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ABSTRACT

ARTICLE INFO

The theory of angular momentum performance has a significant position in the
classical and quantum mechanical study of physical properties, such as studies into
nuclear, atomic, and molecular processes, as well as other quantum problems,
including spherical symmetry. In this analysis, angular momentum operators are
described in multiple ways, based on the angular momentum operator's commutator,
matrix, and geometric representation. The eigenvalue and eigenvector were also

known for operatorsfi, j 2 ]Ax,fy, and J,within the |j,m) basis. Furthermore, in
quantum mechanics, angular momentum is called a quantized variable, meaning that
it comes in discrete quantities. In contrast to the macroscopic system case where a
continuous variable is an angular momentum. In this study, the different factors of the
angular momentum operator also attempted to focus on establishing it is eigenvalues
and Eigen states. For the raising and lowering operators () within the |j,m) of the
eigenvalue and eigenvector within the basis have been discussed.
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1. Introduction

orbital angular momentum(f) then angular internal or spin

In both classical and quantum mechanics (QM), angular
momentum has a significant role. Angular momentum is
conserved in whole isolated systems (including linear
momentum and energy): this fact decreases substantially
the amount of required work in calculating rigid body
rotations, planetary trajectories, also many more [1, 2].
Analogously, in QM, to comprehend the composition of
atoms, angular momentum has a critical role, and several
other quantum questions regarding rotational symmetry,
highly depend on angular momentum [1, 3].

In quantum mechanics (QM), Angular momentum
operators come in a variety of forms; the orbital angular
momentum (commonly exhibited via(L )), the total angular
momentum (generally exhibited via(J)), also spin angular
momentum (indicated Via(§)). Disorienting expression
“Angular momentum” could hint at both the orbital
angular momentum and the total angular momentum.
Angular momentum, like other measurable quantities, is
represented in QM by an operator. Its vector operator is
identical to the operator of the momentum. As we can
quickly see, though, the angular momentum operator’s
three elements are always do not commute, contrary to the
linear momentum operator. Various angular momentum
operators exist in QM: entire angular momentum(j)), the

angular momentum(g). No classical equivalent has this

last one (spin)[2]. The angular momentum vector L is
classically described by the cross product of position 7 and

momentum(ﬁ) [1,3]:

L=GFxp) = ((yp: — 20, )T + (zpx — xp,)] +
(xpy — yp2)k) (1)

L The orbital angular momentum operator could be
achieved in quantum mechanics, where there is an operator
for each measurable, by replacement (7 andp ) with the
equivalent operators within position description, (ﬁ
And(p = —ihV):

L=RxP=(~ink x V) @)

The Cartesian components of L are (Lx,LyL,)
which are [1].:

-~ o~ ~ . 5 0 5 0

L,=?P,— 2B, = —ih (YE—Zg) 3)
-~ ~ an PN . 5 0 o 0

L,=L,25, - B, =-in(2=-%2) (4)
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L,=R%P,— 7P, = _m(;?iy_?—) (5)

T\,L) E

L+, +1, (6)

The angular momenta of the element are Hermitian,
andL,,L, and L, do not commute (we can not evaluate
them to arbitrary precision at the same time) with each
other.:

[Ly,L,] = ihLl,, [L, L] = ihL,,[L,L,] = ihL, (7)

The orbital angular momentum elements were also
communally contradictory observables. The square's
eigenvalues of the magnitude of the orbital angular
momentum operator L? are £(£ + 1)h%, while ¢ is
quantum number orbital angular momentums which are
natural numbers and (% ) is (reduced Planck constant). The
iz eigenvalues are mh wherever m = -¢, -—¢ + 1, ..., —4.
Since [? and L, commute ([I? L] =0), the quantum
numbers of orbital angular momentum £ and m would be
used to describe their corresponding eigenstates as|l,m).
Furthermore, the orbital angular momentum (Z),
fundamental fragments, as the way as electrons,
additionally own spin for short (or intrinsic angular
momentum spin §), that is to say not according to motion
in space position. The spin angular momentum and the
orbitals algebras are uniform and the spin angular
momentum operator's elements (fz,ﬁy and S,), fulfill
commutation unique to the components of the orbital
angular momentum operator's commutation affiliations
Ly, L, and L, it means that [5, 6]:
[5,,8,] = iS,,[S,, 5, ]~ inS,
[52,5,] = o.

