(v\ec“omc Joy,,

©

INTERNATIONAL ELECTRONIC ]OURNAL OF GEOMETRY
VOLUME 15 NO. 1 PAGE 83-95 (2022)
DOI: HTTPS:/ /DOIL.ORG/10.36890/1E]G.1033998

\nterng, tio,)
%,

a
>
4;&99

\
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ABSTRACT

In this article, we present some results concerning the harmonicity on the tangent bundle equipped
with the vertical rescaled metric. We establish necessary and sufficient conditions under which a
vector field is harmonic with respect to the vertical rescaled metric and we construct some examples
of harmonic vector fields. We also study the harmonicity of a vector field along with a map between
Riemannian manifolds, the target manifold is equipped with a vertical rescaled metric on its
tangent bundle. Next we also discuss the harmonicity of the composition of the projection map
of the tangent bundle of a Riemannian manifold with a map from this manifold into another
Riemannian manifold, the source manifold being whose tangent bundle is endowed with a vertical
rescaled metric. Finally, we study the harmonicity of the tangent map also the harmonicity of the
identity map of the tangent bundle.
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1. Introduction

The tangent bundle equipped with the Sasaki metric has been studied by many authors among them are:
Sasaki, S. [20], Crasmareanu, M. [4], Dombrowski, P. [6], Salimov, A., Gezer, A., Cengiz, N. [3, 10, 18] etc...
The rigidity of Sasaki metric has incited some geometers to construct and study other metrics on the tangent
bundle. Musso, E., Tricerri, F. [16] has introced the notion of Cheeger-Gromoll metric, this metric has been
studied also by many authors (see [1, 11, 21, 19]). There are other metrics on the tangent bundle that is studied
and published in articles (see for example [2, 22].

The main idea in this note consists in study of the harmonicity with respect to the vertical rescaled metric on
the tangent bundle [5]. We establish necessary and sufficient conditions under which a vector field is harmonic
(Theorem 3.3, Theorem 3.5 and Theorem 3.6 (case the real euclidean space)). We also construct some examples
of harmonic vector fields (Example 3.1, Example 3.2 and Example 3.3). After that we study the harmonicity
of the map o : (M, g) —)(TN,H’), x — (Y o ¢)(z) where Y be a vector field on N (Theorem 3.7 and Theorem
3.8) and the map ¢ : (TM,G¥) — (N, h), (z,u) — ¢(x) ( Theorem 3.9 and Theorem 3.10), ¢ : (M, g) — (N, h)
is a smooth map and (T'N, H') (resp (T M, G')) is a tangent bundle equipped with the vertical rescaled metric
on N (resp on M). Finally, we study the harmonicity of the tangent map ( Theorem 3.11 and Theorem 3.12),
also the harmonicity of the identity map of the tangent bundle ( Proposition 3.2 and Theorem 3.13).

2. Preliminaries

Let M™ be an m-dimensional Riemannian manifold with a Riemannian metric g and TM be its tangent
bundle and the natural projection 7 : TM — M. A system of local coordinates (U, z") in M induces on TM
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a system of local coordinates (w‘l (U), a2t = yl) ,i=m+i=m+1,..,2m, where (y°) is the cartesian

coordinates in each tangent space Tp M at P € M with respect to the natural base { 22; | p }, P being an arbitrary
point in U whose coordinates are («*). Denote by I'}; the Christoffel symbols of g and by V the Levi-Civita
connection of g. Let C°°(M) be the ring of real-valued C'*° functions on M and 7 (M) be the module over
C*>°(M) of C* tensor fields of type (r, s). In particular, S} (M) denote the module over C> (M) of C* vector
fields on M.

The Levi Civita connection V defines a direct sum decomposition

Tiw) TM = Vi iy TM & Hiy ) TM. 2.1)
of the tangent bundle to T'M at any (x, u) € TM into vertical subspace
Ve TM = Ker(dn(zu) = {0 zu), § € R}, (2.2)
and the horizontal subspace
Hiau)TM = {€0i|(w.u) = €W 0| o), € € R} 23)

where 9; = %, o= azi'

Let X = X'0; be a local vector field on M. The vertical and the horizontal lifts of X are defined by

VX = X'o, (2.4)
X = =XY0; —y'T};0:). (2.5)
For consequences, (99;,"0;) i~ is a local adapted frame on TT M.

