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ABSTRACT

In this article, we present some results concerning the harmonicity on the tangent bundle equipped
with the vertical rescaled metric. We establish necessary and sufficient conditions under which a
vector field is harmonic with respect to the vertical rescaled metric and we construct some examples
of harmonic vector fields. We also study the harmonicity of a vector field along with a map between
Riemannian manifolds, the target manifold is equipped with a vertical rescaled metric on its
tangent bundle. Next we also discuss the harmonicity of the composition of the projection map
of the tangent bundle of a Riemannian manifold with a map from this manifold into another
Riemannian manifold, the source manifold being whose tangent bundle is endowed with a vertical
rescaled metric. Finally, we study the harmonicity of the tangent map also the harmonicity of the
identity map of the tangent bundle.
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1. Introduction

The tangent bundle equipped with the Sasaki metric has been studied by many authors among them are:
Sasaki, S. [20], Crasmareanu, M. [4], Dombrowski, P. [6], Salimov, A., Gezer, A., Cengiz, N. [3, 10, 18] etc...
The rigidity of Sasaki metric has incited some geometers to construct and study other metrics on the tangent
bundle. Musso, E., Tricerri, F. [16] has introced the notion of Cheeger-Gromoll metric, this metric has been
studied also by many authors (see [1, 11, 21, 19]). There are other metrics on the tangent bundle that is studied
and published in articles (see for example [2, 22].

The main idea in this note consists in study of the harmonicity with respect to the vertical rescaled metric on
the tangent bundle [5]. We establish necessary and sufficient conditions under which a vector field is harmonic
(Theorem 3.3, Theorem 3.5 and Theorem 3.6 (case the real euclidean space)). We also construct some examples
of harmonic vector fields (Example 3.1, Example 3.2 and Example 3.3). After that we study the harmonicity
of the map σ : (M, g) −→)(TN,Hf ), x→ (Y ◦ ϕ)(x) where Y be a vector field on N (Theorem 3.7 and Theorem
3.8) and the map φ : (TM,Gf ) −→ (N,h), (x, u)→ ϕ(x) ( Theorem 3.9 and Theorem 3.10), ϕ : (M, g) −→ (N,h)
is a smooth map and (TN,Hf ) (resp (TM,Gf )) is a tangent bundle equipped with the vertical rescaled metric
on N (resp on M ). Finally, we study the harmonicity of the tangent map ( Theorem 3.11 and Theorem 3.12),
also the harmonicity of the identity map of the tangent bundle ( Proposition 3.2 and Theorem 3.13).

2. Preliminaries

Let Mm be an m-dimensional Riemannian manifold with a Riemannian metric g and TM be its tangent
bundle and the natural projection π : TM →M . A system of local coordinates (U, xi) in M induces on TM
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a system of local coordinates
(
π−1 (U) , xi, xi = yi

)
, i = m+ i = m+ 1, ..., 2m, where (yi) is the cartesian

coordinates in each tangent space TPM at P ∈M with respect to the natural base
{

∂
∂xi |P

}
, P being an arbitrary

point in U whose coordinates are (xi). Denote by Γkij the Christoffel symbols of g and by ∇ the Levi-Civita
connection of g. Let C∞(M) be the ring of real-valued C∞ functions on M and =rs(M) be the module over
C∞(M) of C∞ tensor fields of type (r, s). In particular, =1

0(M) denote the module over C∞(M) of C∞ vector
fields on M .

The Levi Civita connection ∇ defines a direct sum decomposition

T(x,u)TM = V(x,u)TM ⊕H(x,u)TM. (2.1)

of the tangent bundle to TM at any (x, u) ∈ TM into vertical subspace

V(x,u)TM = Ker(dπ(x,u)) = {ξi∂i|(x,u), ξ
i ∈ R}, (2.2)

and the horizontal subspace

H(x,u)TM = {ξi∂i|(x,u) − ξiujΓkij∂k|(x,u), ξ
i ∈ R}. (2.3)

where ∂i = ∂
∂xi , ∂i = ∂

∂yi .
Let X = Xi∂i be a local vector field on M . The vertical and the horizontal lifts of X are defined by

VX = Xi∂i, (2.4)
HX = = Xi{∂i − yjΓkij∂k}. (2.5)

For consequences, (H∂i,
V∂i)i=1,m is a local adapted frame on TTM .

Lemma 2.1. [6] Let (M, g) be a Riemannian manifold. The Lie bracket of vertical and horizontal vector fields is given by

1. [HX,Y H ] = H[X,Y ]− V(R(X,Y )u),

2. [HX,Y V ] = V(∇XY ),

3. [XV , Y V ] = 0,

for any vector fields X,Y on M , where R its tensor curvature of (M, g).