In addition {s(s+1)A? } are the squared of the amount of
the spin angular momentum operator S eigenvalues,
wherever s exhibits the spin angular momentum. The spin
quantum number could be a natural number half-odd
integer and a positive integer. In addition, the spin

[8,,8,] = iRs..

quantum value s for such electron is (%), while the values
with ms, the spin quantum value for the z-dimension of
spin, which is (+ %). If the basis vectors are the eigenstates

of the z elements of spin, also the operators are{fz =

e & _ ho s _ h . .
3% Sy = 7% and S, = ;ax}, which could be illustrated

via Pauli matrix [7, 8]:

o=y U)o = )maz=( o)

Since (f 2) and (S,) are commute, then quantum numbers
(s) and (mg can be utilized to indicate their eigenstates
simultaneously like as |s,m) [1, 9]. If there is a quantum
system that has two particles along with independent
quantum orbital angular momentum numbers ¥, and ¥,
the system's total quantum orbital angular momentum
number would range from #; + £, down to [£; — ¥, | i.e. £
=t +4,, €1 +4,-1,..., ¥ — £, |. The z-elements of the

system's overall orbital angular momentum are equivalent
to the sum of the z-components of the individual particles'
orbital angular momenta, ie. m =my; +m,. The
reasonable values of its overall quantum number of
angular momentum (j) could be determined for a single
particle of non-zero spin by adding its quantum number {
(orbital angular momentum) and its quantum number is
(the angular momentum’s spin). It means, j = s+ £, s+{ -
1..., |s-1]. Comparably, the average quantum number of
angular momentum of the process for two particles with
overall angular momentum quantum numbers j;and j,is j
=j1+Jjaj1+i— L. ln —Jj2 [[10, 11].

In this work, we exhibited a review about the formalism
nature of the general angular momentum through the
Common formality of angular momentum which is
explained clearly via the determination of the Eigenstates
and eigenvalues of fzand jzas well as describing the
eigenvalue and eigenvector for the raising and lowering
operators (j;) within the |j,m) basis, and we will show
different characteristics of the angular momentum
operator, We will show different characteristics of the
angular momentum operator. In this review, we tried to
focus on specifying it is Eigen states and eigenvalues.
Finally, we illustrate a review of angular momentums
geometry and orbital angular momentum Eigenfunctions.

2. The Common Formality of Angular
Momentum

To initiate a exceed common angular momentum operator

(f ) which is attributed via its three elements (J, fy and J,),
which gratify the succeeding commutation association [9]:

[jxﬁjy] = ihjz, [jy'jz] = ihjxi [jZﬁjx] = ihjy (®)
Or equivalently via
JxJ=inf ©)

Because J,,J, and J, do not reciprocally commute, they
could not be diagonalized all at the same; notably, they do
not have common eigenstates possessions. The angular
momentum square is [4, 12]:

T R Sy (10)

It means the angular momentum’s square is a scalar
operator; and commutes with (,.), (J,,) and (/,):

AR (1)
Where k refers to (x, y, and z)

And since [fxz,fx] =0,[/y. x| = —itf,, and [J,. T.] =

ihfy. It may be noted that the operator fx,fy,fz, and fz
altogether Hermitian; their eigenvalues are real [1]
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2.1. Determination of the Eigenstates and
Eigenvalues of J2And J,

