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Abstract

In this paper, we consider semi-slant submanifolds in a locally conformal Kaehler manifold
and a locally conformal Kaehler space form. We give inequalities for the length of the
second fundamental form and the mean curvature and, using Gauss and Codazzi equations,
we get many useful results in locally conformal Kaehler space form.
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1. Introduction

In 1990, B.Y. Chen introduced slant submanifolds of an almost Hermitian manifold [10,
11]. Since then, many geometers have studied slant submanifolds in various ambient spaces
[1,5,18]. Some generalizations of both slant and CR-submanifolds have also been defined
in different ambient spaces, such as semi-slant [6, 17,21, 22] and hemi-slant [19, 20, 22].
In 1994, N. Papaghiuc introduced the notion of a semi-slant submanifold in a Hermitian
manifold [17] which is a generalization of CR and slant submanifold [2,3,10,11,15,16]. In
particular, he considered this submanifold in a Kaehlerian manifold [17]. Then, in 2007, V.
A. Khan and M. A. Khan considered this kind of submanifold in a nearly Kaehler manifold
and obtained interesting results [13]. In this paper, we consider semi-slant submanifolds
in a locally conformal Kaehler manifold and a locally conformal Kaehler space form.

A Hermitian manifold M with structure (.J, §) is called a locally conformal Kaehler (an
l.c.K.) manifold if each point z € M has an open neighbourhood U with differentiable
function p : U — R such that §* = e_QPg‘U is a Kaehlerian metric on U, that is, V*J = 0,
where J is the almost complex structure, g is the Hermitian metric, V* is the covariant
differentiation with respect to ¢* and R is a real number space [12,23]. We recall the
following result [14]:
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Proposition 1.1. A Hermitian manifold M with structure (J,§) is an l.c.K.-manifold if
and only if there exists a global 1-form « which is called Lee form satisfying

do=0 (a: closed), (1.1)

and .
(Vv U = =4(, U)JV + §(V.U)F + g(JV,U)o* — (5, U)V (1.2)
for any V,U € M, where NV denotes the covariant differentiation with respect to §, of is

the dual vector field of o, the 1 form B3 is defined by B(X) = —a(JX), B is the dual vector
field of B and TM means the tangent bundle of M.

An lc.K.-manifold M(J,§,a) is called an lc.K.-space form if it has a constant holo-
morphic sectional curvature. Then, the Riemannian curvature tensor R with respect to
g of an l.c.K.-space form with the constant holomorphic sectional curvature c is given by
[14]

AR(X,Y, 2, W) = {g(X, W)g(Y, Z) — §(X, Z)§(¥, W) + g(JX,W)g(JY,Z)  (1.3)
—9(JX, Z)g(JY, W) = 2§(J X, Y)3(JZ, W)} + 3{P(X,W)3(Y, Z)
—P(X, Z2)g(Y, W) + g(X, W)

P(Y,2) = §(X, Z)P(Y, W)}
—P(X, W) (JY,Z)+ P(X,Z)§g(JY,W) — §(JX,W)P(Y, Z)
+3(JX, Z)P(Y, W) + 2{P(X,Y)3(J Z,W) + §(JX,Y ) P(Z, W)}
for any X,Y,Z,W € TM, where P and P are respectively defined by
- 1
P(X,Y) = =(Vxa)V = a(X)a(Y) + 5 [ o [* §(X, V), (1.4)
and .
P(X,)Y)=P(JX,Y) (1.5)
for any X,Y € TM, where || || is the length of the Lee form a.
From the above equation, we can easily have
P(JX,JY)=P(X,Y) (1.6)

for any X,Y € TM.

