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1. Introduction

The fuzzy set was released in 1965 by the pioneer scientist Zadeh [1] as a class of objects with a continuum of grades of
membership. After Zadeh’s paper [1], many scientists employed the notion of fuzzy sets in many subjects of sciences such as
fuzzy metric space, fuzzy topology, fuzzy decisions, fuzzy set theory, etc. Kramosil and Michalek [2] paved a way for further
work by introducing the concept of fuzzy metric spaces which then modified by George and Veeramani [3]. After that, several
fixed point theorems were proved in fuzzy metric spaces.

Mustafa and Sims [4] brought out the concept of generalized metric space, shortly known as ¢-metric space, and came out
with interesting properties with its topology. Sun and Yang [5] also generalized the definition of fuzzy metric space in their way.
In 2016, Jeyaraman et al. [6] proved a result that lead to a unique common fixed point theorem with six weakly compatible
mappings in ¢-fuzzy metric spaces. We introduce a new three-step iteration process and show the convergence of the iteration
process to a unique fixed point using theorems under different conditions of contractive mappings on the ¢-fuzzy metric spaces
in the convex structure. Also, we investigate the data dependence result of this iterative process in the generalized ¢ - fuzzy
convex metric spaces.

2. Preliminaries

Definition 2.1. Let (X,¥,*) be a &-fuzzy metric space and I = [0, 1]. A continuous mapping A : X x X x I — X is said to be
a convex structure on X if for each (x,y,k) € X x X x I and u € X,

g(u7A(x7y’ k)7A(x7y’k)7t) Z kg(u"x’.?x’t) + (1 - k)M(u7y’y’t)
A space X together with a convex structure A is called a ¢-fuzzy convex metric space(4-FCMS).

Definition 2.2. Let X be a 4-FCMS. A nonempty subset C of X is said to be generalized convex if A(x,y,z;a1,a2,a3) € C
whenever (x,y,z;a1,a2,a3) € Cx Cx C x [0,1] x [0,1] x [0,1].
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Definition 2.3. Let (X,¥,%) be a ¥-FCMS. A mapping A: X x X x X x [0,1] x [0,1] — X is said to be ¥-fuzzy convex
structure on X if for each (x,y,z,a1,a2) € X x X x X x [0,1] x [0,1],a; > a and u,v € X,

g(uvvaA(xayaz;ah‘Q)vt) Z (al —ag)g(u,v,xj) + (1 _al)g(uﬂvvyvt) +a2%(u7v,z7t).

Lemma 2.4. Let a, be a nonnegative sequence in 9-FCMS and let p is a real number satisfying 0 < p < 1 and (€,)nen
is a sequence of positive numbers such that lim €,= 1, then for any sequence of positive numbers (€,)nen satisfying
n—oo

any1 > Pap+ €p,n=1,2,..., one has ,}i_{roloa" =1.

3. Main result

Theorem 3.1. Let C be a nonempty closed convex subset of a (X,9,*) complete 4-FCMS with A convex structure and
I': X — X be a mapping satisfying the following conditions:

9 (Tx, Ty, Tz,0) > {a19 (x,,2,1) + @29 (x,Tx,Tx,1) + 34 (y, Ly, Ty, 1) + as (2,12, Tz, 1) } (3.1
Sforall x,y,z € X where 0 < ay,az,a3,a4 < 1 and {x,}n>0 ie the iterative scheme given by

(i) xo € X, foralln €N,
(i) Xnt1 = ACyn, Ty, Tyn : Yoy W),
(iii) y, = A(Znarzmrxn : an;ﬁn)’
(iv) zn = A(Txy,x0, % 1 6,,0,) such that 1211 G (xn, T, Ixyyt) = 1 with {y }, {0}, {Bn} and {6,} C[0,1]
n—soo

Then {x, }n>0 ¢ -converges to unique fixed point p of I.
Proof: Suppose that I" satisfies condition (i)-(iv), we have
g(xnﬂ,p,lj,t) = g(A(FYnaFYnaFYM}/na%z)vpzpvt)