Consider a smooth map ϕ : (Mm, g)→ (Nn, h) between two Riemannian manifolds, then the second
fundamental form of ϕ is defined by

(∇dϕ)(X,Y ) = ∇ϕXdϕ(Y )− dϕ(∇XY ). (2.6)

Here ∇ is the Riemannian connection on M and ∇ϕ is the pull-back connection on the pull-back bundle
ϕ−1TN . If ∇dϕ = 0 then ϕ is called totally geodesic.

The tension field of ϕ is defined by
τ(ϕ) = traceg∇dϕ. (2.7)

The energy functional of ϕ is defined by

E(ϕ) =

∫
K

e(ϕ)vg, (2.8)

such that K is any compact of M , where vg is the canonical measure on M induced by g and

e(ϕ) =
1

2
traceg h(dϕ, dϕ) (2.9)

is the energy density of ϕ.
A map is called harmonic if it is a critical point of the energy functional. For any smooth variation {ϕt}t∈I of

ϕ with ϕ0 = ϕ and V =
d

dt
ϕt

∣∣∣
t=0

, we have

d

dt
E(ϕt)

∣∣∣
t=0

= −
∫
K

h(τ(ϕ), V )vg. (2.10)

Then ϕ is harmonic if and only if τ(ϕ) = 0. One can refer to [8, 9, 12, 14, 17] for background on harmonic maps.
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3. Vertical rescaled metric and Harmonicity.

3.1. Vertical rescaled metric

Definition 3.1. [5] Let (Mm, g) be a Riemannian manifold and f be a strictly positive smooth function on M .
We define the vertical rescaled metric Gf on the tangent bundle TM by

i)Gf (HX,HY ) = g(X,Y ),

ii)Gf (HX, VY ) = 0,

iii)Gf (VX, VY ) = fg(X,Y ),

for any vector fields X,Y on Mm.

Theorem 3.1. [5] Let (Mm, g) be a m-dimensional Riemannian manifold and ∇̃ be a Levi-Civita connection of
(TM,Gf ). Then, we have

i) ∇̃HX
HY = H(∇XY )− 1

2
V(R(X,Y )u),

ii) ∇̃HX
VY =

f

2
H(R(u, Y )X) + V(∇XY ) +

X(f)

2f
VY,

iii) ∇̃VX
HY =

f

2
H(R(u,X)Y ) +

Y (f)

2f
VX,

iv) ∇̃VX
VY =

−1

2
g(X,Y )H(grad f),

for any vector fields X,Y on Mm, where ∇ and R denotes respectively the Levi-Civita connection and the curvature
tensor of (Mm, g).

3.2. Harmonicity of a vector field ξ : (M, g) −→ (TM,Gf )

Lemma 3.1. [14, 15] Let (Mm, g) be a Riemannian manifold. If X,Y are vector fields on Mm and (x, u) ∈ TM such
that Yx = u, then we have:

dxY (Xx) = HX(x,u) + V(∇XY )(x,u).

Lemma 3.2. Let (Mm, g) be a Riemannian manifold and (TM,Gf ) its tangent bundle equipped with the vertical rescaled
metric. If ξ is a vector field on Mm, then the energy density associated to ξ is given by:

e(ξ) =
m

2
+
f

2
traceg g(∇ξ,∇ξ). (3.1)

Proof. Let (x, u) ∈ TM , ξ be a vector field on Mm, ξx = u and {Ei}i=1,m be a local orthonormal frame on M at
x, then:

e(ξ)x =
1

2
traceg G

f (dξ, dξ)(x,u)

=
1

2

m∑
i=1

Gf (dξ(Ei), dξ(Ei))(x,u)

Using Lemma 3.1, we obtain:

e(ξ) =
1

2

m∑
i=1

Gf (HEi + V(∇Eiξ),HEi + V(∇Eiξ))

=
1

2

m∑
i=1

[
Gf (HEi,

HEi) +Gf (V(∇Eiξ), V(∇Eiξ))
]

=
1

2

m∑
i=1

[
g(Ei, Ei) + fg(∇Eiξ,∇Eiξ)

]
=

m

2
+
f

2
traceg g(∇ξ,∇ξ).
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Theorem 3.2. Let (Mm, g) be a Riemannian manifold and (TM,Gf ) its tangent bundle equipped with the vertical
rescaled metric. If ξ is a vector field on Mm, then the tension field associated to ξ is given by:

τ(ξ) = H
(
traceg

(
R(ξ,∇ξ) ∗ −1

2
g(∇ξ,∇ξ)grad f

))
+ V
(
traceg

(
∇2ξ + d(ln f)(∗)∇ξ

))
. (3.2)

where ∇2ξ = ∇∇ξ −∇∇ξ.

Proof. Let (x, u) ∈ TM , ξ be a vector field on Mm, ξx = u and {Ei}i=1,m be a local orthonormal frame on Mm,
then

τ(ξ)x = traceg (∇dξ)x

=

m∑
i=1

(
∇ξEidξ(Ei)− dξ(∇EiEi)

)
x

where ∇ξ is the pull-back connection.