2. Semi-slant-submanifolds in an almost Hermitian manifold

In general, between a Riemannian manifold (M, §) and its Riemannian submanifold
(M, g), we know the Gauss and Weingarten formulas

VxY =VxY +0(X,Y), (2.1)

Vxé=—A¢X + Vxé (2.2)

for any X,Y € TM and & € T+M, where V is the covariant differentiation with respect
to g, o is the second fundamental form and A¢ is the shape operator or the fundamental

tensor of Weingarten with respect to £ [7-9]. The second fundamental form o and the
shape operator A are related by

9(AeY, X) = g(o(Y, X),§)
for any Y, X € TM and £ € T+ M.
A submanifold M is called totally geodesic if the second fundamental form vanishes on

M.
The Gauss equation is given by

R(X,Y,Z,W) = R(X,Y,Z,W) + g(o(X,W),0(Y, Z)) (2:3)
_g(U(X7 Z)? G(K W))?
for any X,Y,Z, W € TM, where R is the curvature tensor with respect to g.
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The Codazzi equation is given by

(R(X,Y)2Z)" = (Vxo)(Y, Z) = (Vyo)(X, Z) (2.4)
for any X,Y,Z € TM, where Vo is defined by
(Vxo)(Y,Z)=Vxo(Y,Z) - o(VxY,Z) - o(Y,VxZ) (2.5)

for any X,Y,Z € TM and (R(X,Y)Z)" means the normal part of R(X,Y)Z.

The second fundamental form is called parallel if it satisfies Vo = 0, identically.

_ Let M be an n-dimensional submanifold in an m-dimensional almost Hermitian manifold
M.

For a vector field X € TM, the angle between JX and TM is called the Wirtinger
angle of X [10].

A differentiable distribution DY :  — DY, on M is said to be a slant distribution if
for each U, € DY, the Wirtingar angle 6 of U, is constant for any = € M. In this case,
the Wirtingar angle is said to be the slant angle. In particular, if T M is slant, then the
submanifold is called a slant one. A slant submanifold is holomorphic (resp. totally real)
if its slant angle 6 = 0 (resp. 6 = 7). A slant submanifold is said to be proper if it is not
holomorphic nor totally real.

A submanifold M in M is called a semi-slant submanifold if there exists a differentiable
distribution D : x — D, C T, M on M satisfying the following conditions:

(i) D is holomorphic, i.e., JD, = D, for each z € M and
(ii) the complementary orthogonal distribution D : & — D, C T,M is slant with
slant angle 6, where T,, M means the tangent vector space of M at z [13,17].

Remark 2.1. [2-4,15,16] A semi-slant submanifold is a C' R-submanifold if the slant angle
is equal to 7.

A semi-slant submanifold M is said to be proper if it is neither C'R, nor holomorphic, nor
totally real.
In a submanifold M of an almost Hermitian manifold (M, .J,§), for any U € TM and
£ e THM, we write
JU =TU + FU, (2.6)

and
JE =1+ f¢, (2.7)
where TU (resp. FU) means the tangential (resp. normal) component of JU and t£ (resp.
f€) means the tangential (resp. normal) component of J&.
We can easily obtain the following formulas:

{T2+tF: —I, f’4+Ft=-I,

(2.8)
FT+ fF=0, tf+Tt=0.

For a semi-slant submanifold M of an almost Hermitian manifold M, the tangent bundle
TM and the normal bundle T+M of M are decomposed as

TM =D o D, (2.9)

and
M = FD? @ v, (2.10)
where v denotes the orthogonal complementary distribution of FD? in T M.

Now, we define a new orthonormal frame in M. Let M be a semi-slant submanifold with
distributions D and DY in an almost Hermitian manifold M and dim D = 2p, dimD? = ¢
and dim v = 2s. Then we take the following local frame in M:;

(1) {e1,e2,...,ep, €], €5, ..., e;j} is an orthonormal frame of D, where we put e] = Je; for
ie€{1,2,...p};
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(2) {e2p+1,€2p+2, -5 €2p4¢} is an orthonormal frame of D? such that Fegpi1, Feapyo, ..., Feapiqg
are orthogonal to TM and belong to FDY:

(3) {entq+15 €ntqr2s s Entatsr Cntgils Cntqias -+ Eniqts) 15 an orthonormal frame of v,
where €,y 1, = Jeniqia for a € {1,2,..., s}.

