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1. Introduction

Helix is an interesting curve which has been studied by many mathematicians in differential geometry.
We can see helices or its various types of general helix in many areas such as nature, physics, kinematic
motion, design of architectural building and the structure of the DNA. A curve is a general helix (or
constant slope curve) if its tangent vector field makes a constant angle with a fixed straight line in
Euclidean space E3. In 1802, Lancret [1] introduced the famous result on helices and it was proved
in 1845 by B. de Saint Venant that the ratio of its curvature to torsion is constant. Indeed, helix
is a geometric curve whose curvature and torsion are non-vanishing constants [2]. In addition, if the
curvature and the torsion of a curve are non-zero constants then the curve is a general helix. So
it is clear that helix is a special case of general helix. Furthermore, straight lines and circles are
degenerate-helices.

In the curve theory, another important curves are Pythagorean-Hodograph curves, or shortly PH-
curves. These curves have many applications such as CNC machining, offseting, computer aided
geometric design and motion planning. They were first introduced in Farouki et al. [3]. Because they
are characterized by their arclength which is a polynomial function, they have attracted the attention
of researchers and have been widely studied in [4-11].

In [12], Izumiya and Takeuchi show that cylindrical helices can be obtained from planar curves.
They give a method to obtain a helical curve from a planar curve in their study. Moreover, there
are well-known two methods for constructing PH-curves: One of them is by using complex numbers
representation [4] and the other method is quaternion representation [5,7]. Via the point of view
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of these studies Camer and Ilarslan give a new method for construction of PH-helical curves in 3-

dimensional Euclidean space in [13]. In this paper, we extend their theory to the Euclidean space
EntL

2. Basic Concepts and Notions

Let a: I C R — E" be a regular curve in Euclidean space E". It is well known that the curve « is
said to be of unit speed (or parameterized by arclength function s) if (o/(s),a/(s)) = 1, where () is
the standard inner product of E™ given by

n
<X7 Y> = Z LTilYi,
i=1

where X = (z1,22,...,20), Y = (Y1,%2, ---,Yn) € E". Let {V1, V5, ..., V,,} be the moving Frenet frame
along a space curve a, where V; (i = 1,2,...,n) denote ith Frenet vector field of a. Then, the Frenet
formulas are given by

Vi(t) = v()ki(t)Va(t)
Vi) = v(t) (kici()Viea(t) + ki(H)Viga(t)), 2<i<n-—1 (1)

Vo) = —v(Okn1(6)Vaa(t)

where v(t) = Ho/ (t)H and k; (1 =1,2,...,n — 1) denote the i-th curvature function of the curve (see

[2,14]). If the curve lies in a hyperplane of E™, then it is said that « is a (n — 1)-flat curve. It is well
known that av is (n — 1)-flat curve in E" if and only if k,—1(t) = 0 [15]. Harmonic curvature functions
were defined by Ozdamar and Hacisalihoglu in [16] as follow:

Definition 2.1. Let « be a regular curve in E”. Harmonic curvatures of the curve a are defined by
H;: I CR — R such that

0, i=1
{%[Hlfl] —l—kiHi,Q}ﬁ, 7 :3,4,...,n—2

Characterizations for generalized helices by using the harmonic curvatures of the curve were studied
by Camci et al. in [17]. They obtained some important results for generalized helix in n-dimensional
Euclidean space E".

Theorem 2.2. [17] Let a be a non-degenerate curve in n-dimensional Euclidean space E™. Let
{V1,Va, ..., V,} and {Hy, Ha, ..., H,_2} be the Frenet frame and harmonic curvatures of the curve,
respectively. Then, « is a general helix if and only if H;L_Q + vkn_1Hp—3=0.

Definition 2.3. [17] Let « be a unit speed, non-degenerate curve in n-dimensional Euclidean space
E". Let {V1,Va,...,V,,} and {H;, Ha, ..., H,—2} be the Frenet frame and harmonic curvatures of the
curve, respectively. The vector

D=Vi+H{\V3+ ..+ H, 2V,
is called the generalized Darboux vector of the curve .