τ(ξ)x =

m∑
i=1

(
∇̃dξ(Ei)dξ(Ei)

)
(x,u)

− dxξ(∇EiEi)x

=

m∑
i=1

(
∇̃(HEi+V(∇Eiξ))(

HEi + V(∇Eiξ))− H(∇EiEi)− V(∇(∇EiEi)ξ)
)

(x,u)

=

m∑
i=1

(
∇̃HEi

HEi + ∇̃HEi
V(∇Eiξ) + ∇̃V(∇Eiξ)(Ei)

H + ∇̃V(∇Eiξ)
V(∇Eiξ)− H(∇EiEi)− V(∇(∇EiEi)ξ)

)
(x,u)

.

Using Theorem 3.1, we obtain

τ(ξ) =

m∑
i=1

(
H(∇EiEi)−

1

2
V(R(Ei, Ei)ξ) +

f

2
H(R(ξ,∇Eiξ)Ei) + V(∇Ei∇Eiξ) +

1

2f
Ei(f)V(∇Eiξ)

+
f

2
H(R(ξ,∇Eiξ)Ei) +

1

2f
Ei(f)V(∇Eiξ)−

1

2
g(∇Eiξ,∇Eiξ)H(grad f)

)
− H(∇EiEi)− V(∇(∇EiEi)ξ)

=

m∑
i=1

H
(
f(R(ξ,∇Eiξ)Ei)−

1

2
g(∇Eiξ,∇Eiξ)grad f

)
+ V
(
∇Ei∇Eiξ −∇(∇EiEi)ξ +

1

f
Ei(f)∇Eiξ

)
= H

(
traceg

(
R(ξ,∇ξ) ∗ −1

2
g(∇ξ,∇ξ)grad f

))
+ V
(
traceg

(
∇2ξ +

1

f
df(∗)∇ξ

))
.

Theorem 3.3. Let (Mm, g) be a Riemannian manifold and (TM,Gf ) its tangent bundle equipped with the vertical
rescaled metric. If ξ is a vector field on Mm, then ξ is harmonic vector field if and only the following conditions are
verified

traceg
(
R(ξ,∇ξ) ∗ −1

2
g(∇ξ,∇ξ)grad f

)
= 0, (3.3)

traceg
(
∇2ξ + d(ln f)(∗)∇ξ

)
= 0. (3.4)

Proof. The statement is a direct consequence of Theorem 3.2.

Corollary 3.1. Let (Mm, g) be a Riemannian manifold and (TM,Gf ) its tangent bundle equipped with the vertical
rescaled metric. Then any parallel vector field on Mm is harmonic.

Example 3.1. Let R2 be endowed with the Riemannian metric

g = e2xdx2 + e2ydy2.

The vector field ξ = e−x∂x + e−y∂y is harmnic. Indeed, It is enough to set u = ex and v = ey to get the euclidean
metric g = du2 + dv2 and ξ = ∂u + ∂v which is trivially parallel.
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Example 3.2. Let R3 be endowed with the cylindrical Riemannian metric given by:

g = dr2 + r2dθ2 + dz2.

The non-null Christoffel symbols of the Riemannian connection are:

Γ2
12 = Γ2

21 =
1

r
, Γ1

22 = −r,

then we have,

∇∂r∂θ = ∇∂θ∂r =
1

r
∂θ, ∇∂θ∂θ = −r∂r, ∇∂r∂r = ∇∂r∂z = ∇∂z∂r = ∇∂θ∂z = ∇∂z∂θ = ∇∂z∂z = 0,

the vector field ξ = sin θ∂r +
1

r
cos θ∂θ + ∂z is harmnic because ξ is parallel, indeed,

∇∂rξ = sin θ∇∂r∂r −
1

r2
cos θ∂θ +

1

r
cos θ∇∂r∂θ +∇∂r∂z = 0,

∇∂θξ = cos θ∂r + sin θ∇∂θ∂r −
1

r
sin θ∂θ +

1

r
cos θ∇∂θ∂θ +∇∂θ∂z = 0,

∇∂zξ = sin θ∇∂z∂r +
1

r
cos θ∇∂z∂θ +∇∂z∂z = 0,

i.e ∇ξ = 0, then ξ is harmonic.

Proposition 3.1. Let (Mm, g) be a Riemannian manifold, (TM,Gf ) its tangent bundle equipped with the vertical
rescaled metric and ξ : (Mm, g)→ (TM,Gf ) is an isometric immersion if and only if ∇ξ = 0.

Proof. Let X,Y be vector fields. From Lemma 3.1 we have

Gf (dξ(X), dξ(Y )) = Gf (HX + V(∇Xξ),HY + V(∇Y ξ))
= Gf (HX,HY ) +Gf (V(∇Xξ), V(∇Y ξ))
= g(X,Y ) + fg(∇Xξ,∇Y ξ),

from which it follows that
Gf (dξ(X), dξ(Y )) = g(X,Y ).