Based on commutates of fzwith cach of (. /,&f,), all
components of J possibly diagonalized with (

f 2) nevertheless, because the components (fy, fy, J,) do not
commutate frequently, only one of them might be

specified to be diagonalized with fzsimultaneously. By
signifying the joint eigenstates via |a,8) also the

cigenvalues of (J2)and (f,) via (h2a) &(hB), to await the

joint eigenstates of j 2and J,and their relating eigenvalues,
respectively[1, 7]

Jlap) = hala,p) (12)
Jla.B) = hplap) (13)
The constant A is presented so (a&f) are dimensionless,
taking into account that (h) is the dimensions of the
angular momentum and the physical dimensions of h are

[A]=timeXxenergy. To illustrate, it can be assumed that
these eigenstates are orthonormal [4].

(a’,ﬁ’|a,ﬁ) = 5a"5ﬁl'ﬁ (14)

Additionally, it might be introduced lowering and raising
operators (f_) and (/)

o=, £ 1), (15)
This result in

[o= 20+ 1) 0, = 200 T) (16)
Consequently.

S =0 A LA T+ ),
Jo- =T g +]5) (7

Utilizing equation (8), it could be simply obtained in
accordance commutation relations.

20s] = 0.0 -] = 200, [ ] = 202 (18)
Furthermore, f, and J_ fulfill

j+j— zsz +jy2+hjz zjz _jzz+hjz (19)
Je=JE 407w, =12 =1 1), (20)

These relation results in

oy ~ A a2 ~

]2:]i¥+ z +h]z (21)
Which intern yield

3, PP PP ~ 2

J2= (- +T04) + . (22)

2

Firstly, f, operator on |a,B), because(j,) do not
commute with (f,), eigenstates of ji are not the kets
(la,B)), utilizing the relation (18), we have

J.UslaBY) = (Jud, £ 1fy)lap) = h(B + 1) (Jila,B))
(23)

Hence the kets {jila, B)}is an eigenstate for j,with
cigenvalues {A(8 £ 1)}. Also J,with J, commute;
{fila,ﬁ)} have to be an eigenstate of ]32, Through
producing use of the commutator ([fz’ fi] =0), the
eigenvalues of (j2) while acting on (J+la, B)) may be
determined. additionally, the state {(fila,ﬁ ))} is as well as
an eigenstate of (?) to eigenvalue (h%a):

7 Uula B)) = Juf2lap) = ha(jyla, B)) (24)

From (23) and (24), when J, come in (|a,8)), it did not
influence the first quantum number o, However, it lowers
or raises f§ (the second quantum number) through one unit.
It means that { fila,ﬁ)} has a proportional relationship
with {|a,8 + 1)}:

[elaB) = CaglaB £1) (25)
Where C, fﬁ is constant.

An upper limit for the quantum number B per unit exists

for a certain eigenvalue (o) of (fz), Since the operator (
3, 2. . . s, a2
J? —J,7) is valid, because the matrix elements {J2 — ], =

fyz +fy2} are > 0, it would be written as [1,18]:

(@Bl -1 lap) = h*@— ) 20> a2 > Q6)

Since (Bnqy) is the upper limit of (£), it has to be a state
|, Bmax that could not be raised anymore:

JilaB) =10 27

Utilizing this equation along with {J_f, = fz -
hf,}, it can be seen that

{(]32 _jzz'hjz)la'ﬁmax) = hz(a - .Bmax2 -
ﬁmin)la'ﬁmax)} or {j—j+|a'ﬁmax) = 0}, so that
a = ﬂmax (.Bmax + 1) (28)

After (n) consecutive utilization of (J_) on (|@,Bmqy)), it
should be competent to achieve a state (|@,Bmin) ), What
which could not be lowered anymore:

J-1a.Bmin) = 0 (29)

Employing  {J,J_ =f2 —j.2+nf,}, and through
similarity along with equations (27) & (28), then
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Bmax = —Pmin R (30)
Since (Bin) Was attained by the utilization of (J_) upon
(la,Brmax)), it indicated that