Lemma 2.1. [6] Let (M, g) be a Riemannian manifold. The Lie bracket of vertical and horizontal vector fields is given by
1. [AX,YH) = HX,Y] - V(R(X,Y)u),
2. [MX,YV] =Y(VxY),
3. XV, YV] =0,

for any vector fields X,Y on M , where R its tensor curvature of (M, g).

Consider a smooth map ¢: (M™,g) — (N",h) between two Riemannian manifolds, then the second
fundamental form of ¢ is defined by

(Vdg)(X,Y) = VEdp(Y) — dp(VxY). 2.6)
Here V is the Riemannian connection on M and V¥ is the pull-back connection on the pull-back bundle
@ T N.If Vdp = 0 then ¢ is called totally geodesic.
The tension field of ¢ is defined by
T(p) = tracey Vdep. (2.7)
The energy functional of ¢ is defined by

B(e) = [ e, 29)
K
such that K is any compact of M, where v, is the canonical measure on A/ induced by g and
1
e(p) = itraceg h(de, dy) (2.9)
is the energy density of .

A map is called harmonic if it is a critical point of the energy functional. For any smooth variation {¢; },c of

d
pwithpg=pand V = P we have
d
—F
dt (t)

= /K h(r(¢), V)v,. (2.10)

Then ¢ is harmonic if and only if 7(¢) = 0. One can refer to [8, 9, 12, 14, 17] for background on harmonic maps.
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3. Vertical rescaled metric and Harmonicity.

3.1. Vertical rescaled metric

Definition 3.1. [5] Let (M™, g) be a Riemannian manifold and f be a strictly positive smooth function on M.
We define the vertical rescaled metric G/ on the tangent bundle TM by

i) GIEX YY) = g(X.Y),
i) G (EX,VY) = 0,
i) GY(VX,VY) = fe(X,Y),

for any vector fields X,Y on M™.

Theorem 3.1. [5] Let (M™,g) be a m-dimensional Riemannian manifold and ¥V be a Levi-Civita connection of
(TM,G7). Then, we have

DVaxy = H(VXY)f%V(R(X,Y)u),

i) VaxY = J;H(R(u,Y)X)—&—V(VXY)+XQ(;)VY,
i) Vvx Y = J;H(R(u,X)Y)JrYQ(JJ:)VX

) Vox"Y = Le(X,¥) (grad ),

for any vector fields X, Y on M™, where V and R denotes respectively the Levi-Civita connection and the curvature
tensor of (M™, g).

3.2. Harmonicity of a vector field ¢ : (M, g) — (T'M,G7)

Lemma 3.1. [14, 15] Let (M™, g) be a Riemannian manifold. If X, Y are vector fields on M™ and (x,u) € TM such
that Y, = u, then we have:

(wﬂ"/) :

Lemma 3.2. Let (M™, g) be a Riemannian manifold and (T M, GY) its tangent bundle equipped with the vertical rescaled
metric. If  is a vector field on M™, then the enerqy density associated to £ is given by:

o§) = 5+ Lirace,g(ve V) (.1)
Proof. Let (xz,u) € TM, £ be a vector field on M™, ¢, = u and {Ei}i:L—m be a local orthonormal frame on M at
z, then:
6(6)3? = %traceg Gf (d&, df)(w,u)
1 m
= 3 Z GY(d¢(Ey), d&(E:)) (z,u)
=1

Using Lemma 3.1, we obtain:

GI"E; + V(VE,€),"E; + V(VE,9)

DN | =

e€) =

1

-
Il

I
DN | =

[GT ("B, B + GT(V(VE.), "(VEE))]

-
Il

I
N | =

1

+ gtraceg g(VE,VeE).

7

| 3

O

dergipark.org.tr/en/pub/iejg


https://dergipark.org.tr/en/pub/iejg

Notes About a Harmonicity on the Tangent Bundle with Vertical Rescaled Metric

Theorem 3.2. Let (M™,g) be a Riemannian manifold and (TM,GY) its tangent bundle equipped with the vertical
rescaled metric. If € is a vector field on M™, then the tension field associated to £ is given by:

7€) = H(traceg (R(f, V) * —%g(vg, Vé)grad f)) + V(traceg (V2£ + d(In f)(*)Vg)) (3.2)

where V¢ = VVE — V.