The relationship between the generalized Darboux vector D and the general helix is given by the
following theorem.
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Theorem 2.4. [17] Let a be a unit speed, non-degenerate curve in Euclidean space E™. Let {V1, V3, ..., V,, }
and {Hy, Hy, ..., H,_2} be the Frenet frame and harmonic curvatures of the curve, respectively. Then

« is a generalized helix if and only if D is a constant vector.

Definition 2.5. [3] Let a : I C R — E""! (¢t — a(t)) be a polynomial curve. If the speed of the

is polynomial, then it is called a Pythagorean-hodograph or shortly PH-curve.

curve v(t) = Hd(t)

One of the well-known equations in mathematics history is the Pythagorean equation, i.e., a®>+b* =
c%. General solution of this equation is [18] :

a=tu?—v?), b=2tuww, c=tu®+? (2)

where t is a scale parameter. It can be deduced from Equation (2) that rational solution of the

Pythagorean n-tuple a? + a3 + ... + a2 = o2 can be given as follows:
ythag ple aj 2 n

ap = t(ud—us—..—u?)

a; = 2tara;,1=2,,,n

o = t(ud+ud+.. 1)

where u; (i = 1,2,...,n) are integers and ¢ is scaling parameter.

3. The Construction of a Helix in E"t!

In Euclidean space E"*! let H" be a n—hyperplane and v : I — H"™ C E"*! be a regular curve.
Hence, we can define a curve such that

t
Bt) = () + cote/ | au) 2+ (3)
0
where ||| =1, (@,y(t)) =0, 0 € R, @ and € is a constant vector. Therefore, from Equation (3),
B(t) = (1) + (<ot |5(1)]|) @ (4)
and from Equation (4),
S
Thus, from Equations (4) and (5), we have
T = sin 0T, + cos 0d, (Tp, @) = cosf (6)

where Tj (resp. T ) is a tangent of the curve /5 (resp. 7). From Equation (6), it can be observed that
[ is a helix.

Theorem 3.1. All helix curves in Euclidean space E"*! can be obtained from a regular curve which
lies in a hyperplane H"C E"+1.

PROOF. Let 3 : I — E"! be a unit speed helix curve. Hence, the generalized Darboux vector D(s)
of the curve § is a constant where

D(s)=Vi+ H{Vs+ ..+ Hy,1Vyi1 (7)
In this case, unit axes of the curve § is equal to

— _ D(S) _ MW+HVs+..+H, 1V,
D
1D(s)] \/1+H12+H22+..+H2

n—1
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and we have (Tp, @) = cosO where §'(s) = T3. Hence we can see that

(8',7d) = cos.
If we consider the curve
7(s) = B(s) = (Bs), @), (8)
then we have (v(s), @) = 0. This means that the curve ~y lies in H". Moreover, we can see that
I )| = 18'(s) = (8'(5), @)@ =sin0 9)

From Equations (8) and (9), we have
v(s) + | cot 9/ ny(u)” du | @ = B(s) — scos0d + scotOsin0d = [(s)
0

O

From Equation (5), we can see that if the curve «a is a polynomial curve, then the curve g is a
polynomial curve. Hence, from Theorem 3.1, we can give following theorem.

Theorem 3.2. Under the above notation, if the curve « is a PH-curve, then the curve (5 is a PH-helical
curve. Moreover, all PH-helical curves in Euclidean space E**! can be obtained from a PH-curve
v:I— H" C Ent!

The following theorems are given in [13] for obtaining PH-curves and PH-helical curves from planar
curves in E3.

Theorem 3.3. [13] Let H?(a,b,c) = {(pl,pg,pg) €ERE3:ap; +bps+cpr+d= O} be a plane in E3.
If the curve v : I — H?, ~y(t) = (71(t),72(t),v3(t)) is a PH-curve, then

nt)y= | (b 2021 2 (ud(t) — 02 () — 2acu(t)v (t)) dt
yolt)= [ (—a\/az F02 2 (u2(t) — v2 (t)) — 2beu(t)v (t)) dt
3(t) = [2(a®+b%) ut)v(t)dt
o(t)= Va2 +bVa2+ b2+ 2 (u(t) + 02 (t))
where u(t) and v (t) are polynomials and
(1) = (n(®) + (30) + (50)’
Theorem 3.4. [13] Let H?(a,b,c) be a plane in E3 where

