
+

— —
®(9.102) — ©(9.103) = (1,1, 1, 1) = (1,1, 1,0) 3.1)

where 8()5) = (6(Ao(x)), 6(A1(x)), O(B1(x)), 0(B1(x))). Hence the points x| = 2.721, x5 = 5.965 and xj = 9.102 are
breaking points in the interval [0, 10]. As well, as seen from (3.1), we can conclude that

a) At the point x| = 2.721 the sign of the function By(x) changes from positive to negative.
b) At the point x5 = 5.965 the sign of the function By(x) changes from negative to positive.

c) At the point x5 = 9.102 the sign of the function By(x) changes from positive to negative.
In Figure 1 one can easily see that at the breaking points, there are corners on the a-cuts of the fuzzy solutions.

100f

50 — Yux0
% Yu(x,0.5
” — Y
ol _— YL(X, 05
Yi(x, 0
-50L. .
0 2 4 6 8 10

Ficure 1. The a—cuts of 1_/(x) for different values of a for Example 1.

In Figure 2, we illustrate the a-cuts of ¥(x) for the fuzzy numbers b; = (1,2,3); b, = (99, 100, 101);yo = (0, 1,2)
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100F
8ol
60[ o Yux.0
T 40} ] Yu(x, 0.5
3
20} IR (0
— Y(x,05
O,,
Yi(x, 0
_20,
0 2 4 6 8 10

X

Ficure 2. The a— cuts of )_’(x) for different values of a for Example 1, but with by = (1,2,3);b, =
(99,100, 101);yo = (0,1,2) and y; = (4,5, 6).

3.2. Example: Consider the second order linear fuzzy differential equation :

y" — 3y + 2y = by x> + by cos x with fuzzy initial values ¥y = (0,1,2), ¥ = (4,5,7), and fuzzy forcing coefficients
by = (1,2,3), by = (50, 100, 150).
Let us first solve the crisp initial value problem:

y” =3y + 2y = 2x* + 100 cos x;
¥(0) =1,y7(0) = 5.

Since g;(x) = x% and g2(x) = cos x, we obtain G(x) and G, (x) as follows:

G;(x) = 0.5x%* — 1.5x + 1.75;
Gy(x) =0.1cosx + 0.3sin x.

By solving the differential equation in the crisp initial value problem, we obtain the general crisp solution as:
Y(x) = cie® + c2¢* + x> + 3x + 3.5+ 10cos x — 30sin x

The functions Ag(x), A;(x), Bi(x) and B;(x) in Eq. (2.5) can be calculated as:
Ap(x) = 2¢* — &%,
A(x) = ¥ = ¢,
Bi(x) = 0.5x% + 1.5x + 1.75 — 2¢* + 0.25¢%,
Bs(x) = 0.1 cos(x) — 0.3 sin(x) — 0.5¢* + 0.4¢>*.
According to Eq. (2.8) and Eq. (2.9), the a-cuts of the solution can be expressed as follows:
Yi(x, @) = [2 = = 2(1 = @)8(Ao(x)]Ao(x) + [7 = 2 = 3(1 = @)6(A(x))]A1 (x)
+[3 —a—-2(1 — @)f8(B1(x))]B1(x) + [150 — 50 — 100(1 — @)8(B1(x))]1B>(x), (3.2)

Yy(x,a) = [a@ +2(1 — @)8(Ag(x))]Ao(x) + [4 + a + 3(1 — @)b(A1(x))]A(x)
+[1 +a+2(1 — 0By (x)]B1(x) + [50 + 50a + 100(1 — @)0(Ba(x))]Ba(x). (3.3)

The a-cuts of the solution for this example, obtained by using Eq. (3.2) and Eq. (3.3) for different values of a and
x € [0, 2], are given in Figure 3. We observe that there are no breaking points in the interval [0, 2].
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2000
1500
— Yu(X, 0)
§ 1000 Yulx, 0.9
> — Y(x)
500! — Yi(x,0.9
YL(X, 0)
O —
S

X

Ficure 3. The a—cuts of 1_/(x) for different values of a for Example 2.

3.3. Example: Consider the second order linear fuzzy differential equation:

y” +y = by cos x + byx with fuzzy initial values ¥y = 0/1/2, ¥; = 4/5/7, and fuzzy forcing coefficients b; = 3/4/5,
by=-3/-2/—1.
Let us first solve the crisp initial value problem:

v’ +y=4cosx—2x;

y(0) =1, y7(0) = 5.

Since g;(x) = cos x and g>(x) = x, we obtain G{(x) and G, (x) as follows:

Gi(x) = 0.5cos x + 0.5xsin x;

Gy(x) = x.

Solving the differential equation in this crisp initial value problem, we obtain the general solution as:

Y(x) =cicosx+crsinx +2cosx+ 2xsinx — 2x
The functions Ag(x), A1(x), B1(x) and B;,(x) can be obtained as follows:

Ap(x) = cos x,
Aq(x) = sinx,
B(x) = 0.5xsin x,

B>(x) = x —sin x.
According to Eq. (2.8) and Eq. (2.9), the a-cuts of the solution can be expressed as follows:

Yi(x,a) = [2 - = 2(1 = @)8(Ao(x)]Ao(x) + [7 — 2 = 3(1 — @)8(A(x))]A1(x)
+[5 —a—-2(1 - 0)f(Bi(x)]Bi(x) + [-1 — a = 2(1 — @)0(B2(x))]B2(x) G4

and

Yy(x, @) = [+ 2(1 = )8(Ao(x)]Ao(x) + [4 + a + 3(1 — @)0(A1(x))]A1(x)
+[3+a+2(1 -—a)f(B1(x)]Bi(x) + [-3 + a +2(1 — a)0(B2(x))]Ba2(x) (3.5)

The a-cuts of the solution for this example, obtained by using Eq. (3.4) and Eq. (3.5) for different values of a-cuts and
x € [0, 10], are given in Figure 4.
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— Yux0
Yux, 0.5

— Y%

— Yi(x,0.5
Yi(x, 0

X

Ficure 4. The a—cuts of Y(x) for different values of @ for Example 3.

We calculated that

bl

- -
D(3.141) — ©(3.142) = (0,1, 1, 1) — (0,0, 0, 1)

, (3.6)

—
0
—
0
—
0

+
- -
B(6.283) — B(6.284) = (1,0,0,1) — (1,1,1,1) #
B(9.424) — B(9.425) = (0,1,1,1) = (0,0,0,1) £

where B(x) = (6(Ao(x)), (A1 (x)), B(B1(x)), B(Ba(x))). Hence the points x] = &, x; = 2r and x; = 3r are breaking
points in the interval [0, 10]. As well, as seen from (3.6), we can conclude that

a) At the point x| = the sign of the functions A1(x) and B1(x) changes from positive to negative.
b) At the point x; = 21 the sign of the function A|(x) and B\(x) changes from negative to positive.
c) At the point x; = 3 the sign of the function A1(x) and B\(x) changes from positive to negative.

4. CONCLUSION

In this paper, we proposed an algorithm to find the fuzzy solutions of the second order non-homogeneous fuzzy
initial value problems with fuzzy initial values and fuzzy forcing terms. We presented three different examples. In all
examples, using the algorithm, we obtained the fuzzy solutions of the given fuzzy initial value problems. We also found
the breaking points and indicated the functions which cause the breaking points by observing the structure vector. We
should note that, at these points, the a—cuts are not differentiable in the classical sense. For future research, we will be
concerned with the case in which the coefficients a; and a, are also fuzzy numbers.
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