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Abstract. Hemoglobin (Hb) possesses good properties of cooperative system
and it normally executes oxygen and other essential items via erythrocytes in

the body. The chemical action of Hb is to combine with oxygen (O2) in the

lungs to form oxyhemoglobin (HbO2). Binding of oxygen with a hemoglobin is
one of the important cooperative mechanism and is an emerging mathematical

research area with wide range of applications in biomedical engineering and

medical physiology. To this end, a mathematical model is proposed to study
the fractional saturation of oxygen in hemoglobin to understand the binding ef-

fect and its stability at various stages. The mathematical formulation is based

on the system of ordinary differential equations together with rate equations
under different association and dissociation rate constants. The five states of

the cooperative systems Hb,HbO2, Hb(O2)2, Hb(O2)3 and Hb(O2)4 are mod-

elled and the Hill’s function has been used to approximate the binding effect
and saturation of ligand (O2) with respect to various rate constants. Also, the

Adair equation has been employed to interpret the saturation concentrations

of oxygen in hemoglobin.

1. Introduction

In a biological system the interaction and intricate association between macro-
molecules is an established fact. This meticulous interaction between different
ligands with their respective receptor molecules determine the fate of most cellular
processes which decides reaction, adjustment and conduct of basic functions in all
living organisms [12, 13]. The well known example in biological system is interac-
tion between hemoglobin with its four binding sites for oxygen [2,3,17]. The ligand
oxygen binds to the four binding sites of hemoglobin molecule and the interaction
can be seen on the overall binding curve [18]. This is a striking example of allosteric
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binding. The binding curve of hemoglobin when associated with oxygen molecules
gives sharp sigmoidal curve which indicates influence of oxygen molecules over the
functionality of hemoglobin. The inference which could be drawn from the sig-
moid binding curve indicates that the extremal states of full and zero saturation
are more stable than the intermediate states of partial saturation [2, 17, 31]. A
general kinetic model, presages an unanticipated multiplicative boost in affinity as
a function of ligand sites. Modeling of this interaction by a foremost depart time
approach denotes that the probability of ligand rebinding increases exponentially
with the number of sites [30]. A few small single-dentate molecules when bind to
a large polydentate molecule such that affinity of oxygen for binding interactions
increases, it arises the cooperativity [14,23]. In cooperative enzymes, low and high
affinity substrate binding sites are present, and the cooperative binding of substrate
to enzyme can take place. The binding of one substrate molecule induces structural
and/or electronic changes that result in altered substance binding affinities in the
remaining vacant site. As there is no straightforward relationship between macro-
scopic and microscopic binding behavior, a mathematical model has been developed
to create a bridge between them. The model considered the minimal interaction
essential to produce fixed overall binding curve [20]. The whole binding cascade
of human hemoglobin corresponds of a series of partly ligated intermediates. The
discrete intervening constants cannot be differentiated in O2 binding curves. The
characterization of these O2 binding constants has shown the Hb cascade to be
unbalanced in nature, with binding dependent upon the particular distribution of
O2 among the four heme sites. The kinetic constant noticed for the dissociation
of this intervening O2 binding constant confirms the value for its equilibrium [19].
The rationale behind the current study was primarily to understand the fractional
saturation of oxygen in hemoglobin under various rate constants. Moreover, the
cooperative property of hemoglobin has been exhaustively discussed using basic
mathematical tools.

2. Materials and Methods

Cooperativity is a fundamental specificity of various biochemical systems [24]. It
was Archibald Hill [1,16] who first analysed the cooperativity binding of oxygen by
hemoglobin and postulated that several (n) oxygen molecules bind simultaneously
to a hemoglobin molecule:

Hb4 + nO2 −⇀↽− Hb4O2n (1)

The expression for the association constant becomes

Ka =
[Hb4O2n]

[Hb4][O2]n
, (2)

and the binding equilibrium from the stand point of the fraction, Y, of oxygen
binding sites on the hemoglobin that are occupied by ligand:
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Y =
[O2]

n

[O2]n +Kd
. (3)

This Hill equation delineates the sigmoidal binding curves for hemoglobin as shown
in Figure 1. The value of n is known as the Hill coefficient. The value of n is not
always an integer. Among binding sites, for cooperative binding, the Hill coefficients
settled provide a fertile measure of the Gibbs free energy of interaction and their
values are independent of the free energy of association for empty sites [5]. The
values of the Hill equation parameters also depend on hemoglobin concentration
and shows that at high concentration of hemoglobin, the visible Hill coefficient,
n, decreases and the binding affinity, k, increases [27]. The Hill’s equation has
been used to approximate binding effect and saturation of oxygen under various
rate constants. The utility of Adair equation helped us to illustrate the saturation
of oxygen concentration in hemoglobin. Many enzymes are composed of distinct
subunits (oligomers), each bearing an equivalent catalytic site. If the sites are
identical and dependent of each other, the presence of substrate at one site effects
on substrate binding and catalytic properties at other sites, this process is known
as cooperative system. [21]. We considered an oligomeric cooperative system, a
cooperative tetramer (hemoglobin) in which we have discussed fractional saturation
of hemoglobin at various states under variable rate constants.