Therefore, ξ is an isometric immersion if and only if

fg(∇Xξ,∇Y ξ) = 0,

which is equivalent to ∇ξ = 0.

As a direct consequence of Theorem 3.3 and Proposition 3.1, we obtain the following theorem.

Theorem 3.4. Let (Mm, g) be a Riemannian manifold, (TM,Gf ) its tangent bundle equipped with the vertical rescaled
metric. If ξ : (M,F, g)→ (TM,Gf ) is isometric immersion, then ξ is harmonic.

Theorem 3.5. Let (Mm, g) be a Riemannian compact manifold and (TM,Gf ) its tangent bundle equipped with the
vertical rescaled metric. If ξ is a vector field on Mm, then ξ is harmonic vector field if and only if ξ is parallel.

Proof. If ξ is parallel, from Corollary 3.1, we deduce that ξ is harmonic vector field.
Conversely, let ϕt be a variation of ξ defined by:

R×M −→ TxM

(t, x) 7−→ ϕt(x) = (1 + t)ξx

From lemma 3.2 we have:

e(ϕt) =
m

2
+

(1 + t)2f

2
traceg g(∇ξ,∇ξ)
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E(ϕt) =
m

2
V ol(M) +

(1 + t)2

2

∫
M

f traceg g(∇ξ,∇ξ)vg

If ξ is a critical point of the energy functional, then we have :

0 =
∂

∂t
E(ϕt)|t=0

=
∂

∂t

(m
2
V ol(M) +

(1 + t)2

2

∫
M

f traceg g(∇ξ,∇ξ)vg
)
t=0

=

∫
M

f traceg g(∇ξ,∇ξ)vg

which gives
g(∇ξ,∇ξ) = 0,

Hence, it follows that ∇ξ = 0.

Example 3.3. The torus T 2 = S1 × S1 (Riemannian compact 2-dimensional manifold) equipped with the
product of canonical metric:

g =
4

(1 + x2)2
dx2 +

4

(1 + y2)2
dy2.

The non-null Christoffel symbols of the Riemannian connection are:

Γ1
11 =

−2x

1 + x2
, Γ2

22 =
−2y

1 + y2

then we have,

∇∂x∂x =
−2x

1 + x2
∂x, ∇∂x∂y = ∇∂y∂x = 0, ∇∂y∂y =

−2y

1 + y2
∂y.

The vector field ξ = (1 + x2)∂x + (1 + y2)∂y is harmonic if and only if ξ is parallel, indeed

∇∂xξ = 2x∂x + (1 + x2)∇∂x∂x + (1 + y2)∇∂x∂y = 0,

∇∂yξ = (1 + x2)∇∂y∂x + 2y∂y + (1 + y2)∇∂y∂y = 0,

i.e ∇ξ = 0, then ξ is harmonic.

Remark 3.1. In general , using Corollary 3.1 and Theorem 3.5, we can construct many examples for harmonic
vector fields.

Theorem 3.6. Let (Rm, <,>) the real euclidian space and TRm its tangent bundle equipped with the vertical rescaled
metric. If ξ = (ξ1, · · · , ξm) is a vector field on Rm, then ξ is harmonic if and only if the following conditions are verified

ξ = constant or f = constant, (3.5)
m∑
i=1

( ∂2ξk

∂(xi)2
+

1

f

∂f

∂xi
∂ξk

∂xi

)
= 0. (3.6)

for all k = 1,m.

Proof. Let { ∂
∂xi }i=1,m be a canonical frame on Rm. Using Theorem 3.3, we have

(3.3) ⇔ traceg
(
g(∇ξ,∇ξ)grad f

)
= 0

⇔
m∑
i=1

g(∇ ∂

∂xi
ξ,∇ ∂

∂xi
ξ) = 0 or grad f = 0

⇔
m∑
i=1

m∑
j=1

(∂ξj
∂xi
)2

= 0 or f = constant

⇔ ∂ξj

∂xi
= 0 , for any i, j = 1,m or f = constant

⇔ ξ = constant or f = constant.
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(3.4) ⇔ traceg
(
∇2ξ +

1

f
df(∗)∇ξ

)
= 0

⇔
m∑
i=1

(
∇ ∂

∂xi
∇ ∂

∂xi
ξ +

1

f
df(

∂

∂xi
)(∇ ∂

∂xi
ξ) = 0

⇔
m∑
i=1

( m∑
k=1

( ∂2ξk

∂(xi)2

∂

∂xk
)

+
1

f

∂f

∂xi

m∑
k=1

(∂ξk
∂xi

∂

∂xk
))

= 0

⇔
m∑
i=1

( ∂2ξk

∂(xi)2
+

1

f

∂f

∂xi
∂ξk

∂xi

)
= 0,

for all k = 1,m.