> {(Yn —}’n)g(ryn,[%[??l‘) + (1 - Yn)g(r)%,p»p?t) +Yng(FYn7p7p7t)}
> {alg(ymﬁ,pa[) +a2%()’nar)’nar)’na[) +03%(P,]5,Fﬁ,f) +a4%(p,p,1"p,t)}

= {19 (yn p: ;1) + @29 (Y, Ty, Ty t) + (a3 +aa)¥ (p, p,Tp,1) } (32)
and
G (pist) = (Al Dn s 0 B 5 ot )
> {(O‘n*Bn)g(znvljvljvl‘)+ (1 foc,,)%(l“zn,p,p,t) +ﬁn%(rxnapapvt)}
> {(an_Bn+al(1 —an))g(ZmIﬁPJ)+ﬁnalg(xmlj7ﬁvf)
+(1*an)a2%(znarzn7rzmt)+Bna2g(xn7rxn7rxmt)
+(1_(an_ﬂn))(a3+a4)g(pvrparpvt)} (3.3)
and
%(Zn,p,p,t) = g(A(rxmxn,rxn;emen)apapat)

2 {(1 - en(l —al))g(xmlj,ljvf) + ena2g(xnvrxnarxmt)

+6,(a3+a3)9 (5 Tp,Tp.1) | (3.4)
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Substituting (3.3) and (3.4) in (3.2), we obtain

G (%1, pipit) = al{(an —~But (1= a)ar) (1= 6a(1 =) (5, p. 1)

+9na2g(xnarxnarxnat) + 9}1(“3 +a4)£¢(p,1"p,1"p,t)) +ﬁna1%(xn,p,p,t)
+(1 - an)“Zg(ZnaFZmFZn;t) + ﬁnQZg(xn,Fmexmt)

+(1—= (0w —Bn)) (a3 +a4)5¢(P,FP,FPJ)} + a2 (Y0, Tyn, Tyn,1)

+(a3+as)¥(p,p,Tp,t)
—ar((on = Bo-+ (1= a)ar) (1= ,(1 =) + B ) S 3, 1)

+azg(Yn7FYn7r)’n7f) +ai ((1 - an)aZ)g(Zrhanal—‘Zl’ht)
+a; (((Xn — B+ (1 —ay)ar)6,az +Bna2)%(xn,l"xn,l"xn,t)

+{a1 {(Oén —Bu+ (1 —0t)ar)6,(az +as) + (1 — (ot — Bn)) (a3 +a4)}
+(as +a4)}£¢(p,p,rp,r)
Since ¢4 (p,I'p,I'p,t) = 1, we obtain,
G et popt) 2 {al [ (@ = Ba (1= ar)ar) (1= B (1 —a1)) + Bt | % (3 p. 1)
029 (3, T D) + a1 | (1= 0)as |9 (2, T, D2 )
+a; [(Otn =B+ (1—0y)ar)6,a +l3naz}g(xn,Fxn,Fxmt)}

In order to satisfy the conditions of Lemma 2.4, we take 8, €, and k;, as follows:

0<$6 =ay [((Xn — B+ (l — Oc,,)al)(l — Qn(l —al)) —l—ﬁnal] <1
& = {GZg(ymrymrymt) +a [(an - ﬁn + (1 - an)al) Onaz + ﬁnaZ]g(xmrxmrxmt)
+ai ((1 - an)“Z)g(Znaan;ert)}
Ko =9 (xn,p,pst).
Since
lim 4 (x,, Tx,, Ty, 1) = Um 4 (v, Ty, Dyyot) = lim 9(z,,, T2, T'z4,2) = 1
n—oo n—oo n—yoo
By Lemma 2.4, we have lim,_,o ¥ (X, p, p,1) = 1. O

t

1+9(x,y.2)
[y —z| + |z — x|. The G-fuzzy convex structure A is defined by A(x,y,z,a1,a2) = (a1 —az)x+ (1 —ay)y + axz and the self map
n n

I'(x)= % Clearly, (X,¥9 %) is a complete 9-FCMS. The sequences are defined by 04, = #, B = s Y= d

Example 3.2. Let X = [—1,1] and the & fuzzy metric is defined by 9 (x,y,z,t) = , where 4 (x,y,z) = |[x—y|+

i n+2 n+3 a
theta, = ——. Thus, the sequence {x, },>0 is satisfied all the conditions of the Theorem 3.1 and the sequence 4-converges to

n
unique fixed point 0 of T'.