2.1. Some Basic Definitions.

Definition 1. A ligand is a substance that binds to a target molecule to serve a
given purpose.

Definition 2. Allosteric enzymes are the enzymes that change their conformational
ensemble upon binding of an effector which results in an apparent change in binding
affinity at a different ligand binding site.

Definition 3. An oligomer is a protein consisting of many sub-units. It may be
dimer, trimer, tetramer and so on, according to the number of subunits.

Definition 4. The fractional saturation of O2 is defined as Y (O2) = number of
occupied binding sites/total number of binding sites.

2.2. Mathematical Formulation.

We shall first consider the theory for a hemoglobin molecule consisting of four pro-
tomers, each containing one active centre. Active sites are assumed to be indepen-
dent of each other in their interaction with the molecule of an oxygen (substrate).
The individual reactions of oxygen with hemoglobin are as follows,

o2 + cj
k+1−−⇀↽−−
k−1

cj+1; j = 0, 1, 2, 3. (4)
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Figure 1. Sigmoid- Shaped hemoglobin oxygen- binding curve.
These data were measured at pH 7.4 , 21.50 , 0.1 M NaCl, 0.1
M Tris, 1.0 mM Na2EDTA, and a hemoglobin A concentration
of 382.5µ M (heme). Also shown is the least-squares estimated
hyperbola based on the Hufer model.

where cj are the complex of the hemoglobin combined with oxygen molecules (j
runs from 0 to 4) and the rate constant for binding the oxygen to a particular
site of the hemoglobin are denoted by k+i for association and k−i for dissociation,
i = 1,2,3,4.

Alternative representation of (4) of the reactions [21], we shall introduce Figure
2 below which has a one - one correspondence with the rate equations for the
concentrations of cj .

Figure 2. Schematic graphical representation of hemoglobin states.



122 R. BHAT, M. A. KHANDAY

From the Figure 2, it is obvious to see that, there are four unoccupied sites in the
state c0 and the rate constant from c0 to c1 is k+1. Also from c1 to c0 , dissociation
rate constant is k−1. Similarly, the rate constant from c3 to c4 is k+4 and from c4
to c3, the dissociation rate constant is k−4.

By deriving the above process, the rate equations (in lower case letters) are
defined as:

o2 + c0
k+1−−⇀↽−−
k−1

c1, (5)

o2 + c1
k+2−−⇀↽−−
k−2

c2, (6)

o2 + c2
k+3−−⇀↽−−
k−3

c3, (7)

o2 + c3
k+4−−⇀↽−−
k−4

c4. (8)

The differential equations corresponding to the above reactions are as follows:

dc0
dt

= −k+1o2c0 + k−1c1, (9)

dc1
dt

= k+1o2c0 − k−1c1 − k+2o2c1 + k−2c2, (10)

dc2
dt

= k+2o2c1 − k−2c2 − k+3o2c2 + k−3c3, (11)

dc3
dt

= k+3o2c2 − k−3c3 − k+4o2c3 + k−4c4, (12)

dc4
dt

= k+4o2c3 − k−4c4. (13)

2.3. Solution of the Model.

To estimate the concentration of O2 at various states and subsequent changes
of complexes in different states, it is important to compute the values of Eq.(9) -
Eq.(13) at steady state points. Now the steady state values of Eq.(13) are given by

dc4
dt

= 0.

In the equilibrium model, the substrate-binding step is considered to be rapid
comparative to the rate of breakdown of the ES complex. Therefore, the sub-
strate binding reaction is considered to be at equilibrium and depends on rate
constants [22,25]. Similarly, in this case, oxygen binding reaction is assumed to be
at equilibrium.
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Define the equilibrium constant as kdi =
k−i

k+i
, the dissociation constant.

It follows that

k+4o2c3 = k−4c4,

⇒ c4 =
k4
k−4

o2c3. (14)

Note that kdi has dimensions of oxygen concentration, so o2
kdi

is dimensionless.

Going next to (12) and setting dc3
dt = 0, it follows that

c3 =
k3
k−3

o2c2. (15)

Proceeding in this fashion, we find that

c2 =
k2
k−2

o2c1, (16)

and

c1 =
k1
k−1

o2c0. (17)

By combining the equations(14), (15), (16)and (17) we see that all the equilibrium
values of cj ; j ≥ 1 may be expressed in terms of c0 in a regular fashion.
Thus,

c1 =
1

kd1
[o2][c0], (18)

c2 =
1

kd1kd2
[o2]

2[c0], (19)

c3 =
1

kd1kd2kd3
[o2]

3[c0], (20)

c4 =
1

kd1kd2kd3kd4
[o2]

4[c0]. (21)

The complexes c1, c2, c3 and c4 occupy oxygen sites partially with an ascending
behaviour until they fully saturate, therefore the saturation function Y (o2) can be
computed as [21,25]:

Y (o2) =
c1 + 2c2 + 3c3 + 4c4

4(c0 + c1 + c2 + c3 + c4)
(22)