Corollary 3.2. Let (Rm, <,>) the real euclidean space and TRm its tangent bundle equipped with the vertical rescaled
metric. If f is a constant function, then ξ = (ξ1, · · · , ξm) is a harmonic vector field on Rm if and only if for all k = 1,m,
ξk is a real harmonic function on Rm.

Corollary 3.3. Let (Rm, <,>) the real euclidean space and TRm its tangent bundle equipped with the vertical rescaled
metric. If f is not a constant function, then ξ = (ξ1, · · · , ξm) is a harmonic vector field on Rm if and only if ξ is constant.

3.3. Harmonicity of the map σ : (M, g) −→ (TN,Hf )

Lemma 3.3. Let ϕ : (Mm, g)→ (Nn, h) be a smooth map between Riemannian manifolds and

σ : M −→ TN

x 7−→ (Y ◦ ϕ)(x) = (ϕ(x), Yϕ(x))

a smooth map, such that Y be a vector field on N . Then

dσ(X) = H(dϕ(X)) + V(∇ϕXσ)

for any vector field X on M .

Proof. Let x ∈M and v ∈ Tϕ(x)N , such that v = Yϕ(x), for any vector field X on M . Using Lemma 3.3, we obtain

dxσ(Xx) = dx(Y ◦ ϕ)(Xx)

= dϕ(x)Y (dxϕ(Xx))

= H(dϕ(X))(ϕ(x),v) + V(∇dϕ(X)Y )(ϕ(x),v)

= H(dϕ(X))(ϕ(x),v) + V(∇ϕXσ)(ϕ(x),v).

Theorem 3.7. Let ϕ : (Mm, g)→ (Nn, h) be a smooth map between Riemannian manifolds, f be a strictly positive
smooth function on N and (TN,Hf ) the tangent bundle of N equipped with vertical rescaled metric. Let

σ : M −→ TN

x 7−→ (Y ◦ ϕ)(x) = (ϕ(x), Yϕ(x))

be a smooth map, such that Y be a vector field on N . The tension field of σ is given by

τ(σ) = H
(
τ(ϕ) + traceg

(
fRN (σ,∇ϕσ)dϕ(∗)− 1

2
h(∇ϕσ,∇ϕσ)grad f

)
+V
(
traceg

(
(∇ϕ)2σ +

1

f
dϕ(∗)(f)∇ϕσ

))
, (3.7)

where (∇ϕ)2σ = ∇ϕ∇ϕσ −∇ϕ∇σ.
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Proof. Let x ∈M and {Ei}i=1,m be a local orthonormal frame on M at x,
σ(x) = (ϕ(x), v) and v = Yϕ(x) ∈ Tϕ(x)N . Using lemma 3.3, we have

τ(σ)x = traceg (∇dσ)x

=

m∑
i=1

(
∇σEidσ(Ei)− dσ(∇EiEi)

)
x

=

m∑
i=1

(
∇TNdσ(Ei)

dσ(Ei)− H(dϕ(∇EiEi))− V(∇ϕ∇EiEiσ)
)

(ϕ(x),v)

=

m∑
i=1

(
∇TN(H(dϕ(Ei))+V(∇ϕEiσ))(

H(dϕ(Ei)) + V(∇ϕEiσ))− H(dϕ(∇EiEi))− V(∇ϕ∇EiEiσ)
)

(ϕ(x),v)

=

m∑
i=1

(
∇TNH(dϕ(Ei))

H(dϕ(Ei)) +∇TNH(dϕ(Ei))
V(∇ϕEiσ) +∇TNV(∇ϕEiσ)

H(dϕ(Ei)) +∇TNV(∇ϕEiσ)
V(∇ϕEiσ)

−H(dϕ(∇EiEi))− V(∇ϕ∇EiEiσ)
)

(ϕ(x),v)
.

From the theorem 3.1, we obtain

τ(σ) =

m∑
i=1

(
H(∇Ndϕ(Ei)

dϕ(Ei))−
1

2
V(RN (dϕ(Ei), dϕ(Ei))σ) +

f

2
H(RN (σ,∇ϕEiσ)dϕ(Ei)) + V(∇Ndϕ(Ei)

∇ϕEiσ)

+
1

2f
dϕ(Ei)(f)V(∇ϕEiσ) +

f

2
H(RN (σ,∇ϕEiσ)dϕ(Ei)) +

1

2f
dϕ(Ei)(f)V(∇ϕEiσ)

−1

2
h(∇ϕEiσ,∇

ϕ
Ei
σ)H(grad f)− H(dϕ(∇EiEi))− V(∇ϕ∇EiEiσ)

)
=

m∑
i=1

(
H(∇ϕEidϕ(Ei))− H(dϕ(∇EiEi)) + fH(RN (σ,∇ϕEiσ)dϕ(Ei))−

1

2
h(∇ϕEiσ,∇

ϕ
Ei
σ)H(grad f)

+V(∇ϕEi∇
ϕ
Ei
σ)− V(∇ϕ∇EiEiσ) +

1

f
dϕ(Ei)(f)V(∇ϕEiσ)

)
= H

(
τ(ϕ) + traceg

(
fRN (σ,∇ϕσ)dϕ(∗)− 1

2
h(∇ϕσ,∇ϕσ)grad f

))
+V
(
traceg

(
(∇ϕ)2σ +

1

f
dϕ(∗)(f)∇ϕσ

))
.