H2(a7 b7 C) = {(p17p27p3) Lap + bp2 + Ccps3 +d= 0}

In this case, we get all PH- helical curves from planes H?(a, b, c) in E? such that

Yape) (V5 1) = B(t) = (Br(2), B2(t), B3 (1))

2

where

t) = / [b a2 + b2 + ¢ (u*(t) — v* (1)) — 2acu(t)v (t) + a (a® + b*) cot § (u?(t) + v° (t))} dt
Ba(t) = / (—a\/ a2 + b2 + ¢ (u*(t) — v* () — 2bcu(t)v (t) + b (a* + b%) cot 0 (u?(t) + v* (t))) dt

B3(t) = / 2 (a® + b*) u(t)v (t) + ¢ (a® + b%) cot 0 (u(t) + v* ()] dt

Hence, axis of the curve S is equal to

7_( a b c >
VaZ 02+ Va2 + 02+ 2 VaZ+ b2+ 2
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4. PH-Helical Curves in E"t!

In this section we give a method to obtain a PH curve in H® C E"t!. Then, we give a theorem in
E* for the given method. After then, using Theorem 3.2, we give a theorem to construct a PH-helical
curve in E*. Finally, we support these theorems by some examples.

For ay,as,...,an41,ant2 € R, let

n+1
Hn(a17a27 ~--’an+1) - {(p17p27 ) -'-,pn—&-l) S ]EnJrl‘Z (alpl) + Un+2 = 0}
i=1

be a hyperplane of E"™!. Assume that v : I — H"™(ay,az, ..., ant1),7(t) = (71(t),72(%), .., yua1(t)) is
a PH — curve with the speed of a polynomial such as o(t). Therefore, we have

n+1

Y (i) = a(t) (10)

i=1
Since v lies in H" (a1, ag, ..., anp4+1) We write

n+1

Y (@ivit) + ang2 =0 (11)

=1

2 2
- 7i() [ ()
iz; (7;z+1(t)> e (V;Jrl(t)) ' (12)

Differentiation Equation (11) give us

From Equation (10), we get

n+1
;g (t) =0
=1
Applying the following substitutions
(¢
x, = 0 g,
’Yn—&—l(t)
t
o~ o
7n+1(t)
we have
n
(X +1=0w’ (13)
i=1
and
n
> (aiXi) + ang1 =0 (14)
i=1
From Equation (14), X,, can be written as
n—1
Xn =) (b:X;) + by (15)
i=1
where a:
bj=——,i=1,2,...,n—1
a



Journal of New Theory 37 (2021) 45-57 / A New Method to Obtain PH-Helical Curves in E™*! 50

and

An+1
by = ——+
an,

Considering Equations (13) and (15), we get

n—1 n n
STAHBXT+ D ik X X;) + > 2(bibp1 Xi) = (16)
=1 i,7=1 =1

i
If we apply the following transformations in Equation (16),

bibn+1 .
— i=1,2,...,n
14+ b3 403+ .2

i — 14

then we find .
- - 1+02 402+ .. +12
1+ b2)Y? bib:Y;Y; LI n_) — 2
;( oY +”Zl( J ])+<1+b§+b§+...+b;§l “

i#]

We can rewrite this quadratic form as

1402 4+02+ ...+ b2
YtAY 1 2 n — 2 17
+<1+b%+b§+...+b3_1> “ a7)
where
Y 1+b3  biby .. bibp
Ya biby 1403 .. boby
Y = ) and A=
Y1 b1bp—1 bobp—1 ... 1+ b?r,fl

One can calculate the eigenvalues of Aas Ay =1, =1,..., s o =1, A\, 1 =1+ bf + bg + '--5127,71 and
the corresponding eigenvectors of A as columns of the following matrix:

__bl _b73 R _bn,1 _bn72 b1 ]

bl bl bl b1 bn—l

b

1 0 - 0 0

0 1 0 0 =

A _ n—1
bn72

0 0 - 1 0
0 0 - 0 1 1

Here I,,_5 is the Idendity matrix of dimension (n — 2). We define the index set

Sn—j={l,n—j+1ln—j5+2,..,n—-1}

so that we can give a general form of the orthonormal matrix ) obtained by eigenvectors of A which
diagonalize Equation (17) and satisfies Z = QY where
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) —bn—1 —b1bp—2 —bibp—3 —b1bo b1
> b > > b DO DI >0 > b > b
1€Sp k-1 1€Sp_k 1E€Sp_p-1 €Sy 1€Sp_g_1 €Sy ) 1€Sp_k_1 i€Sp_1
> b
€S,
0 0 0 - b2
> b > b
1€ESp k-1 1€Sp—1
0 0 0 —babs bs
> > b > b
€Sy 1€Sp_k_1 1€Sn—1
Q:
> b
. . €51, —bobn_3 bn—3
b? >0 > b > b
i€Sm k1 i€n—k i€S,_p_1 i€Sn_1
> b}
. i€5m 1 —bp_obn_3 —babp_2 bn—2
> b >0 > > 0 > b > b
€Sy k-1 €Sy K 1€ESp_k—1 1€Sp K 1E€ESp k-1 1€Sp 1
b1 brn—1bn_2 bn—1bn_3 baby 1 bn—1
> b > X b DO DI >0 > b > b
L €Sy _k—1 €Sy 1€Sp_k—1 1€Sp K 1E€ESp_k—1 i€Sn_k 1€ESp_k—1 1€Sn -1

Here k stands for the k-th column of Q. To clarify @), we give the following examples for spacial cases n = 3 and

4 respectively:

o —bs —biby by .
VO3 +b2 /02 +b2/0F b3+ b2 /b7 + b3+ b3
o, NCE: by
Q= NG R e N R R
by —bobs bs
VO3 +03 b7+ b3 /03 + b2+ b3 /b7 + b3+ b2
r by —b1bs —b1bs b 7
V02 +b7 07+ 0307+ b3+ b2+ b7 /b7 + b2 +b3/bF + b3+ b2 +b7 /b7 + b3+ b2+ b3
0 ' VR b
0= /b3 + b3 + b2 + b3 Vb7 + b3+ b2 + b3
0 VT 07 —boby bs
/b2 + b2 + b2 VbF + b2 +03/bF + b3 + b2 + b3 /b + b+ b2+ b3
—by —bsby —babs ba
L VBT 07 VBT DIVOT 03+ 03+ b7 /BT 03 +b3/bF + 03+ 03 +bF /b7 + 03+ 03+ b3

Applying Z = QY in Equation (17) we get

n—2

1+b%+b§+b§+...+b3:w2

ZH 4+ (140 + b3+ ...+ b2 ) 72>
D (ZH+ A+ 0T+ + by )7+ L+03+05+ ..+ b2

i=1
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Because Equation (18) is a Pythagorean (n+2)-tuple, rational solution for this equation is

_or@) oo _nilz
20 = S| do - e
i=2

_ (@) . i
Zi(t)y = S ur(t)ui(t), 1=2,3,...,n—1
L4+03+b3+b03+...+02  2r(t)
\/ 1 +lb% +%§ — 2 o s W
_ N2

where uj(t),ua(t), ..., un(t) are arbitrary polynomials and

21+ B+ b2
JI+HBR+ B+ B+ 02y,

s(t) r(t)ur(t)un(t)

Hence, the components of () can be written with arbitrary polynomials w;(t), ua(t), ..., u,(t) and the
reals a1, ag, ..., Gpy1-
For n = 3, we give the following theorem in E*.

Theorem 4.1. For the hyperplane,

H3(ay, az,a3,a4) = {(p1,p2,3,p4) : a1p1 + agpa + azps + asps + as = 0, p1, p2, p3, p4 € R}

let v : I — H3y(t) = (71(t),v2(t),73(t),v4(t)) lies in H3. Then, v is a PH-curve in E* with the
followings:

az (af + a3 + a3) \/a%+a§+a§+ai(u%—ug—u§)

’Yl=/ dt

—2a1a3+\/a3 + a3 + ag\/a% + a3 + a3 + ajuiug — 2a1a4\/a} + a3\/a? + a3 + aZuius

—ay (a? +a? +a3) /a3 + a3 + a2 + a3 (uf —ud —ujd)

72 =/ dt
—2a2a3\/a% + a3 + ag\/a% + a3 + a3 + ajugus — 2a1a4\/a% + a3 \/a% + a3 + ajujug

Y3 = / <2 (a% + a%) \/a% + a% + ag\/a% —I—a% + a% +aZu1uQ - 2a3a4\/a% + ag\/a% —I—a% + a§U1U3> dt

3/2
74:/<2\/a%+a% (a? + a3 +a3)” U1U3> dt

o= (af + a3) \/a%—l—a%—i—a%—i-ai(a%—i-a%—i—a%) (w3 + u3 + uj)

where uj,us and ug are arbitrary polynomials of parameter ”t” and o(t) = ||%(¢)]|.