F€2
We put e} = P forany a € {1,2, ... and
p 2p+a y ) <y ,q
. [ Feaptall
then
(i) {e1,e2,...sep, €1, €5, ..., €5, €2p 11, €2p12, -y €2p4q) 1S an orthonormal frame of T'M

and
(1) {€3p115€3prs s Eoptgs Entatls Cntqr2s s Entqtss Cngils Crtqi2s -+ Cnbqts) 1S an
orthonormal frame of T-M. We call the above orthonormal frame of TM a gen-
eralized adopted frame of M and we denote it by
{615 €2, .., €2p, €2p4 1y -4y €ny oo Entqy Entgt1y o) Entgtsy - em}-

Remark 2.2. In particular, if our submanifold is a C'R-one, the generalized adapted
frame is adapted. Since, in our case, €3,,, # Jegptq for each a € {1,2,...,q}. So, we have

g(e§p+b7 e;erb) 7é g(€2p+b7 62p+a) for any a, be {17 27 (L2} Q}

3. Semi-slant submanifolds in an l.c.K.-space form

In this section, we consider the Riemannian curvature tensor of an l.c.K.-space form
using the generalized adopted frame which was defined in the last section.
With respect to the generalized adopted frame, we write

Rwup)\ = R(ewaeuveuaek) (31)

for any w,v, p, A € {1,2,...,m}.
Let M (c) be an l.c.K.-space form with the constant holomorphic sectional curvature c.
By virtue of (1.3) and (3.1), the Riemannian curvature tensor R, will be written as

4Rwuu>\ = C(gw)\guu - gw,ugu)\ + gw*)\gu*u - gw*ugu*)\ - 2§w*u§u*/\) (3'2)
+3(Pw)\gu,u - w,ugu)\ + Pl/,ugw)\ - Pw@wu) - pw)\f]zx*u + pwugu*/\a
- V,uf]w*)\ + PV)\gw*/J, + 2(sz/g,u*)\ + Pu)\gw*u)-
From now on, we use the generalized adapted frame.
The Riemannian curvature tensor R, with respect to the adapted frame is decom-

posed in (3.4) and (3.5) using the Gauss equation and the Codazzi equation, respectively.
In a semi-slant submanifold, we put

Jeq = Sofec + (FS). €, (3.3)
where S %, (resp. (FS),%€) is the D! ¢ TM (resp. FD? c T+ M) part of Je,. In

C
particular, if our submanifold is CR, then (S,*) = 04 and ((F'S)y*) = I,, where 04 (resp.
I,) denotes the g-th order 0 (resp. unit) matrix. Then we have from (1.3)