From Theorem 3.7 we obtain.

Theorem 3.8. Let ϕ : (Mm, g)→ (Nn, h) be a smooth map between Riemannian manifolds, f be a strictly positive
smooth function on N and (TN,Hf ) the tangent bundle of N equipped with vertical rescaled metric. Let

σ : M −→ TN

x 7−→ (Y ◦ ϕ)(x) = (ϕ(x), Yϕ(x))

be a smooth map, such that Y be a vector field on N . Then σ is a harmonic if and only if the following conditions are
verified 

τ(ϕ) = −traceg
(
fRN (σ,∇ϕσ)dϕ(∗)− 1

2h(∇ϕσ,∇ϕσ)grad f
)
,

traceg
(
(∇ϕ)2σ + 1

f dϕ(∗)(f)∇ϕσ
)

= 0.
(3.8)

3.4. Harmonicity of the map φ : (TM,Gf ) −→ (N,h)

Lemma 3.4. Let (Mm, g) be a Riemannian manifold, f be a strictly positive smooth function on M and (TM,Gf ) its
tangent bundle equipped with the vertical rescaled metric. The tension field of the canonical projection

π : (TM,Gf ) −→ (M, g)

(x, u) 7−→ x
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is given by:

τ(π) =
m

2f
(grad f) ◦ π. (3.9)

Proof. Let (x, u) ∈ TM and (Ei)i=1,m be local orthonormal frame on M at x, we put Fi = 1√
f
Ei then(

HEi,
VFi
)
i=1,m

is a local orthonormal frame on (TM,Gf ) at (x, u).

τ(π) = traceGf∇dπ

=

m∑
i=1

(
∇πHEidπ(HEi)− dπ(∇̃HEi

HEi) +∇πVFidπ(VFi)− dπ(∇̃VFi
VFi)

)
=

m∑
i=1

(
∇dπ(HEi)dπ(HEi)− dπ(H(∇EiEi)−

1

2
V(R(Ei, Ei)u)) +∇dπ(VFi)dπ(VFi) +

1

2
g(Fi, Fi)dπ(H(grad f))

)
With dπ(VX) = 0 and dπ(HX) = X ◦ π, for any vector field X on M , then we find

τ(π) =

m∑
i=1

(
(∇Ei◦πEi ◦ π)− (∇EiEi) ◦ π

)
+

1

2f

m∑
i=1

g(Ei, Ei)dπ(H(grad f))

=

m∑
i=1

(
(∇EiEi) ◦ π − (∇EiEi) ◦ π

)
+

1

2f

m∑
i=1

g(Ei, Ei) (grad f) ◦ π

=
m

2f
(grad f) ◦ π.

Theorem 3.9. Let ϕ : (Mm, g)→ (Nn, h) be a smooth map between Riemannian manifolds, f be a strictly positive
smooth function on M and (TM,Gf ) the tangent bundle of M equipped with vertical rescaled metric. The tension field
of the map

φ : (TM,Gf ) −→ (N,h)

(x, u) 7−→ ϕ(x)

is given by:

τ(φ) = (τ(ϕ) +
m

2f
dϕ(grad f)) ◦ π. (3.10)

Proof. Let (x, u) ∈ TM and (Ei)i=1,m be local orthonormal frame on M at x and
(
HEi,

VFi
)
i=1,m

is a local
orthonormal frame on (TM,Gf ) at (x, u) where Fi = 1√

f
Ei. Since φ is written in the form φ = ϕ ◦ π, we have:

τ(φ)(x,u) = τ(ϕ ◦ π)(x,u)

= (dϕ(τ(π)) + traceGf∇dϕ(dπ, dπ))(x,u).

traceGf∇dϕ(dπ, dπ) =

m∑
i=1

(
∇ϕ
dπ(HEi)

dϕ(dπ(HEi))− dϕ(∇Mdπ(HEi)
dπ(HEi))

)
+

m∑
i=1

(
∇ϕ
dπ(VFi)

dϕ(dπ(VFi))− dϕ(∇Mdπ(VFi)
dπ(VFi))

)
With dπ(VX) = 0 and dπ(HX) = X ◦ π, for any vector field X on M , then we find

traceGf∇dϕ(dπ, dπ) =

m∑
i=1

(
∇ϕ(Ei◦π)dϕ(Ei ◦ π)− dϕ(∇MEi◦π(Ei ◦ π))

)
=

m∑
i=1

(
∇ϕEidϕ(Ei)− dϕ(∇MEiEi)

)
◦ π

= τ(ϕ) ◦ π,
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Using Lemma 3.4, we obtain:

τ(φ) = (τ(ϕ) +
m

2f
dϕ(grad f)) ◦ π.