Proof. Let (z,u) € TM, ¢ be a vector field on M™, £, = u and {Ez}z:m be a local orthonormal frame on M™,
then

T()e = traceg (Vdf),

m

= > (Vi (B — dE(V i, B)),

i=1

where V¢ is the pull-back connection.

() =

NE

(6d§(Ei)d§(Ei))(w7u) —d§(VE, Ei)x

-
Il
_

NE

(Vigsviws, ey ("B + V(VEE) - (Ve E) - (Vve,899) (aan
1

.
Il

NE

(Vi "B + Vi,V (V5,6) + Vvivs, o) (B + Vw0 (Ve — (Ve E) = (Vv B)E))

(-T,u) ’

-
Il
_

Using Theorem 3.1, we obtain

("(Vg,E;) - %V(R(Eiin)f) + gH(R(& Ve E) + " (VEVEE + %Ei(f)V(VEif)

() =

H(R(E, VEOE:) +

[z ol L0

1

= H(traceg (R(f, V) * —%g(Vf, Vf)gradf)) + V(traceg (V2£ + %df(*)Vf)).

.
Il

O

Theorem 3.3. Let (M™, g) be a Riemannian manifold and (TM,G7) its tangent bundle equipped with the vertical
rescaled metric. If £ is a vector field on M™, then £ is harmonic vector field if and only the following conditions are
verified

trace, (R(£7 V&) * —%g(Vg, Vé)grad f) =0, (3.3)
traceq (V€ 4+ d(In f)(x)VE) = 0. (3.4)
Proof. The statement is a direct consequence of Theorem 3.2. O

Corollary 3.1. Let (M™,g) be a Riemannian manifold and (TM,G/) its tangent bundle equipped with the vertical
rescaled metric. Then any parallel vector field on M™ is harmonic.

Example 3.1. Let R? be endowed with the Riemannian metric
g = e*®dx?® + e¥dy?.

The vector field { = e~ 0, + e~ Y0, is harmnic. Indeed, It is enough to set u = e and v = e? to get the euclidean
metric g = du® + dv? and £ = 9,, + 9, which is trivially parallel.

dergipark.org.tr/en/pub/iejg m
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Example 3.2. Let R? be endowed with the cylindrical Riemannian metric given by:
g =dr® +r2df* + dz°.
The non-null Christoffel symbols of the Riemannian connection are:
[, =13 = %’ [y = -7,
then we have,

1
Varag = Vaea,« = ;89, Vaeae = —T'ar, Vaﬁr = Vaﬁz = Vazar = Vagaz = Vazae = Vazaz =0,
the vector field £ = sin 00, + 1 cos 80y + 0. is harmnic because ¢ is parallel, indeed,
T

1 1
Vo, & = sinfVy 0, — o} cos 00y + - cosVy, 0p + Vg, 0, =0,
. 1 . 1
Vo,& = cosb0, +sinfVy,0, — - sin 00y + - cos0Vy,0p + Vp,0, =0,

1
Vazf — sin Gvaz&n + ; COS Hvaﬁe + Vazaz = 07

i.e V&€ =0, then ¢ is harmonic.

Proposition 3.1. Let (M™,g) be a Riemannian manifold, (T M, G7) its tangent bundle equipped with the vertical
rescaled metric and & : (M™, g) — (T M, G') is an isometric immersion if and only if V& = 0.

Proof. Let X,Y be vector fields. From Lemma 3.1 we have

G (d&(X), dg(Y)) GI X +Y(Vx€), Y + V(Vy))
GH"X, YY) + G ((Vx6), Y (VyE)

from which it follows that ‘
GI(de(X),dE(Y)) = g(X,Y).

Therefore, ¢ is an isometric immersion if and only if
f9(Vx& Vy€) =0,
which is equivalent to V¢ = 0. O
As a direct consequence of Theorem 3.3 and Proposition 3.1, we obtain the following theorem.

Theorem 3.4. Let (M™, g) be a Riemannian manifold, (T M, G/) its tangent bundle equipped with the vertical rescaled
metric. If € : (M, F, g) — (T M,GY) is isometric immersion, then ¢ is harmonic.

Theorem 3.5. Let (M™, g) be a Riemannian compact manifold and (TM,G') its tangent bundle equipped with the
vertical rescaled metric. If € is a vector field on M™, then & is harmonic vector field if and only if £ is parallel.