ARyjin = ARy jriens = c(0kndji — Okidin) + 3(Prndji — Pridjn
+ Pji0rn — Pjnoki),
ARpjin+ = 3(Pin+6ji — Pjn0ki) — Prix0n + PjixOgn — 2PijSin,
ARkjisn+ = c(6kndji — 6kibjn) + Pindji — Pridjn + Pjidn — Pjndi,
ARkj in = —c(Oki0jn + Okndji + 20ki0in) — 3(Pribjn + Pindki) + Pendji
+ PjiOn + 2(Prjdin + Pindij),
ARy jeip = 3(Prn0ji — Prix6jn) + Pjir O — PjnsOki — 2P0
ARyjia = 3(Pradji — Pjadii),
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ARyjira = —Prradji + Pjralyi,
ARpjvia = —3Pja0ki + Piralji + 2Ppa0kj, (3.4)
ARy j*ia = Pjadri — Prabji,
ARyjwiva = 3Pradji — Pjadki — 2Pialk;,
ARk j+ira = 3(Pya0ji — Pj+alki),
ARpcia = ARprciva = —C0kibea — 3(Piidca + Peadii) — Pri= Scas
4Rpeira = —COkiSca — 3Py Oca + PriSea + FPealyi,
2Rijba = Ri*j<ba = — Pij*Sha,
2Rjxba = Poabij + (Pj — Okj)Shas
4Rpcha = 3(Pradeb — Prvdea) — PiraSha + Pt Seh + 2PicSpa,
ARy cba = 3(Praeh — PrvOca) + PraSeh — PibSca — 2PkeSha,
4R geba = ¢(8dabeb — Savdet) + 3(Paadet + PevOda — Pabbea — Pealan)
+ ¢(SaaSeh — SavSca + 254eSva) — PaaSes — PepSaa
+ PipSea + PeaSab + 2(PacSha + PoaSac),
for any k,j,4,h € {1,2,...,p} and b,a € {2p +1,2p + 2,...,2p + ¢}, where we put Sp, =
g(Spec, eq), which is skew-symmetric and Py, = P(ep, €q) = Sp°Preq + (F'S)p  Perg.
Using (1.3) and the Codazzi equation, we obtain the following equations:
ARpjiar = 3(Pra0ji — PjarOri),
ARpji+ar = PjrarOki — Piear85i,
ARpjvigr = —3Pjrq+Ok;i + Prear8ji + 2Pixq 0,
ARpjvirar = 3Ppax0ji — PjaOgi — 2Pig+ 01,
ARy jrivar = 3(Pyrax0ji — PjraxOki),
2Rkjbar = 2Rk jbar = Prj(FS)pa,
2Rijvbar = (Prj — c01j)(FS)pa + PoasOkj,
4Rpycbar = 3Pra0ch — PrrarSep + Piry(FS)ca + 2Py c(FS)pas
AR cbar = 3Pya+0ct + Prar Sty — Pro(FS)ca — 2Py (FS)pas
ARgcva = c{(FS)aaSect — San(FS)ca — 2Sac(FS)pa}
+ 3(Paa*6cb — Pear0a) — PaarSev — Pep(FS)aa
+ Pap(FS)ca + Pea=Sap + 2{ Pac(F )0 + Pra» Sac},
4Ryjio = 3(Pradji — Pjalki),
4Ryjira = Pj*alki — Piadji,
ARy i0 = —3Pjalki + 2P alkj,
ARy 10 = 3Pradji — Pjadki — 2Pialk;, (3.5)
ARy jx v = 3(Piradji — Pjralki),
Rijoa = Rirjraa = 0,
2Rk a0 = — PaaOkj,
4Rpbac = 3Prabba — PrraShas
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4 Ribaa = 3Pk*aba + PraSba;

4Repaa = 3(Peadba — Poadea) + PeaSea — PoaxSea — 2Paa S,

ARyjior = 3(Pra0ji — PjorOki),

ARkjiror = Pjadki — Pradji,

ARy i0r = —3Pjalki — Pradji + 2Piadk;,

ARy it = 3Psar0ji — PjarOgi — 2P0k,

ARk jrirar = 3(Pradji — Pjadki),

Rijaar = Rijraar =0,

2Rkjv a0 = Paalkjy

4Rpbac = 3Pia+0pa — Pras Sha

ARy baa* = 3Pradba + Pras Sha,

4Repaar = 3(PeoOba — Poa0ca) = PeaSba + PoaSca — 2PaaSeh,
for any k,7 € {1,2,...,p}, ba € {1,2,...,q} and o € {1,2, ..., s}, where we put (FS)p, =
G(FS)p‘e;, ep).
4. The Gauss equations