Theorem 3.10. Let ϕ : (Mm, g)→ (Nn, h) be a smooth map between Riemannian manifolds, f be a strictly positive
smooth function on M and (TM,Gf ) the tangent bundle of M equipped with vertical rescaled metric. The map

φ : (TM,Gf ) −→ (N,h)

(x, u) 7−→ ϕ(x)

is a harmonic if and only if.

τ(ϕ) = −m
2f

dϕ(grad f).

3.5. Harmonicity of the tangent map

Let (Mm, g) (resp. (Nn, h)) be a Riemannian manifold and (TM,Gf1) (resp. (TN,Hf2)) its tangent bundle
equipped with the vertical rescaled metric, such that f1 (resp. f2) is a strictly positive smooth function on M
(resp. N ).

Lemma 3.5. [7] Let ϕ : (Mm, g)→ (Nn, h) be a smooth map between Riemannian manifolds. . The map ϕ induces the
tangent map

Φ = dϕ : TM −→ TN

(x, u) 7−→ (ϕ(x), dϕ(u))

and we have

dΦ
(
VX
)

= V
(
dϕ(X)

)
,

dΦ
(
HX
)

= H
(
dϕ(X)

)
+ V
(
∇dϕ(u,X)

)
.

for any vector field X on M .

Theorem 3.11. Let ϕ : (Mm, g)→ (Nn, h) be a isometric smooth map between Riemannian manifolds, then the tension
field associated to the tangent map
Φ : (TM,Gf1) −→ (TN,Hf2) is given by:

τ(Φ) = H
[
τ(ϕ) +

m

2f1

(
dϕ(gradMf1)− (gradNf2) ◦ ϕ

)
+traceg

(
(f2 ◦ ϕ)RN (dϕ(u),∇dϕ(u, ∗))dϕ(∗) ◦ ϕ− 1

2
h(∇dϕ(u, ∗),∇dϕ(u, ∗))(gradNf2) ◦ ϕ

)]
+V
[ 1

f2 ◦ ϕ
∇dϕ(u, gradM (f2 ◦ ϕ)) +

m

f1
∇dϕ(u, gradMf1)

)
+ traceg∇ϕ(∇dϕ(u, ∗))

]
. (3.11)

Proof. Let (x, u) ∈ TM , {Ei}i=1,m be a local orthonormal frame on M at x such that (∇MEiEi)x = 0 and(
HEi,

VFi
)
i=1,m

be a local orthonormal frame on (TM,Gf1) at (x, u) where Fi = 1√
f1
Ei, then

τ(Φ)(x,u) = traceGf (∇dΦ)(x,u)

=

m∑
i=1

(
∇TNdΦ(HEi)

dΦ(HEi)− dΦ(∇TMHEi
HEi) +∇TNdΦ(VFi)

dΦ(VFi)− dΦ(∇TMVFi
VFi)

)
(ϕ(x),dϕ(u))

.
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Using Lemma 3.5, we obtain:

τ(Φ)(x,u) =

m∑
i=1

(
∇TNH(dϕ(Ei))

H(dϕ(Ei)) +∇TNH(dϕ(Ei))
V(∇dϕ(u,Ei)) +∇TNV(∇dϕ(u,Ei))

H(dϕ(Ei))

+∇TNV(∇dϕ(u,Ei))
V(∇dϕ(u,Ei))− dΦ(∇TMHEi

HEi) +∇TNV(dϕ(Fi))
V(dϕ(Fi))− dΦ(∇TMVFi

VFi)
)

(ϕ(x),dϕ(u))

=

m∑
i=1

(
H(∇Ndϕ(Ei)

dϕ(Ei)) + f2
H(RN (dϕ(u),∇dϕ(u,Ei))dϕ(Ei)) + V(∇Ndϕ(Ei)

∇dϕ(u,Ei))

+
1

f2
dϕ(Ei)(f2)V(∇dϕ(u,Ei))−

1

2
h(∇dϕ(u,Ei),∇dϕ(u,Ei))

H(gradNf2)

+
1

2f1
g(Ej , Ei)

H(dϕ(gradMf1)) +
1

2f1
g(Ei, Ei)

V(∇dϕ(u, gradMf1))

− 1

2f1
h(dϕ(Ei), dϕ(Ei))

H(gradNf2)
)

(ϕ(x),dϕ(u))

From the isometry property of the map ϕ, we have

τ(Φ)(x,u) =

m∑
i=1

(
H
[
(∇Ndϕ(Ei)

dϕ(Ei))ϕ(x) + f2(ϕ(x))RNϕ(x)(dϕ(u),∇dϕ(u,Ei))dϕ(Ei)