Proof. 1f ¢ is parallel, from Corollary 3.1, we deduce that ¢ is harmonic vector field.
Conversely, let ¢, be a variation of £ defined by:

RxM — T,M
(t,l’) — wt(z) = (1 + t)gz
From lemma 3.2 we have:

m  (L+1)2f
2 2

dergipark.org.tr/en/pub/iejg

traceg g(VE, VE)



https://dergipark.org.tr/en/pub/iejg

Notes About a Harmonicity on the Tangent Bundle with Vertical Rescaled Metric

Bl = gveon+ U2 [ frace, o(ve Ve,

If ¢ is a critical point of the energy functional, then we have :

0

0 = 3t (@t)‘t 0
0
= (vl + (V& V)

/ ftrace, g(VE, V),
M

which gives
9(VE,VE) =0,
Hence, it follows that V¢ = 0. O

Example 3.3. The torus 72 =S! x S! (Riemannian compact 2-dimensional manifold) equipped with the

product of canonical metric:
4 ) 4

e ™ T
The non-null Christoffel symbols of the Riemannian connection are:

dy?.

g:

O I R
11_1+x25 22_1+y2

then we have,

_ ]
Vo, 0 = 1+ 81;,V36—V,93—0 Vo, 0y = Try 5 0y.
The vector field ¢ = (1 + 22)9, + (1 + y?)d, is harmonic if and only if £ is parallel, indeed
Vo6 = 220, + (14 2°)Vs,0, + (1+y°)Vs,0, =0,
Vo, & = (1+2°)Vo, 0, +2y0, + (1+y*)Vs,0, =0

i.e V& =0, then ¢ is harmonic.

Remark 3.1. In general , using Corollary 3.1 and Theorem 3.5, we can construct many examples for harmonic
vector fields.

Theorem 3.6. Let (R™, <, >) the real euclidian space and TR™ its tangent bundle equipped with the vertical rescaled
metric. If € = (&1, -+ ,€™) is a vector field on R™, then & is harmonic if and only if the following conditions are verified

§ = constant or f = constant, (3.5)
o*¢k 1of og”
; (a( e o) =0 (3.6)
forall k =1,m.
Proof. Let {72 },_17 be a canonical frame on R™. Using Theorem 3.3, we have

(3.3) & trace, (g(V§,V§)grad f) =0

m

& Zg(vﬁg,vﬁg)zo or grad f =0

=1

m m
& ZZ 81’1 =0 or f = constant
=1 j=1
3 —
= i 0, foranyi,j =1,m or f = constant

& € = constant or f = constant.

dergipark.org.tr/en/pub/iejg


https://dergipark.org.tr/en/pub/iejg

A. Zagane & N.E.H. Djaa

(34) © trace, (V¢ + ldf(*)vg) =0

f
& 2 (Vv 2.8+ 5 (5)(V 2.0 =
i=1
m m 82§k a 1(3'f m aé‘k 6
& ;(E(a(ajl)2 ax’f)+f8:c1§(8x’axk)) 0
m 251@ 1 8f 8§k B
- ;(mw * $50 507) O
forall k =1,m. ]

Corollary 3.2. Let (R™, <, >) the real euclidean space and TR™ its tangent bundle equipped with the vertical rescaled
metric. If f is a constant function, then & = (£',--- ,£™) is a harmonic vector field on R™ if and only if for all k = 1, m,
¢* is a real harmonic function on R™.

Corollary 3.3. Let (R™, <, >) the real euclidean space and TR™ its tangent bundle equipped with the vertical rescaled
metric. If f is not a constant function, then & = (¢4, --- | £™) is a harmonic vector field on R™ if and only if  is constant.

3.3. Harmonicity of the map o : (M, g) — (TN, H')
Lemma 3.3. Let ¢ : (M™,g) — (N™, h) be a smooth map between Riemannian manifolds and

o:M — TN
z = (Yop)(r) = (p(2), Vo)

a smooth map, such that Y be a vector field on N. Then
do(X) = "(de(X)) + ¥(V§o0)
for any vector field X on M.
Proof. Letx € M and v € T, ()N, such that v = Y, (,), for any vector field X on M. Using Lemma 3.3, we obtain

dyo(Xy) = do(Yoo)(Xs)
= dy@)Y (dop(Xy2))
= Mde(X)) (@) + (Vo) Y ) (p()0)
= Mdo(X) (p@)0) + (VZO) (o))