Using (1.3) and (3.4), the Gauss equations in a semi-slant submanifold of M(c) are
given by
4Ryjin = c(Okn0ji — Okidjn) + 3(Prndji + Pjidkn — Pridjn — Pinoki)
+ 4{g(okn,0ji) — G(okis ojn) }s
4Ryjin = 3(Prn=0ji — Pjn=0ri) + Pjix O — Pri=djn — 2Ppj=0in
+ 4{g(okn=, 05i) — §(oiojn~},
4Rpjien = c(0kndji — Okidjn) + Prndji + Pjiokn — Pridjn — Pinori
+ 4{g(okn=, 0jix) — G(Oki=, Tjnx) },
4Ry ine = —c(0kndji + Okidjn + 205i0in) — 3(Pridjn + Pjndgi)
+ Pundji + Pjidpn + 2(Prjoin + Pindy;j)
+ 4 G(okne, 0j<i) + G(Oki, 0jix) }
4Ry jrihe = 3(Prnx0ji — Prix0jn) + PjixOpn — PjnOpi — 2Pin= 0
+ 4{g(ogn*, 0jvi+ — G(Oix, 0j+n=)},
ARy jrixnx = c(OknGji — Okidjn) + 3(Prndji + Pjidkn — Pridjn
- jhéki) + 4{Q(Uk*h*70'j*i*) — g(Uk*i*yaj*h*)};
4Rpjia = 3(Pradji — Pjadri) + 4{3(Oka> 0ji) — §(Oki, 0ja) },
4Rpjira = Pjradki — Pi=adji + 4 G(Okas 0jix) — §(Okix, 0ja) }
4R j%iq = *3Pj*a5ki + Pk*aéji + 2Pi*a5kj
+ 4{G(Oka> 7j%i) — G(Okis Tjra) }
4Rpji+a = 3Praji — Pjadki — 2Pia0k; (4.1)
+ 4 G(Oka, 04+ ) — G(Okix, Tjra) }s
ARy jrira = 3(Pyadji — Pjradpi) + HG(0k*as 0jix) — G(0k#ix, 0j=a) },
2Ryjba = — Prj<Toa + 2{G(0ka, ojb) — §(Okbs 0ja) },
2Rpjvba = Poadkj + (Pij — 0kj)Tha + 2{3(0kar 05+5) — §(0nir 0j+a)}
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2Rk jeba = —Prj*Toa + 2{G(0k+a; 0j+) — §(Okb,0j%a) },
4Rpeia = —COkibca — 3(Pridca + Peadki) — Prix Sca
+ H9(0kas 0ci) — G(Okis Oca) }»
ARpkeira = —CSeq — 3Pyirbca + PriSca + Pealki
+ 4{G(Okas Ocir) — G(Oki*; Oca) }
4R cirq = —COkiOca — 3(Pridca + PeaOki) — PrixSeca
+ Hg(Okas 0cix) — G(Ok*ix, Oca) }
4Rycba = 3(Pradeb — Prvdea) — PrraSba + PrpSep
+ 2P eSta + HG(0kas 0cb) — G(Okb, Oca) }5
4Rpxcha = 3(Prradcb — Prvca) — PraScb + PrpSea
— 2PcSpa + H3(0ka,0eb) — §(Okb, 0ca) }

4Rgeba = ¢(0dadeb — dapdea) + 3(Paader + Pevdda — Papdca — Peadan)
+ ¢(SdaSeb — SabSea + 254¢Sha) — PaaSes — PaSda + PapSca
+ PeaSap + 2(PieSa + PoaSac) + 4{3(0das ob) — §(0ab, 0ca) }

for any k,j,i,h € {1,2,...,p} and d,¢,b,a € {1,2,...,q}.

Using (4.1), we calculate the length of the second fundamental form and the mean

curvature.

The mean curvature tensor H and the norm of the mean curvature || H ||? are respectively

given by
1 & 9 1 &
= - E H — E
n :l%m |HI" = n2 A G(Tpp> oAx)

and the length ||o|| of the second fundamental form o is given by

n
||0-H2 = Z g UuAaUuA Z Z {g O-/D\aeT

wA=1 pwA=1r=n-+1
for any orthonormal frame of M.
From the Gauss equation, we have
Ryxn = Runux + 9(0uxn, o)) — G(0, 00
So we have

n
Z u)\,u)\_ ,u)\,u)\ _Ho—Hz QHHH2
A=1

n
The equation Z Ry ) 1s decomposed in
i A=1

n p
> Runux = Y {Rjiji + 2Rjijiv + Rjeirjoie }
=1 ji=1
q

p q
Z Z jaja + Rjzaj=a) + Y Rbaba-

a=1 b,a=1
Using (3.5) and (4.1), we obtam

A(Rjiji — Rjiji) = 4Rjiji — (851051 — 030ii) — 6(Pyidji — Pjsdii),

A(Rjirjir — Rjinjir) = ARjisji= + (81585 + 38:5)
+ 6(P;;0ii — Pjidji),

(4.2)

(4.3)

(4.4)

