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1. Introduction
Let A be a class of functions f of the form

f(z):z+ianzn (1.1)

n

=2
that are analytic in the open disk U ={z:|z|<l}. Denote by A(n) the class of functions

consisting of functions f of the form

f(2)=2-Yaz", (a 20) (12)

which are analyticin U..
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We recall that the convolution (or Hadamard product) of two functions

f( _Z+Zaz and g(z —Z+Zb2

n=2

is given by

(f+g)(z)=z+> abz"=(g*f)(z), (zeV).

Note that f *xg € A.

Next, following the earlier investigations by (Goodman, 1957), (Ruscheweyh, 1981),
(Silverman, 1995), (Altintas & Owa, 1996; Altintas et al., 2000) and (Srivastava & Bulut, 2012)
(see also Aktas & Orhan, 2015; Caglar & Orhan, 2017; Caglar & Orhan, 2019; Caglar et al., 2020;
Darwish et al., 2015; Deniz & Orhan, 2010; Keerthi et al., 2008; Murugusundaramoorthy &

Srivastava, 2004; Orhan, 2007), we define the (n,&)—neighborhood of a function f e A(n)
by

N, (F)

For e(z) =z, we have

N,s(e)= {geA( sz andz |b|<5} (1.4)

Afunction f € A(n) is a —starlike of complex order y, denoted by f €S («, ) ifit satisfies

{geA( sz andz la, bn|£5}. (1.3)

the following condition

‘R{l —(Zf (2) 1]}>a, (ye\{0}, 0<a<1 zeU)

7\ f(2)
and a function f €A(n) is & —convex of complex order y, denoted by f eG; (a,y) if it

satisfies the following condition

sn{l AL )}>a, (yel\{0}, 0<a<1, ze V),

y 1'(z)

The Miller-Ross (Miller & Ross, 1993) function E, (z), defined by

zvi

=T v+n+1)

2", (v>-1 ¢>0, ze V) (1.5)

The Miller-Ross function E, (Z) does not belong to the class A . Therefore, we consider the
following normalization for the function E,  (2):
= ¢'T(1+v)

E,.(2)=T(1+v)Z"E,, :Z

n+1
2 V+n+1) , (ZeU). (1.6)

In terms of Hadamard product and E, () given by (1.6), a new operator &, :A —A can

be defined as follows:
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= T (1+v)a,, .
gv’cf(Z)Z(gV'c*f)(z):Z+;1—‘(V+—n_|_l)lz 1, (ZEU). (17)
If feA(n) is given by (1.2), then we have

= c'T(1+v)a
g f(2)=2-) ——2 ;™ (zeU) 1.8
o (2) ; I'(v+n+1) ( ) (1.8)
Finally, by using the differential operator defined by (1.8), we investigate the subclasses
M (a,7) and R (a,7;9) of A(n) consisting of functions f as the followings:
However, throughout this paper, we restrict our attention to the case real-valued v,c with

v>-1and c>0.

Definition 1.1: The subclass M (a,7) of A(n) is defined as the class of functions f such
that

z f(z2)]
—[6” ( )] -1l|<a, (zel), (1.9)
where y €l \{0} and 0<a <1.

Definition 1.2: Let R (a,7;9) denote the subclass of A(n) consisting of f which satisfy
the inequality

-2 e oo () g < (110

where y €] \{0}, 0<a<land 0<9<1.

In this paper, we obtain the coefficient inequalities, inclusion relations and neighborhood

properties of the subclasses M " (a,7) and R (a,7;9).
2. Coefficient Inequalities For M (., 7) and R (2, 7;9).

Theorem 2.1: Let f € A(n). Then f eM (a,7) if and only if
© C”_1F(1+v)

for y ell \{O} and 0<a<1l.