O

Theorem 3.7. Let ¢ : (M™,g) — (N™, h) be a smooth map between Riemannian manifolds, f be a strictly positive
smooth function on N and (TN, HY) the tangent bundle of N equipped with vertical rescaled metric. Let

oc:M — TN
z — (Yop)(@) = (p(@), Yowm)

be a smooth map, such that Y be a vector field on N. The tension field of o is given by

(o) = H(T(gp) + traceg (fRN(a, V¥o)dp(*) — %h(v%, V¥o)grad f)
¢ 1 ¢
+V(tmceg((v Yo+ 2de(x)(1)V a)), (3.7)

where (V¥)?0 = V¥V¥0 — Vo.

E dergipark.org.tr/en/pub/iejg
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Proof. Let x € M and {E;},_1, be alocal orthonormal frame on M at z,

1,m

o(z) = (¢(z),v) and v = Y, () € Ty, N. Using lemma 3.3, we have

traceg (Vdo),

= > (Vg do(E) — do(Vir,E)),
1

7(0)s

.
Il

M

@
Il
—

(Vgol.\(lEl)dU(El) - H(d(p<vELE7f)) - V(VéEiEio-)>(<p(a:),v)

|
Amg

@
Il
-

(V{Hlydtﬂ(Ei))Jrv(vgi”))(H(d@(Ei)) + V(VELU)) a H(d(p(VE E’)) B V(V%El Eia))(so(:r),v)

Il
Amg

Il
-

(Vo (@ (ED) + Viipm,y (Vi) + Viy o (de(E) + Vifge 5" (VE,0)

K2

_H(d(p(va El)) - V(V%El E; U)) (e(z),v)"

From the theorem 3.1, we obtain

(o) = 3 (AN de(B) — (BN (do(By), dg(E)o) + 17

+pde(B)(DV(VE )+ SI(RN (0. VE 0ol ) + 52 4ol E)(1) (V5 0)

1
- 3h(V5,0,V5,0) grad f) ~ "dp(V s, B)) - (Y%, ,0))

(RN (0, V,0)dp(E:)) + (Vi) VE,0)

= > (V5 dpB) ~ Mdp(V e, B)) + RN (7, V5, 0)de(B) — Sh(VE, 0, V5, 0) (grad f)

=1

+VEVE0) =YV, 5,0) + (BN (VE,0))

= H(T(cp) + traceg (fRY (0, V¥0)dp(*) — %h(vwa, V¥éo)grad f))

@ 1 4
+V<traceg((v )2U+?dsﬁ(*)(f)v U))'

From Theorem 3.7 we obtain.

Theorem 3.8. Let ¢ : (M™, g) — (N™,h) be a smooth map between Riemannian manifolds, f be a strictly positive
smooth function on N and (TN, H') the tangent bundle of N equipped with vertical rescaled metric. Let

c:M — TN
z — (Yop)(2) = (p(), Yyw)

be a smooth map, such that Y be a vector field on N. Then o is a harmonic if and only if the following conditions are
verified

{ T(p) = —trace, (fRN(J, VPa)dp(*) — %h(vwa, V¥a)grad f),
(3.8)

traceg (V)20 + %dcp(*)(f)V‘Po) = 0.

3.4. Harmonicity of the map ¢ : (TM,G') — (N, h)

Lemma 3.4. Let (M™,g) be a Riemannian manifold, f be a strictly positive smooth function on M and (TM, G7) its
tangent bundle equipped with the vertical rescaled metric. The tension field of the canonical projection

T (TM,GT) — (M,g)
(x,u) — =

dergipark.org.tr/en/pub/iejg m
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is given by:
(M) = 37 (gradf)o (3.9)
(M) = 5 7 gra . .
Proof. Let (v,u) € TM and (E;),_1;; be local orthonormal frame on M at x, we put F; = -LE; then

Vi

("E;,VF;),_i— is alocal orthonormal frame on (T M, G') at (z, u).