124 R. BHAT, M. A. KHANDAY

using the concentration levels obtained in equations (18)-(21) and from Eq.(22), we
have

Y (o2) =

[o2]
kd1

+ 2 [o2]
2

kd1kd2
+ 3 [o2]

3

kd1kd2kd3
+ 4 [o2]

4

kd1kd2kd3kd4

4(1 + [o2]
kd1

+ [o2]2

kd1kd2
+ [o2]3

kd1kd2kd3
+ [o2]4

kd1kd2kd3kd4
)

(23)

Eq.(23) is known as Adair equation for 4 sites.
The graphs of Y with respect to O2 gives a sharp sigmoidal curve (see Fig.3)

which indicates influence of oxygen molecules over the functionality of hemoglobin
i.e; it increases the affinity for oxygen molecules. When the affinities of the later
binding events are fundamentally greater than those of the previous events. This
is called as positive cooperativity. For positive cooperativity (k4 ≪ k3, k2, k1), the
concentration of c1, c2, c3 are small compared to the concentration of c4. Thus, if
these terms are omitted from Eq.(22), so Eq.(23) becomes,

Y (o2) =
4 [o2]

4

kd1kd2kd3kd4

4(1 + [o2]4

kd1kd2kd3kd4
)

(24)

=
[o2]

4

α4 + [o2]4
(25)

where α4 = kd1kd2kd3kd4

The Eq.(25) is formalised in the Hill function as in Eq.(3),

Y =
[o2]

n

αn + [o2]n
(26)

Eq.(26) is utilized to depict measures that include multiple near-simultaneous bind-
ing events. The constant α is the half-saturating concentration of ligand, and thus
can be interpreted as an averaged dissociation constant.

It is trivial that in hemoglobin, the partial pressure of oxygen, pO2 is the con-
centration of free oxygen [O2] . Then α4 = (p50)

4, where p50 is the value of po2
when half of the oxygen-binding sites are occupied. Making these replacements and
taking logarithms, Eq.(25) may be revised to yield,

log
Y (o2)

1− Y (o2)
= 4 log[po2]− 4 log p50. (27)

So, if hemoglobin bound all four oxygen molecules in a single step, then a plot
of log Y

1−Y versus log[po2] would be a straight line with a slope of n = 4 ( called

a Hill plot) and an intercept on the log[po2] axis of log p50 (see Figure 4). We can
also write, if n = 1 in Eq. (26), then it becomes the same result, if the protein
is a monomer and Hill function reduces to hyperbolic function [4]. There are few
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Figure 3. Relationship between the partial pressure of oxygen
(pO2) and percentage saturation of the hemoglobin with oxygen.

Figure 4. Lineweaver Burk plot of Hemoglobin.

examples like Ribonuclease, hexokinase, glucokinase in which a single monomeric
enzyme show sigmoidal behavior, but cooperativity of these enzymes could not have
been generated by the interaction of subunits. This mechanism is known as Kinetic
cooperativity [15]. However, the Hill plot exhibits a sigmoidal shape (as shown in
Fig.3), indicating that binding occurs in stages, such that the oxygen affinity of
hemoglobin depends on the number of subunits in the tetramer that are already
oxygenated.



126 R. BHAT, M. A. KHANDAY

3. Discussion and Conclusion

A mathematical model has been established that describes the interaction be-
tween an oxygen molecule and the hemoglobin molecule. Hemoglobin is a tetrameric
protein and shows cooperativity i.e; consisting of four subunits and each subunit
binds with one oxygen molecule. Cooperativity is a fundamental specificity of var-
ious biochemical systems [24]. Different biochemical mechanisms can create ultra
sensitivity, including zero-order kinetics, second- and higher-order dependence on
enzyme concentration, positive feedback and protein translocation [9, 10]. In this
work, we have more focused on the role of mathematics on fractional saturation of
oxygen in hemoglobin. A number of simplifying hypothesis are available to explore
binding processes. In this case, we have introduced steady state hypothesis and
then setting time derivatives (eq.13) equal to zero and solve for the steady state
process. Although, this model provides a basis for understanding the S-shaped or
sigmoidal character binding curve but it also confirms that the nature of individual
binding sites (five binding states discussed above) does not account for sigmoid
behaviour. In Figure 3 plots of the free oxygen concentration (partial pressure of
oxygen) versus saturation (Y) exhibit a sigmoidal character and indicates that the
affinity of hemoglobin for the first oxygen molecule is less than the subsequent ones.
Figure 4 represents the Lineweaver Burk plot of hemoglobin. Furthermore, our the-
oretical results are a step towards understanding the role of differential equations
in cooperativity in relation with empirical models. A simple, straightforward and
a new method of estimating the fractional saturation of oxygen in haemoglobin is
derived in this paper. The role of mathematical tools have made the estimation
of oxygen transition from one state to another more realistic and reasonable. The
proposed model can be further extended by incorporating other parameters like
temperature dependent rate constants, flux of diffusion at various binding sites etc.
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