(4.5)
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A(Rjrixjriz — Rjeiejeie) = 4Rjeiijrix — (80051 — 6;50i1)
6(Pjidji — Pjjoii),
4(Rjaja — Rjaja) = 4Rjaja + ¢0;i0aa + 3(Pjjdaa + Paadis),
4(Rj+ajra = Rjrajra) = 4Rj aja + €8jj0aa + 3(Pjjdaa + Paajs),
4(Roaba — Roaba) = 4Rbaba — ¢(Spadba — 60b0aa) — 6(Poadba — Povdaa)
— ¢(Spa)® — 6PoaShas

for any j,i € {1,2,....,p} and b,a € {1,2,...,q}. From (4.6), we can easily obtain

p p
42 Jigi — ]Z]’L —4ZR]7,31+CP( _1 +6 _1 Z‘ij’
7,0=1 J,i=1 Jj=1
p
42 Ji* it T ]z Ji* —4ZR]Z *ge* +Cp(p+3)+6( - 1)2%%
jyi=1 Jyi=1 Jj=1
4 Z j*l*j*l* —_ ]*’L*]*Z* — 4 Z R]*Z*]*Z* + Cp( - ].)
7,0=1 7,0=1
p
— 1)) Py,
7j=1
P g R P4
4> > (Rjoja — Rjaja) =4 Y Rjaja + cpy
j=la=1 j=la=1

P q
3(qujj +pZPaa)7
j=1 a=1
P a ) P g
4> D (Rjrajra — Rjrajra) =43 Y Rjrajoa + Py

j= j=la=1

p q
3(qZF)jj + pZPaa)a
j=1 a=1

—_
S
—

q q q
43" (Rpaba — Rbaba) =4 Y Roava +cq(q —1) +6(q—1)> Py

b,a=1 b,a=1 b=1
q 9
—C Z (Sba>2 —6 Z PbaSba-
b,a=1 b,a=1

By virtue of (4.5) and the above equations, we obtain

n P
—4r + (n®> 4+ 4p — q)c +6(n — 1)ZPMM - GZij
p=1 j=

q q
—C Z (Sba)2 -6 Z RbaSba = 4{”0-”2 - n2||H||2}’

b,a=1 b,a=1

where r means the scalar curvature with respect to the induced metric on M.
Thus we have the following theorem:

Theorem 4.1. For a semi-slant submanifold in an l.c.K.-space form M(c), we have

(4.7)
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(I) The squared norm of the second fundamental form satisfies the following inequality

1 n
lo||? > 1{—4r+(n2—|—4p—q)c—|—6(n— I)ZPW (4.9)
pn=1

_GZPJJ — C Z Sba —6 Z PbaSba}

b,a=1 b,a=1

In particular, if the equality case of (4.9) holds, that the submanifold is minimal, i.e.
H=0.

(IT) The squared norm of the mean curvature vector field satisfies the following inequal-

ity
1 n
|H|? > m{4r—c(n2+4p—q)+6(n— 1) Py (4.10)
pn=1
2p q a
+6Y Pij+c > (Swa)’+6 Y. PraSeal-
7=1 b,a=1 b,a=1

In particular, if the equality case of (4.10) holds, then the submanifold is totally geodesic
and the scalar curvature r satisfies the following relation:

n

= A0 +4p— )e+ 6(n — DA (4.11)
2

q

_GZP]] —C Z Sba —6 Z PbaSba}

b,a=1 b,a=1

If our submanifold is CR, then Te, = 0 for any a € {1,2,...,q}. Thus we have the
following result:

Corollary 4.2. In a CR-submanifold in an l.c.K.-space form M(c), we have
(I) the squared norm of the second fundamental form o satisfies the following inequality

n 2p
1
|o]|? > 1{—47‘ + (n?4+4p — q)c+6(n — 1)ZPW - GZPN} (4.12)
p=1 =

In particular, if the equality case of (4.12) holds then the submanifold is minimal, i.e.
[H|| = 0.
(IT) The squared norm of the mean curvature vector field satisfies the inequality