1=

T(m) = tracegsVdr

= > (Vg dr("E;) — dn(Vag, "E;) + Vi dr(VF) — dn(Vvp, " F,))
1

i

(Van(ip,ydn(ME;) — dn("(V g, E;) — %V(R(Ez‘, E)u) 4+ Varvr,dr(VE;) + %Q(Fini)dW(H(grad )

M

i=1

With dn(VX) = 0 and dr(#X) = X o, for any vector field X on M, then we find

T = ; (VeionBiom) = (Vi Ei) o) + % ;Q(Ei, E;)dr("(grad f))
— ; ((VE%Ei) om—(Vg,E;)o 7r) + % ;g(Ei, E))(grad f)om
= ﬁ (grad f) o .

O

Theorem 3.9. Let o : (M™,g) — (N", h) be a smooth map between Riemannian manifolds, f be a strictly positive
smooth function on M and (T M, G') the tangent bundle of M equipped with vertical rescaled metric. The tension field
of the map

6:(TM,G") — (N,h)
(,u) — p(z)
is given by:
m

(9) = (rlp)+ 57 delgradf)) o (3.10)
Proof. Let (x,u) € TM and (E;),_1; be local orthonormal frame on M at z and (“E;,"F;),_;— is a local
orthonormal frame on (7'M, G/) at (x,u) where F; = %El Since ¢ is written in the form ¢ = ¢ o 7, we have:

T(¢)(m,u) = 7(90 © 7T)(ac,u)

= (dp(1(m)) + traceqs Vdp(dr, dr)) (g u)-

.MS;MS

traceqs Vdp(dm,dr) = (Vgﬂ(HEi)dcp(dw(HEi)) - dap(V%(HEi)dw(HEi)))

7

i=1

With dn(VX) = 0 and dr(#X) = X o, for any vector field X on M, then we find

traceqsVdp(dm,dn) = Z (V‘(PEiow)d@(Ei om) — dgo(V%oﬂ(Ei o))

dergipark.org.tr/en/pub/iejg
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Using Lemma 3.4, we obtain:

() = (r(p )+7d<ﬁ(gmdf))

O

Theorem 3.10. Let ¢ : (M™,g) — (N, h) be a smooth map between Riemannian manifolds, f be a strictly positive
smooth function on M and (T M, G7) the tangent bundle of M equipped with vertical rescaled metric. The map

¢: (TM,G7Y — (N,h)
(z,u) +— ()

is a harmonic if and only if.
T(p) = —7 dg(grad f).

3.5. Harmonicity of the tangent map

Let (M™, g) (resp. (N™, h)) be a Riemannian manifold and (TM,G1) (resp. (TN, H/?)) its tangent bundle
equipped with the vertical rescaled metric, such that f; (resp. f2) is a strictly positive smooth function on M
(resp. N).

Lemma 3.5. [7] Let ¢ : (M™,g) — (N, h) be a smooth map between Riemannian manifolds. . The map  induces the
tangent map

b=dp: TM — TN
(@,u) — (p(x), do(u))

and we have

d®("X) = M(dp(X)) + Y (Vde(u, X)).
for any vector field X on M.
Theorem 3.11. Let ¢ : (M™,g) — (N™, h) be a isometric smooth map between Riemannian manifolds, then the tension

field associated to the tangent map
®: (TM,G') — (TN, H'?) is given by:

(@) = "r(p)+ o " (dp(grad™ f1) — (grad™ f2) o o)
+traceg ((f2 ©)RN (dp(u), Vdp(u, *))do(x) o @ — %h(Vdcp(u, %), Vdo(u, ) (grad™ f) o ©)]
+V[f210 (decp(u,gmdM(fg o))+ %Vdcp(u, gradel)) + trace, V¥ (Vdp(u, x))]. (3.11)

Proof. Let (z,u) € TM, {E;},_1;; be a local orthonormal frame on M at x such that (V¥ Ei), =0 and
("Ei, VFi) ,_— be alocal orthonormal frame on (T'M, G'*) at (x,u) where F; = ——F;, then

Vi
T(®)(zu) = tracegs(Vd®) (g )

— ;(vggHEi)d@(HE) d®(Viig, "Ei) + Vagvp,yd®("F) = d®(VUE)) o)
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Using Lemma 3.5, we obtain:

m

() () = Z (VH (dp(E;)) Hdp(E:)) + VH(d<p(E Y(Vde(u, E)) + Vg(%dw(u,Ei))H(dSO(Ei))
=1
Vg, i) (VAP Ei) = d®(Vig "Ei) + Vi, (de(F)) — do(Vig F, Z)>(<,0(m) dp(w))