−1

2
hϕ(x)(∇dϕ(u,Ei),∇dϕ(u,Ei))(grad

Nf2)ϕ(x) +
1

2f1(x)
gx(Ej , Ei)dϕ(gradMf1)x

− 1

2f1(x)
gx(Ei, Ei)(grad

Nf2)ϕ(x)

]
+V
[
(∇Ndϕ(Ei)

∇dϕ(u,Ei))ϕ(x) +
1

f2(ϕ(x))
(∇dϕ(u,Ei(f2 ◦ ϕ)Ei))ϕ(x)

+
1

2f1(x)
gx(Ei, Ei)(∇dϕ(u, gradMf1))x

])
= H

[
τ(ϕ)x +

m

2f1

(
dϕ(gradMf1)x − (gradNf2)ϕ(x)

)
+ traceg

(
f2(ϕ(x))RNϕ(x)(dϕ(u),∇dϕ(u, ∗))dϕ(∗)

−1

2
hϕ(x)(∇dϕ(u, ∗),∇dϕ(u, ∗))(gradNf2)ϕ(x)

)]
+V
[ 1

f2(ϕ(x))
∇dϕ(u, gradM (f2 ◦ ϕ))x +

m

2f1(x)
∇dϕ(u, gradMf1)x + traceg∇ϕ(∇dϕ(u, ∗))x

]
.

Theorem 3.12. Let ϕ : (Mm, g)→ (Nn, h) be a isometric smooth map between Riemannian manifolds, then the tangent
map Φ : (TM,Gf1) −→ (TN,Hf2) is harmonic if and only if

τ(ϕ) = − m

2f1

(
dϕ(gradMf1)− (gradNf2) ◦ ϕ

)
− traceg

(
(f2 ◦ ϕ)RN (dϕ(u),∇dϕ(u, ∗))dϕ(∗) ◦ ϕ

−1

2
h(∇dϕ(u, ∗),∇dϕ(u, ∗))(gradNf2) ◦ ϕ

)
, (3.12)

traceg∇ϕ(∇dϕ(u, ∗)) = − 1

f2 ◦ ϕ
∇dϕ(u, gradM (f2 ◦ ϕ))− m

f1
∇dϕ(u, gradMf1)

)
. (3.13)

Corollary 3.4. Let Φ : (TM,Gf1) −→ (TN,Hf2) be a the tangent map of isometric smooth map between Riemannian
manifolds ϕ : (Mm, g)→ (Nn, h). If ϕ is totally geodesic, then the tangent map Φ is harmonic if and only if

τ(ϕ) = − m

2f1

(
dϕ(gradMf1)− (gradNf2) ◦ ϕ

)
. (3.14)

3.6. Harmonicity of the identity map I : (TM,Gf1)→ (TM,Gf2)

Let (Mm, g) be a Riemannian manifold and (TM,Gf1) (resp. (TM,Gf2)) its tangent bundle equipped with the
vertical rescaled metric Gf1 (resp. Gf2), such that f1 (resp. f2) is a strictly positive smooth function on M .
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Proposition 3.2. Let (Mm, g) be a Riemannian manifold, then the tension field associated to the identity map
I : (TM,Gf1)→ (TM,Gf2) is given by

τ(I) =
m

2f1

H(grad (f1 − f2)).

Proof. Let (x, u) ∈ TM , {Ei}i=1,m be a local orthonormal frame on M at x and
(
HEi,

VFi
)
i=1,m

be a local

orthonormal frame on (TM,Gf1) at (x, u) where Fi = 1√
f1
Ei. If ∇̃ (resp. ∇) denote the Levi-Civita connection

of (TM,Gf1) (resp. (TM,Gf2)), then, we have

τ(I)(x,u) = traceGf1 (∇dI)(x,u)

=

m∑
i=1

(
∇IHEidI(HEi)− dI(∇̃HEi

HEi) +∇IVFidI(VFi)− dI(∇̃VFi
VFi)

)
(x,u)

.

τ(I) =

m∑
i=1

(
∇dI(HEi)dI(HEi)− dI(∇̃HEi

HEi) +∇dI(VFi)dI(VFi)− dI(∇̃VFi
VFi)

)
=

m∑
i=1

(
∇HEi

HEi − ∇̃HEi
HEi +∇VFi

VFi − ∇̃VFi
VFi
)

=

m∑
i=1

(
∇VFi

VFi − ∇̃VFi
VFi
)

=

m∑
i=1

(−1

2
g(Fi, Fi)

H(grad f2) +
1

2
g(Fi, Fi)

H(grad f1)
)

=
m

2f1

H(grad (f1 − f2)).

Theorem 3.13. Let (Mm, g) be a Riemannian manifold, then identity map I : (TM,Gf1)→ (TM,Gf2) is harmonic if
and only if f1 = f2 or f1 and f2 are constant functions.
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