2p
|H|? > {47“—c(n +4p—q)+6(n—1) ZPM#+6213]3} (4.13)
pn=1 7=1

In particular, if the equality case of (4.13) holds, then the submanifold is totally geodesic
and the scalar curvature r satisfies the following relation

n 2p
r= {0 +4p— q)e+ 6(n - D3P~ 63y} (4.14)
2 2
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5. The Codazzi equations
By virtue of (2.4) and (4.5), the Codazzi equation is written as

3(Pra+0ji — Pja=0ri) = HG((Vio)jiren) — §((Vio )i €5)},
Pjea6i — Prear0ji = H{G((Vio)jir, ) — (V0 )rix, €5)},
- 3P] a*ékz + Pk* *5jz + 2P7,*(1*6k?j - 4{9((v )J i€ a)

— 3((Vj=0)ri €)},
3Pra»8ji — PjaOpi — 2Piq» 0k = 4{G((Vio)jeix, €))
— G((V=0) ki, €3},
3(Prea*0ji — PjrarOri) = HG(Vie0)jeir, a*) — G((Vje0 )i, €5)},
P (FS)ba = 2{3((Vio)jv, a*) = G((V0) ks, €5},
(Prj — cOki) (FS)ba + Poa0r; = 2{5((Vi0) o, €5) — G(Vi+0 )b, €3)},
3Pyax0ch — ProraSep + Piov(FS)ea + 2P e(FS)pa
= 4{g((Vi0)ehs €3) = G((Veo )b, €3)},
3Pyra*0ch + Pra*Seb — PrvG(F'S)ea — 2Pre(FS)pa
= Hg(Vie0)ab, €5) — G((Veo)iens €5) )
cA(FS)daSeh — Sap(F'S)ca — 2Sac(F'S)pa} + 3(PaarOch — PearSap)
— PaarSes — Pay(FS)da + Pan(FS)ea + PearSav + 2(Peg(F S )pa
+ PoarSae) = Hg(Vao)ws €) — G((Veo)avs €5)
3(Pradji — Pjadki) = 4{G((Vio)ji,ea — G((Vj0)kir€a)},
Pra+0ji = Pja= 0 = H{G(Vio)jir, €a) — G((V;0)ki=» €a) }
3Pjas0ki — 2Pia+0; = HG(Vio)j+is €a) — §((Vi+0)kir€a)},
3Pradji — Pjadri — 2Pialk; = 4{G((Vio) v €a) — §(V+0 )i €a) },
3(PjarOki — Prar0ji) = Ha((Vi=0) jrixs €a) = G((Vj+0)krix, €a)},
3PraxOki — PjarOki — 2Pa+05; = 4{g(( Vka) v, €n)
— 9((Vj<0)ki=s €3)},
9((Vio)jasen) = §((Vjo)kas ) = 0,
Paadij = 2{3((Vi0)jas€6) = §((Vj+0)kas €5) },
§(Vi0)jrares) = §((Vj=0)pea, €3) = 0,
3Pra*0ba — PrarSha = 4{G(V0)pa, €5)
— 3((Vo0)rar€3)}
3Pradba + ProrSta = HI((Vi=0)bas €5) = 3((Vb0)krar €5)
3(PeaOba — Poar0ca) — PeaSta + PoaSea — 2PaaSch
= H{G((Veo)bas €) — G((Vo0)cas €3)}-

Let the second fundamental form o be parallel. Then we have from (5.1),
Pros = Pirgr =0, P =0,

(Pij — 03) (F'S)ba + {Sp°Pear + (FS)p°Pur g }o1j = 0,
Pk*b(FS)ca + 2Pk*C(FS)ba = O,

1215
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(5.2)
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Pio(FS)ca + 2Py (FS)pa = 0,
A (FS)daSet = Sav(F'S)ca — 25ac(FS)pa}
+ 3(Paa*Och — Peadap) — {Sa Pear + (F5)d" Pera)Tep
—{Sc Pep + (FS)c Perv} Faa + {Sa" Pev + (FS)d Pesp H(F'S) ca
4+ {ScPear 4 (FS) e Peorar }Sap + 2{Sd° Pec + (FS)d" Perc} Fia
+ {5 Pear + (F'S)p  Pesa+ }Sac = 0,
Pra = Pror = Paa = Paar =0,
for any k,j € {1,2,...,p}, bya € {1,2,....,q} and a € {1,2, ..., s}.
The 6 equations in (5.2) are denoted by (5.2); for i« = 1,...,6. The equation (5.2)y

means Pj«; = Py« = 0.
Next, we have from (5.2)3

(5.3)