Bmax = Bmin + 1 (31)

And because (fB,4,) may have an integer number or half-
odd integer number, hinge on (n) being odd or even.it is
suitable to define the notation j & m indicates that (Spax)

and (f), successively:j = Lo = g,m =f thus the

cigenvalue of J%is taken througha = j(j + 1).
Becausefin = —Pmax> as well as (n) positive, the
permitted values of m, are situated down among (-j) and
(+j): j = m > -j. The gained outcomes will be recognized

such as the (fz) and (J,) Eigenvalues. related to joint
eigenvectors(|j, m))are taken, respectively, through
{h?j(j + 1)} as well as(Am) [7, 13]:

J2ljm) = 823G + D jm) &J,jm) = hm| jm)  (32)

Whilej=(1,1/2,1,3/2, ...)., Andm=(j,-G—1) ... —
1, j). Therefore, for each (j) there are (2j + 1) measures of
(m). Such as, j = 1 then (m) accepts three prizes (-1, 0, 1);
and if j = 5/2 then (m) makes the six measures (-5/2, -3/2, -
1/2, 1/2, 3/2, 5/2). The values of (j) may be an integer
number and a half-integer number. There is a discrete

spectrum of angular momentum operators f 2 and J,. As the
eigenstates are orthogonal, tending to various angular
momentum. Because there are distinct angular momentum
spectra, the orthogonally state is:(j’, m'|j,m) = §;1,6,,7
[1, 14].

2.2. Describing The Eigenvalue and Eigenvector
for The Raising and Lowering Operators (J,) within
the |j,m) Basis

The state of the (|j,m)) is not an eigenstate of(J,),
equation (25) can rewrite as:

Jelim) = Ciyljm £ 1) (33)

Derive of Cj,, can be given and then deduce C;,.because

(lj;,m)) is normalized, equation (33) can be utilized to
acquire the following model of expressions [4]:

Gelim) Gelim)) = [l Gom + 1lj,m + 1) =
|Gl (34)

|Cal® = (o m|T_f s |f,m) (35)

But because (j 2_]%_nj,)is equal to f_f, and assuming
the random phase of (Cj+m) being zero, so inferred that

ct =

T m

Jlmlz =12 = n,

Lm%mﬁg+u—nmn+n
(36)

By similarity with (Cj+m), (G ) can be achieved:

Chn=hJjG+1) —m@m+1) (37)

So the eigenvalue formulas for f,and J_have taken by [1,
12].

Jelim)=aJiG+ 1) —mm £ 1) |j,m+1) (38)

3. Matrix Picture of Angular Momentum

The section's formalism is common and exclusive of any
individual description. There are several ways of
portraying the operators of angular momentum and their
eigenstates. The column vectors and square matrices will
be illustrated according to eigenkets and operators in this
section to consider the matrix picture of angular
momentum. This is accomplished by the discrete basis of

states and operators. Because (fz) and (f,) commute, the
general eigenstates (|j,m)) could be adopted from the basis
while basis is orthonormal, discrete (not continuous), and
complete. For a specific measure of (j), the normalization
stipulation for this basis is determined via {(j',m'|j,m) =

1) it J 8’ m}» and the perfection is illustrated by [9].

= —jlji,m),m| =1 39)

Where (I) represents unite matrix. j 2 and J, operators are
diagonal obtained based on their joint eigenstates

<j’,m'|f2 |j, m) = 12 + 181, j8rm (40)
(' m|Jolj,m) = hm&;r, 8, (41)

because the matrices illustration of (fz) and (J,) in the
(|j,m)) eigenbasis are diagonal, further their diagonal
elements adequate to {A%j(j +1)} and (Am),
consecutively.

