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Abstract: Linear codes are considered over the ring 4

2 1

u

u
. The Lee weight enumerators, 

the complete weight enumerators and the symmetrized weight enumerators for the linear codes 

over the ring 4

2 1

u
R

u
are defined and Gray map  from 4R is constructed. 

Then, MacWilliams identities for these weight enumerators are proved.
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Introduction and Motivation

Attracted the attention of many coding theory researchers in the last two decades are codes over rings. So, codes 
over the ring have been a common research topic in coding theory. The interest in codes over rings started with 
the seminal work in 1994 (Hammons, Kumar, Calderbank, Sloane and Sole) and expanded in many directions. 
Because decoding algorithm is more quickly, linear codes are more useful than other codes, especially. So, linear 
codes are an important and intensely studied class of codes. Another research topic in coding theory is 
MacWilliams identity which relates the weight enumerator of linear code to the weight enumerator of its dual 
code. Yildiz and Karadeniz analysed for MacWilliams identity, projections and formally self dual codes over 

4 4u in the linear codes. Consequently, they found optimal code. Using Gray map, R. Bandi and M. Baintwal 

determined MacWilliams identity for Lee and Gray enumerator over the ring 4 4u , where 
2v v . There is 

a connection between 4 and 2 2F uF which has generated a lot of among coding researchers starting with 
Dougherty, Gaborit, Harada and Sole’s work in 1999. Considered by this similiarity (and difference) between two 

rings and Yildiz and Karadeniz’s works at references, we study codes over the ring 

4

2 1

u

u
. In 2006, Yu and Zhu 

investigated MacWilliams identity over the ring 2 2F uF . In Yildiz and Karadeniz’s article (2010), the 

researchers discussed the linear codes over 2 2 2 2F uF vF uvF , as well as MacWilliams identity for the 
complete and Lee weight enumerator over the ring. In 2015, J. Gao studied linear codes over the ring 

2
p p pF uF u F

, where p is an odd prime and also defined Gray map and MacWilliams identity of linear codes.

In this article, mainly focused on 4 4 , where 
2 1u . In Section II, we are considered linear codes over the 

ring 4 4 4,u b a b u a b , where 
2 1u , we define linear Gray maps from 4 4u to 2

4

n

and we give definitions of Lee distance and dual code of linear code. In Section III, we have studied complete, 
symmetrized and Lee weight enumerators and proved MacWilliams identity for all the weight enumerators 
involved.
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Lee Weight and Gray Map of Linear Codes Over the Ring 4

2 1
u

u

Definition 1 A linear code C of length n over 4

2 1
u

R
u

is an R - submodule of nR . Elements of C are 

called codewords.

Definition 2 For any z b a b u R and 4,a b , we define the Gray map 2

4: R by 

,z b a b . 

Definition 3 The Lee weight Lw z of 4z is min , 4x x . The Lee weight of a vector in 4

nv is then 
defined as the rational sum of the Lee weight of its coordinates. So, we can define the Lee weights of an element 
of z b a b u R as ,L L Lw z w b a b u w b a b . For any 1 2, nz z R , the Lee distance 

is given by 1 2 1 2,L Ld z z w z z . 

The minimum Lee Distance of C is defined by  
1 2

1 2
1 2

,

,minL L

c c C
c c

d C d c c and the minimum Lee weight of C

is defined by 
1 2

1 2
1 2

,

,minL L

c c C
c c

w C w c c . So, if C is a linear code, then the minimum Lee weight is equal to 

minimum Lee distance.

Theorem 4 The map is a distance preserving linear isometry from nR to 2

4

n with Lee weight.

Corollary 5 If C is linear code over R of length n , then C linear code over 4 of length 2n . 

Definition 6 For 1 2 1 1 2 1, , , , , ,,n n

nx x x x y y y y R , the Euclidean inner product on nR  by 
defining 

0 1 1 0 1 1 0 0 1 1 1 1, , , , , , ,n n n nx x x y y y x y x y x y  

where the operations are performed in 4 4u . 