- 1 2
Pba* = Sbcpca* + (FS)bcPc*a* = _*(Z Py — Cp)(FS)ba' (54)
i=1
Substituting the above equation into (5.2)3, we get
Prj = 0k, (5.5)
P
where we put v = %ZPM
i=1
From (5.2)4, we can easily get
Pieg = 0. (5.6)
The equation (5.2)5 means P,, = P,; = 0.
Substituting (5.3) into (5.2)g, we obtain
Y{(FS)daSet — Sab(FS)ca — 2Sac(FS)va} + 3(Paadch — Peardap) (5.7)
—Pep(FS)da + Pap(FS)ca + 2P4e(FS)pa = 0,
and, we get
~ 3
Pba = "}’Sba - m{P[)e* (FS)ae - Pae* (Fs)be} (58)

Substituting (5.7) into (5.6), we have

1
Piarbcty — Pearbap = _m[{Pce* (FS)p* = Ppex (FS) H(F'S)da (5.9)

_{Pde* (FS)be - Pbe* (FS)de}(FS)ca - Z{Pde* (Fs)ce - Pce* (FS)de}(FS)ba]'

Contraction of (5.8) by b and ¢ gives us
3
Pyor = _2(]27_5Pde* (FS)be(FS)da- (5'10)
The above equation means Py« = Py, = 0 for any b,a € {1,2,...,q}.
Therefore, we have the following theorem:

Theorem 5.1. If a semi-slant submanifold in an l.c.K.-space form M(C) has a parallel
second fundamental form, then the tensor field P, satisfies
Pi Py Pja Pjer Pja Pjar
P, = i i a a o o 5.11
() Pyi Pyrir Pyra Prar Pora Prror (5.11)
Pg;  Pgi= Pga  Pggx Py Pgor
Pﬁ*’i P,B*i* Pﬁ*a Pﬁ*a* Pﬁ*a Pﬁ*a*
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¥, 0 0 0 0 0
0 ’)/5]'1' 0 0 0 0
o o B, o0 0 0
N 0 0 0 Pyor Bpra Pprar |
0 0 0 Pse Pso Pio
0 0 0 Pgg Pso Pio

where we put

1 p
v =13Ps (5.12)

In particular, for a C'R-submanifold in the l.c.K.-space form M (¢), we know T' = 0,
Fe,* =€}, Pyy = Pyq and Pyy« = By, for any a,b € {1,2,...,q}. Moreover, (5.3) can be
written as

1 p
Py = —E(Z Pyi — cp)pa- (5.13)
=1

In (5.2)5, we put 7' = 0 and (F,*) = I, and we can easily obtain
Pyox = 0. (5.14)

Then, we have the following result:

Corollary 5.2. If a CR-submanifold in an l.c.K.-space form M(c) has a parallel second
fundamental form, then T =0 and Fe, = €], for any a € {1,2,...,q}. So, the tensor field
P,y satisfies the following condition
Py Pji+  Pja  Pjar  Pja  Pjar
Poi  Poir P Por Poa DPhar
P = 5.15
(Fu) Pyi Py Pyra Porar Pyra Prear (5.15)
Pg;  Pgi» Pga  Pgg» Pgo  Paor
PB*Z’ Pﬁ*i* Pﬁ*a Pﬁ*a* Pﬂ*a PB*OL*

'753‘1' 0 0 0 0 0

0 '75ji 0 0 0 0

10 0 —(v—¢)dpa 0 0 0
o 0 0 0 *(’Y - C)éba Pb*oc Pb*a*
0 0 0 Paa Pso  Ppor
0 0 0 Pgegr Pgeo  Paa
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