Since [, did not commute along with the operators f, they
are delineated in the (|j,m)) basis via matrices that were
nondiagonal [1, 15]:

(j’,m’lfilj, m) = h\/j(f +1)-m@m+ 1)6j"j6m',‘mil

(42)
And from the:

Jelim) =3 (s + 1) ljm)

EJ(J' -m)(+m+ Dljm+1)+

JG+m)G —m+ Dljm - 1] (43)
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(]+ —J)ljm)

However, ]y j,m) =

|I\/(] -m)J+m+1D[jm+1)-—
JG+mG—m+Dlj,m-1)] (44)

The matrices for each (J,) and (fy) can be deduced by [15]:

(' m'|filj,m) =

“ViG+ D —mm+1) +

ViG+ 1) —mm =18, )61, (45)
{rm’ |y |j,m) =

SVIG+ D =mGn + D e

ViG+ 1) —mm =18, )61, (46)

To showing the matrix of angular momentum, it might be
considered that j =1
While for this case the forbidden prizes of (m) are (-1, 0,

1), however the link eigenstates of (fz) and (f,) are
{I1,1),]1,0), and |1,—1)}.from equations (40) & (41)
presentations of operator’s matrix (f?) and (,), can be
deduced [18]:

Also, from formula (42), the matrices of (J_) and (J,) are
taken via:

010 0 0 0
f+=h\/_[0 0 1] _—h\/_[l 0 ol (49)
0 0 0 010

For (J,&],andJ,) the matrices in the (|j,m) basis
consequences directly from the relation (f,=(J_ +/,)/2)
as well as (J,=i(J_ — J,)/2) [3]:

j =i_? _ol Bil

g ﬁ.O i 0

n=2[1 o ?]
ﬁ.O 1 0

0 0 -1
4. Geometrical Description of  Angular
Momentum

The affiliation between momentum and the z-component is
at issue here. This relation could be delineated
geometrically in the following way. As exhibited in Figure

1. Total angular momentum (f ) perhaps illustrated via a

vector which length.is taken via { /(]:5) =hJj(j + 1)}

and its component on z-axis is ((fz) = hm) because (J,) &

(J) are individually indistinct. just their sum{sz + fyz =

]2
[ <1 1)1, 1) (1,1 T |1,0> <1,1|f2|1,—1> 1
|<10|] |11> (1,0|f2|1,0> <1,0|f2|1,—1>|=
[<1 —1|]2|11> <1,—1|f2|1,0> <1,—1|f2|1,—1>J
10 0
th[o 1 Ol (47)
00 1
jz:h[(l) 8 gl ) J? —fzz}, is well known inside the xy-plane [3, 7].
0 0 -1
7, g
—_— — i
J
Jy

i

— A o e o

—hj(j +1)

Figure 1. Geometrical illumination of angular momentum (f )[1].
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The graphical illumination for the (j = 2) case is exhibited in Figure 2. In this situation when j=2, the angle 0 receives just five
values equivalent subsequently {m = —2,—1,0, 1, 2} they are taken via(f = —35.26°, —65.91°,90°, —65.91°,35.26").

Jxy

Jx}.'

Figure 2.Graphical illumination of quantized angular momentum. While j =2 for the state|2,m) with m=-2, -1, 0, 1, 2. The
radius of the circle is given bya,/2(2 + 1)=hV6 [1, 9].

In classical, the vector (f) should be thought of as
integument a cone. Whose endpoint located on a circle
with a radiance (/(j + 1)ji ), revolving through cones
surface of half-angle.

6 = cos™! ( w?ﬁ) (50)

In consequence of which its projection on the z-axis
constantly (mh). The angle 6 is quantized when the
quantum number value (m) is restrictive to (~j, j+1... j-1,
j). The single reasonable value of 8 contain values of
(2j+1);

6 = cos™? (#),cos‘l( __j+1 _), .
VU+DJ VU+1))
-1 j-1
cos (\/(j+1)j)’
af
cos™* (15 b

Because on the cone's outer surface all (J) orientations are

similar, the projection of (f ) along each y and x-axes mean
out to zero [12, 14]:

Jy) =) =0 (52)
while(J,) be stands for {(],m|fx |j,m>}.