Theorem 3.3. Let C be a non empty closed convex subset of a (X,9,x) complete 4-FCMS with A convex structure and
I': X — X be a mapping satisfying the following conditions:

9 (Fx, Iy, Iz, t) > {alg(x,y, 1)+ a9 (x,Tx,Tx,t) +a39 (y, Iy, I'y,t) + as¥9 (Tx,I'z,'z,¢) } (3.5)

forall x,y,z € X where 0 < aj,ap < %,ag,a4 €10, 1] and {x, }n>0 is given by

(i) xo € X,



148 Fundamental Journal of Mathematics and Applications

(ii) xpp1 = A(FYmFYmFYn : '}’ny')’n),
(iii) yn = A(zn, Tz, Ty : Oy, Br),

(iv) 7w = ATy, x,,Txy, 1 6,,,0,) with
(v) {6a}nz0 C [0, 3),

(vi) ﬁn < (1 - an)al <oy

Then {x, }n>0 converges to unique fixed point p of T.
Proof: Suppose that I satisfies condition (i) - (iv), we have
G (Xnr1,0:051) =G (DAY, DY, Dy Yos Ta) s s Do)
{08 =19 . 5,5.0) + (1= 19 (T, .5.0) + 1S (T, p.51) }
>{
{

> (W
a1 (yn, P, Dst) + @29 (yn, Uyn, Dyn,t) + a3 (p, p,I'p,1) +a454(15,15,1“15,t)}
( )

Cllg yn»papat +azg()’n,ryn,r)’n,t) + (Cl3 +a4)g(pvparpvt)} (36)

g(y’lvp.vp.vt) g(A(ZYHFZVhFxn’a’Hﬁn) p pa )

{(00=B)F (2 p.1.1) + (1 = ) (T2, p, 1) + B (T, o) }
{( _ﬁn+al(1 _azz))g<zn7p7p7t)+ﬁnalg(xn7ljapat)

+(1 an)aZg(Zna I'z,, an,t) + ﬁnGZg(xna Ixy, Fxnat)

+(1= (e — B) (a3 +a8)¥ (p.Tp,Tp,1) | (3.7

Y

Y

g(Zn7p'7p'7t) g( (Fxnaxnarxnven79ﬂ) p p7 )
(6n— 6,)9 (Txn, p, p, )+(1_en)g(xnaljaljvt)+9ng(rxn7p7pvt)}

1 _al )g(xmijJ) +9na2g(xn7rxn7rxn7t)

Y

r—’H;—’H

+6, (a3 +a4)€4(1ﬁ,1“1ﬁ,l“ﬁ,t)} (3.8)
Substituting (3.7) and (3.8) in (3.6), we have
g(anLl 7157177’) > a { (an - ﬁn + (1 - an)al) ((1 - 6’1(1 _al))g(xnapapat)

+9n92g(xn7rxn7rxn7t> + 671(“3 +a4)g(ljarparpaf)) +ﬁna1g(xnapapat)
+(1 - an)“Zg(Znarznarznvt) + BnQZg(memexnat)

+(1 - (an _ﬁn)) (a3 +Cl4)g(l7»rp»rp»t)} +a2g(ynvrynvrynvt)

+ (a3 +as)¥(p,p,Tp,1)
=a (((Xn —But+(1—0p)ar) (1 —6,(1—ay)) —l—ﬁnal)g(xmnp,t)

+a29 (yn, Tyn, Dynst) + a1 (1 = 0)a2) 9 (20, Tz, T, 1)
+ay ((a,, =B+ (1—ay)a;)6par + ﬁnaz)g(xml"xml"xmt)

+{ar[(0n—Bat (1= an)ar) Bafaz +as) + (1= (@ — B,)) (a3 +as)]

+((l3 +a4)}g(pvpvrpvt)
Since ¢4 (p,I'p,I'p,t) = 1, we obtain,
g(xn+lap7pat) > {al [(Otn — B+ (1— an)al) (1 —6,(1 _al)) +ﬁnal]g(xn7p7pvt)
+a254(ymrymryn,t)+a1 [(1 *an)GZ]g(Zn,FZn;Fth)