PROOF. Assume that vy : I — H3(a1, as,a3,a4),y(t) = (71(t), v2(t),v3(t),74(t)) be a PH — curve with
the speed of a polynomial such as o(t) in H3(a1, as, a3, as). So we have

(M0 + (12(6)* + (33(6)* + (1a(1))* = o (1). (19)
Since v lies in H3(a1, as, a3, as) we write

a1v1(t) + azy2(t) + azyz(t) + asya(t) +as = 0. (20)
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From Equation (19), we get

2 2 2
A0\ (Bo) (a0 (e
(711(15)) +<vi(t)> *(ﬁ(t)) H_(v;(t)) |

Differentiating Equation (20), we find

aryy (t) + azvy(t) + azys(t) + asy(t) = 0.

If we make the following substitutions in Equations (21) and (22),

/ / / o
XIZI})X2:I?7X3:1§)L‘):7/'
V4 V4 V4 Va4

we have
X2+ X34+ X241 =0u?

and
a1 X1+ a2 Xs + a3 X3+ as = 0.

From Equation (24) X3 can be written as
X3 =b1X1 + b2 X2+ b3
where by = =2, by = — 22, b3 = — 2. Considering Equations (23) and (25), we get
(L4+b3)X? + (1 +b3) X3 + 2012 X1 Xo + 2b1b3. X1 + 2b9b3 Xo 4 1 + b3 = w?

Applying the following transformations in Equation (26)

b1bs
X =V ——3
R Wy Sy
babs
Xo=Yy— ———
SRR N

we find

2 2 2
(1+0D)YE+ (14 b2)Y2 + 2610, Y1Ys + (1 toi+bg+ b3> L

1+ b7 + b3
We can write this quadratic form as

1+b3  bibo Y; 1+ b7 + b2 + b2 2
biby 1+03] |Ya 1+ b7 + b3 B

m vl

and if we diagonalize Equation (27) with the matrix @) we get

2
2 2 2 2
/ 1+b5+b54+0
ZQ 1 b2 b2Z 1 2 3 — 2
1+< +1+22> +<\/ 1—|—b%—|—b% w

—ba b1
b2+b2 b2+b2
Q — \/bll 2 \/ 1%2 2

here

93

(22)

and satisfies Z = Q7'Y. It is seen that Equation (28) is a Pythagorean Quaternary and its solution

zi(t) = "B 2ty — () — (1))
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2r(t)

V1403 +b3s(t)

Zo(t) = uy (t)uz(t)

2 2 2 r
S 20,
w(t) = ";EQW%@) () + (1))

2¢/1+ b} + b3
s(t) = — Ly (tug 1)
V1+b7 405+ b3
where w1, us and ug are arbitrary polynomials. So, by the backward operations we find v1, 2, v3 and
v4 as declared. O

By means of Theorem 3.1, we give the following theorem:

Theorem 4.2. For the hyperplane

HS(a17a27a37a4) = {(p1,p2,P3,p4) : a1p1 + agp2 + azps + asps + a5 = 0, a1, az, a3, as, a5 € R}

let v: 1 — H3~(t) = (71(t),72(t), v3(t), v4(t)) be a PH-curve in H3. Then, the curve
B: 1 — E* B(t) = (B1(t), B2(t), B3(t), Ba(t)) is a PH-helical curve in E* where

ag(a%—{—a%—i—a%) \/a%—l—a%—kag—f—az(u%—u%—ug)

B1 = / —2a1a3\/a% +a§ +a§\/a%+a% +a§+aiu1u2 —2a1a4\/a% +a§\/a%+a§ +a§u1U3 dt

+aq (a% + ag) (a% + a% + a%) cot 6 (u% + u% + u%)

—a1 (a} +a? + a3) Va3 + a3 + a2 + af (u — ud — u})