5. Orbital Angular Momentum Eigenfunctions

In an effort to achieve the eigenvalues and eigenfunctions

of (ZZ) and a component of (L), It’s suitable to exhibit the
operators in spherical coordinates (r, 6, ¢).

According to spherical coordinates (L, Ly, %) could be
expressed as [7, 16]:

~ o

LZ__lhﬁ (53)
[.=L,+il, = +thetio | L 4 ;50,0

Li=Ly 2 ily = Lhe [aei sind - 9 (54)
2= 222 (sing L) 4+ L 22

L*=-n [sinaae (Sln669)+sin296¢2 (55)

Because the operators (L) & (Zx) hinge just on the
angle @ and 0, their eigenstate rely only on @ and 6.
Their link eigenstates can be denoting by [15, 17]:

(6p]1,m) = Y1, (6, 9) (56)

When continuous functions of @ and 0 are Y;,,(0, ¢), the

eigenvalue relation (22 =|1,m) = A?21(1 + 1)|1,m)) and
(L,|1,m) = Am|1,m)) can be written as[10, 18]

LY, (6, ¢) = h1(1 + DYy (57)
zZYIm (o, ¢) = mhY,y, o, ¢) (58)
Because (L,) rely just upon @, as illustrated in equation

(53), the previous two functions indicated that the
eigenfunctions {Y;,,(0, ¢)} are separable [12, 19]:

Vi (6, 0) = 01, (0) Py (@) (39)

Establish that

LiYim(0,¢) = hJ1(1 + 1) — m(m £ 1)Y;,41 (8, $)
(60)
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Conclusion

Orbital angular momentum has been one of the

fundamental constants of motion in quite an isolated 3-

dimensional model.Based on the obtained findings, we

inferred that a:

e A commutator is very important and can be referred
to as a physics trigger to establish relationships
between observables with a short method, since a
quantum mechanics commutator tells us that if the
two 'observables' commutator is zero, such as L? and
L, commute[zz,zz] = 0, then they can be calculated
at the same time, otherwise, an uncertain relationship
remains between the two 'observables'. Such a
[Ly.L,]=1ihL,, ([L,.L,] = ihL,, ([Lz, L,] = ihLy, on
the other hand, the eigenvalue and eigenvector have
also been calculated for operators Jy, /2, J,, J, and
J,within the |j,m)basis.

e The orbital angular momentum[? eigenvalues are
€(¢+1)h2, when () is representse quantum number of
the orbital angular momentum and the eigenvalues of
L, are mh while m is the number of the magnetic
quantum and m = -{, -£+1,, -£. For quantized angular
momentum, the overall angular momentum is a general
form when both spin angular momentum and orbital
angular momentum are coupled. Thus, the eigenvalues

of fzare jG+1) and the eigenvalues of j, are hm, when
the overall angular momentum quantum number j = {+
s. Only a discrete set of values can be used for all of
them, so it can be inferred that angular momentum is
quantized and quantized angular momentum values are
represented as quantum numbers.

e Angular momentum did not change continuously, but
rather in “quantum leaps” (sudden changes) between
such permitted values.

e Quantization angular momentum principle is suitable
to the macroscopic system; nevertheless, the discrete
phases are too small to discern at the macroscale.

e  The universal unit of angular momentum is shortened
Planck's constant {quantum of action}, where it’s
defined via two quantum numbers (magnetic and
orbital).

e Except in the trivial case where all of the orthogonal
components of angular momentum are (0), two
orthogonal parameters of angular momentum cannot
be known or evaluated at the same time.

e It is possible to know the length of both the angular
momentum vector and one of its elements at the same
time.

Because of the isotropy of space, total angular
momentum is still conserved, but orbital angular
momentum is not (spin-orbit coupling may transfer
angular momentum between orbital and spin degrees
of freedom).
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