= Z ( (Vap(ende(Ei) + f2 (RN (dp(u), Vdp(u, Ei))de(E;)) + (Vi 5, Vdo(u, E;))
1

lh(Vdcp(u,Ei),Vdgo(u,Ei))H(gmdez)

+f2 de(E;)(f2)Y(Vde(u, E;)) — 5

1

+E9(Ejin)H(ds@(gmde1)) + 5 2f

_Tﬁh<d(p( i), d(p(Ei))H(gradNﬁ))

From the isometry property of the map ¢, we have

g(E;, E;) (Vdgo(u,gradel))

(p(2),dp(u))

m

@) = P ( (VI (2 d2(E))p@) + f2(o(x)) R, (dp(u), Vdo(u, E;))dp(E;)
=1
1 1

hw(z)(thP(ua E;), Vdg(u, E;))(grad” f2) () + mgz(EJ, Ey)de(grad™ f1)s

2f1( )gz(Eza E; )(gradeQ)cp('r)}

1

fa(p(2))
TC )gm<Ez, E)(Vdp(u, grad" f1)).])

= (e + 2 " (de(grad® 1), = (grad™ f2)p(ay) + tracey (f2(p(x)) Ry (dip(w), Vdi(u, *))dip(*)

(Vdo(u, Ei(f2 0 ©)E;)) p()

— 3ot (Vepli, 1), Vi) (grad £2) )

v 1
ier)

Vd<p(u7g7“adM(f2 °0¥))s + Vdp(u, gradel)m + tracey, VF (Vdo(u, *))I]

_m
2f1 (I)
O

Theorem 3.12. Let ¢ : (M™, g) — (N™, h) be a isometric smooth map between Riemannian manifolds, then the tangent
map @ : (TM,G) — (TN, H'2) is harmonic if and only if

() = —ﬁ (dp(grad™ fr) = (grad™ f2) o ) —trace((f2 © ) RY (dip(u), Vdp(u, #))dp(+) o ¢
—gh(VdSO(U, +), Vdip(u, %)) (grad™ f2) o ¢), (3.12)
trace, VO (Vde(u,*)) = 7 ! (dego(u,gradM(fg op)) — medgo(wgradel)). (3.13)
20 1

Corollary 3.4. Let & : (TM,G/') —s (TN, H'2) be a the tangent map of isometric smooth map between Riemannian
manifolds ¢ : (M™, g) — (N™, h). If ¢ is totally geodesic, then the tangent map ® is harmonic if and only if

m(p) = —T(dw(gmd f1) = (grad™ f2) 0 ). (3.14)

3.6. Harmonicity of the identity map I : (TM,G") — (T M, G/?)

Let (M™, g) be a Riemannian manifold and (7'M, G/1) (resp. (I'M, G’2)) its tangent bundle equipped with the
vertical rescaled metric G/t (resp. G/2), such that f; (resp. f2) is a strictly positive smooth function on M.
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Proposition 3.2. Let (M™, g) be a Riemannian manifold, then the tension field associated to the identity map
I:(TM,G") — (TM,G"?) is given by

7(I) = (grad(f1 12)).

2f
Proof. Let (z,u) € TM, {E;} be a local orthonormal frame on M at z and ("E;, E) — be a local
orthonormal frame on (T M, G't) at (z,u) where F; = ﬁEl If V (resp. V) denote the LeV1—C1V1ta connection

of (TM, G') (resp. (T M, G/2)), then, we have

i=1,m

T (zw) = tracegfl(VdI)(xvu)
= Z 5, dI(PE;) — dI(Vug, "E;) + Vi dI(VE) — dI(Vvg,". ))(M)
=1

(VarpydI("E;) — dI(V up, "E;) + Vg vy dI(VE) — dI(Vvg, ' F))

A
=
I

N
I
-

M

N
Il
—

(vHEl HEZ - %HEl HEl + vVFi VFi - €VF1.VF’L')

(Vvr,"F; = Vv, VF)

M

s
Il
—

(Sro(Fi B (grad f2) + L o(F, ) (grad f,))

I
EllvgE

= Hgrad (f1 = f2)).

o
g

O

Theorem 3.13. Let (M™, g) be a Riemannian manifold, then identity map I : (TM,G'1) — (TM, G2) is harmonic if
and only if f1 = fo or fi and fo are constant functions.
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