Definition 7 Let C be a linear code over 4 4u of length n . Then, the dual code of C is defined as follow:

: . 0 ,nC x R x y y C

Weight Enumarators and MacWilliams Identities
3.1 The Complete Weight Enumarators and MacWilliams Identities

4 4 1 2 16, , ,u s s s be given as 

4 4 0, , 2 , 3 ,1,1 ,1 2 , 1 3 , 2, 2 , 2 2 , 2 3 , 3, 3 , 3 2 , 3 3u u u u u u u u u u u u u . 

Definition 8 Let 
is

n c be the number of is c in the vector c . The complete weight enumerator of a linear 

code over 4 4u is defined as

The Online Journal of Science and Technology - January 2016 Volume 6, Issue 1

www.tojsat.net Copyright © The Online Journal of Science and Technology 41



1 2 16
2 161

1 2 16, , , s s sc c c
C

c C

n n n
x x xcwe x x x . 

Because 4 4u is a Frobenius ring, the MacWilliams identities fort he complete weight enumerator is preserve. 

Now we define the character on 4 4u to find the exact identities.

Definition 9 Define 4 4: u  by a bb a b u i . Let the 16 16  matrix is T , by giving 

, .i jT i j s s . Then, T  is defined as follows: 

 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1

i i i i i i i i

i i i i i i i i

i i i i i i i i

i i i i i i i i

i i i i i i i i

i i i i i i i i
T

1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

i i i i i i i i

i i i i i i i i

i i i i i i i i

i i i i i i i i

i i i i i i i i

i i i i i i i i

Theorem 10 Let C is a linear code over 4 4u of length n and C is a dual code of C . 

1 2 16 1 2 16

1
, , , . , , , t

CC
cwe x x x cwe T x x x

C

where T is the R R matrix and , .i jT i j s s . 

( Here t denotes the transpose. )
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3.2 The Symmetrized Weight Enumarator and Lee Weight Enumarator
Fistly, we define the Lee weights of the elements of 4 4u . 

           Tablo 3.1: 
4 4

u

    d d         

    0           0             1X
    u           1             2X
   2u           2             3X
   3u           1             4X
    1           3             5X

1 u           2             6X
1 2u           1             7X
1 3u           2             8X

    2           2             9X
2 u           3             10X
2 2u           4             11X
2 3u           3             12X

    3           3             13X
3 u           2             14X
3 2u           1             15X
3 3u           2             16X

Now we can define the symmetrized weight enumerator as follow:

Definition 11 Let C be a linear code of length n over 4 4u . Then, the symmetrized weight enumerator of  
C as

( , , , , ) ( , , , , , , , , , , , , , , , )C Cswe X Y Z W S cwe X Y Z Y W Z Y Z Z W S W W Z Y Z . 

Here X represents the element have weight 0 , Y represents the element have weight 1 , Z represents the element 
have weight 2 , W represents the element have weight 3 , S represents the element have weight 4 . 

Theorem 12 Let C be a linear code of length n over 4 4u and let C be its dual. Then, we have

1
, , , , . 4 4 6 , 2 2 , 2 ,

2 2 , 4 6 4

C
swe X Y Z W S swe

C
X Y W Z S X Y W S X Z S

X Y W S X Y Z W S
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Definition 13 Let C be a linear code of length n over 4 . Then, the Lee weight enumerator of C is defined as 
follow:

4 ( ) ( ),C
L Ln w c w c

c C
Lee Y X Y X

Definition 14 Let C be a linear code of length n over 4 4u . Then,

4 3 2 2 3 4, , , , ,C CLee Y X swe Y Y X Y X YX X . 

Lee weight and n of C is defined as follow:

1) 1 2 3 42 3 4Lw c

2) 0 1 2 3 4n

Here i is the number of weight i , where 0,1, 2, 3, 4i . 

Theorem 15 Let C be a linear code of length n over 4 4u and let C be its dual. Then,

1
, . ,CC

Lee Y X Lee Y X Y X
C

. 

Conclusions

In this paper we searched linear codes over the ring 4

2 1

u

u
. Lee weights, Gray maps and all weight enumerators 

for these codes are defined and MacWilliams identities for the complete, symmetrized and Lee weight enumerators 
proved.
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