B2 = / —2a2a3\/a% + a% + ag\/a% + a% + a% + aiu1u2 — 2a1a4\/a% + a% \/a% + a% + agulug dt

+as (af + a3) (af + af + a3) cot 0 (uf + uj + u3)

2 (a% +a%) Va? + a3 —I—a?,)\/a% + a3 + a3 + ajuiug — 2a3a4+/a? + a3\/a} + a3 + ajuius
B3 —/ dt

+asz (af + a3) (af + af + a3) cot 0 (uf + u3 + uj)

5= [ (2v/aT T a3 (3 + a3 + )" wrus + a (a + ) (af + a + a3) cot 0 (o 43 +3) ) e

Hence, the unit axis of the curve (/) is

== al a2 as a4
Vaitai+ai+ai Vai+aitaitai Vaita3+a3tal Val+a+alta]

Example 4.3. For the hyperplane H3(3,4,12,84), from Theorem 4.1, it is easy to see that by putting
u1(t) = 1,uz(t) = t and uz(t) = 1+t we obtain a PH-curve v : I — H3y(t) = (71(t), v2(t),v3(t), 14(t))
with the followings:

() = —122045 — 113620t — 32760t — 57550

y2(t) = 2830t3 — 317852 — 43680t + 14365

y3(t) = —37895t2 — 131040t

y4(t) = 10985t + 21970t
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We can check that ||5(t)|| = 143650(t? + t + 1) which is equal to o(t) given in Theorem 4.1 as well.
Also by the way of Theorem 4.2, assuming cot§ = 1 we get a PH-helix curve from the curve « such

as B: 1 — E* B(t) = (B1(t), Ba(t), B3(t), Ba(t)) with the followings:
Bi(t) = —10985043 _ 111085¢2 — 27690t — 2432

Bo(t) = 2235043 — 2840512 — 36920t + 16475
B3(t) = 6760t — 27755t% — 110760t + 3380
Ba(t) = 473203 + 81965t + 163930t + 23660

Furthermore it can be calculated that Hﬁ(t) H = 143650v/2(t? +t + 1) that means 3 is also a PH-curve.

At the same time, since < B(t), a>= Lg/i for the constant vector @ = (%, %, %, %), it’s seen that
(3 is a helical curve in E?.

Example 4.4. v: 1 — H*(3,12,4,84,132),y(t) = (71(t),72(t), v3(t), va(t),75(t)) is a PH-curve com-
ponents below:

y(t) = —58984900t3 — 55462500¢% — 96990100t

Yo(t) = —30149075t% — 152020800t

v3(t) = 44238675t — 73950000t> — 6434925t

ya(t) = 725377253 — 99969350t

v5(t) = —39918125¢2 + 79836250t

It can be calculated that ||§(t)|| = 221193375(t2 4+ 1). Also the curve 3 which is obtained from ~ by
using Theorem 3.2 is a PH-helical curve in E® with the followings

51 (t) — —2317}12975153 _ 55462500t2 _ 375220525t
Ba(t) = 4226625t% — 30149075t% — 139340925¢
B3(t) = 45647550t — 73950000t — 2208300t

Ba(t) = 29586375t% + 72537725t% — 11210225¢

Bs(t) = 464928753 — 39918125¢2 + 219314875¢

Furthermore it can be calculated that H B(t)H = W(ﬂ + 1) that means [ is also a PH-curve.
At the same time, since < B(t), a>= % for the constant vector a = (%, %, %, %, %), it’s seen

that /3 is a helical curve in E°.

5. Conclusion

In this paper, we give a method to obtain PH-curves from arbitrary planar curves. And then we show
that there are PH-helical curves which are obtained from PH-curves that we constructed. We give
the derivation of the method in E* as an application in details and another PH-helical curve in E®
without detailed computations. Changing the coefficients and the polynomials used in examples, one
can obtain any PH-helical curves whose components are of any degrees. Of course, it’s possible to
extend Theorem 4.1 and and 4.2 to any dimension of E"*!. In addition, because we consider only the
rational solutions of (n + 1)-tuples of Pythagorean equation, we can say that it may not be possible
to obtain all PH-helical curves with our method given in the paper. So this is an open problem in the
literature.
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