Proof. Let f € A(n). Then, by (1.9) we can write

7| ¢, f (z)]'

R T(Z)—l >—a|]/|, (ZEU). (22)
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Using (1.2) and (1.8), we have,
" T (1+v)

—gr(w ) [n-1]a,z"

=T (1),
=2 Fvrn) ¥

R

>-aly|, (zeV). (2.3)

Since (2.3) is true for all z € U, choose values of Z on the real axis. Letting z — 1, through the
real values, the inequality (2.3) yields the desired inequality
c" l1"(1+v

Conversely, supposed that the inequahty (2.1) holds true and |Z| =1, then we obtain
c" T (1+v)

z[gmf(z)]’ ; I(v+n) [n-1a,z

&,.f(2) B L i c“’ll“(l+v)a n
= T(v+n) "
= ¢ (1+v)
-1
nz;‘ I'(v+n) [n ]a”
= "I ( 1+v)
~.C
1-
nz;‘ I(v+n)
< |;/|

Hence, by the maximum modulus theorem, we have f(z)eM ' (a,), which establishes

the required result.

Theorem 2.2: Let f € A(n). Then f eR (a,7;9) if and only if

c" l1“(1+v

for y e \{0}, 0<a<land 0<9<1.

Proof. We omit the proofs since it is similar to Theorem 2.1.
3. Inclusion Relations Involving N ;(e) of M (,7) and R (e, 7;9)

Theorem 3.1: If
3 2a|7| (1+ v)

Cc(l+aly)’ (r1<1). .

then M (a,7)= N ;(e).
Proof. Let f (Z) eM/, (a,}/). By Theorem 2.1, we have
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( +V) n=2
which implies
= aly|
a < . 3.2
2 (1+aly]) >
(1+v)
Using (2.1) and (3.2), we get
C o0 0
< 1-
Tz = a2
. 2ay| _
(1+aly))
That is,
© 20¢|7/|
na =0
= )
(1+v)

Thus, by the definition given by (1.4), f(z)e N ;(e), which completes the proof.
Theorem 3.2: If

2ay|(1+v)

_cariiity) 1), 3.3

c(1+9) (|7| < ) (3.3)

then R (a,7;9) =N, 5(e).

Proof. For f(z)eR;(a,7;9) and making use of the condition (2.4), we obtain

C o0
1+ 9 <
(1+V)( + )nZ:;an a|7|
so that
Sa, < C“& (3.4)
n=2 1+9
(1+ v)( +9)
Thus, using (2.4) along with (3.4), we also get
: |7| 1+v Za
< aly+ c(9-1)a |7’|(1+V)
B (1+v) c(1+9)
< 29a|7|
(1+9)

Hence,
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ina SZa—|;f|:5

o))

which in view of (1.4), completes the proof of theorem.

4. Neighborhood Properties For The Classes M " («,7,7) and R (a,7,17;9)

Definition 4.1: For 0<7 <1 and ze U, A function f(z)eA(n) is said to be in the class
M. (. 7.17) if there exists a function g(z)eM ' (a,7) such that

‘ f(z) 4

9(2)

Analogously, for 0<7<1 and ze U, A function f(z)eA(n) is said to be in the class

<1-n. (4.1)

R (a,7,m;9) if there exists a function g(z)eR/ (a,7;9) such that the inequality (4.1)

holds true.

Theorem 4.1: If g(z)eM ' (a,7) and

. 50(1+0(|}/|)
T e al) el @] (42

then N ,(g)cM ] (a,7.n).
Proof. Let f(z)e N, ,(g). Then,

S nfa, ~b,|< 5, (4.3)

n=2

which yields the coefficient inequality,

o o
Z:;|an —b,| < > (nell).
Since g(z)eM (e, 7) by (3.2), we have
S, < - an (4.4)
? (1+alr)

(1+v)

and so
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f(Z) i|an_bn|

_ < n=2
9(2) 1-3b
C
g s (1+V)(1+a|y|)
2 ¢

(1+V)(1+0‘|7|)_0‘|7|
= 1-n.
Thus, by the definition, f(z)eM (a,y,n) for n given by (4.2), which establishes the
desired result.
Theorem 4.2: If g(z)eR (a,7;9) and
Sc(1+9)

2|:C(1+:9)—K‘|}/|(1+V)]’

then N _;(9)<=R . (a,7.m;9).

n=1 (4.5)

Proof. We omit the proofs since it is similar to Theorem 4.1.
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