+a; [(ocn — B+ (11— Ocn)al) an+ﬁna2]%(xn,rxn,Fxn,t)} (3.9
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Continuing the process,
142
g(xnarxnarxnat) Z (] iZZ;>g(xnvavljat) (310)
142
g(ZnaFZVlaFZVHt) Z 4 g(zi’lapﬂpat)

1—2a,
14+2a L 1+42a

Z <1 —261;) (1 - 6’1(1 _al))g(x’hpap’t) + (l _2a;> enaZg(xnarxn;Fxnat)
1+2a L 1+2a L

> (152 ) 1= 01 =) e pp) (T ) Gt spips) Gl

142a o
G (Y0, T'yn, Tyn,t) Z( i)g(yman)

1 —2a2) { [((Xn — B+ (1— an)al) (1 —6,(1 —al))g(xn,p,p,t)

1+2a o 14+ 2a
+ /= 0 QZg(xnap Ds ) +Bnalg(xml?7pvf)+ﬁnaz =
1—2ap 1—2ay

. 1+2 .
g(xn7p7pat)+(l_an)a2(1_2;;) [(1_6n(1_a1))g(xﬂap7p7t)

1+2a;
), P 12
+<1202> GnQZg(xn»p,P,[) } (3 )

g(xlﬂ»lvpvpvt) Z {(al (an 7ﬁn+(1 7an)al)(l - Gn(l *(ll)g(xn,p,p,t)))

e (ifEZ;) ([@‘nﬁnm%)al)} [(19n<1a1>>+(1f§2)e,,a2}
1+§2) +(1— ap)az (if;;’;) (1= 6,(1—a))

(
+ (ij:) 9na2]> +a1((an—ﬁn+(1 —ay)ap) na2+ﬁna2) (i—i—Za])
)

Substituting (3.10), (3.11) and (3.12) in (3.9), we obtain,

+Bnalg(-xnvpapa ) + ﬁnaZ

2612

[(]_6n<1_al))+(l+2al Onaz >} (Xn, Py p7

g(xn+1,p,p,l) > {611 (O‘n_ﬁn+ (1 _an)al)(] —0,(1 _al)) +ﬁnal) +a (1—’—52;)

([(an—ﬁn+<1 —a)a)] [(1-6,(1=a)+ (1 ”‘“) 6.

1—2a>

- 1+2a 142a
an )+ Bras (o0t ) (1 oo (150

[(1 —0,(1—ay))+ <it§2;> 6,,(12}) +a1 (0 = Bu+ (1 — 0,)a1)6,a2

+PBaz) <1+§Z;> +ai(1—oy)a (1 +2a1) [(1—6,(1—a1))

1—-2ay
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G (Xns1,0,P,1) > ay (0 = Bu+ (1= a)ar) (1= 6,(1 —ar)) + Buar )4 (xn, p, ps1)

ta (Hm) (@Bt (1= cw)an) | (1 = (1~ 1) (50, 1)

1 —2a
(2 [t 1) 03 . )
+a; (lfial)ﬁnm%(xn,p pit)+ (ti?) Buas (xu, p. 1)
H @ () (1 0,1 - a) 9 i)

(1+201

3
1—2a ) (1 - an)ena%g(xn,lj,lj,t) +a; ((an _Bn + (1 - an)al)ena2+ﬁna2)
- 2

1+2611 L. ]+2611 o
(1 _zaz)g(xn>p7p7l)+al((l — 0)az) (1_2a2> (1= 6,(1—a1))¥4 (xXn, P, ps1)

1424, \? -
“+ai ((1 — Otn)az) <1 20;) 9na2g<xnapapat)'
Since
0 g{al((Ocn—Bn+(1—a,,)al)(l—en(l—al))+Bna]>
1+ 2a 1 +2a,
n — Pr 1-— 1— 1—
v (150 ([(al Bt (1= a)an)] (1= 6,01 ~a) + (1_za2> 6rc
o 14 2a; 1+ 2a;
+ﬁna1%(x”,p,p,t)+ﬁnaz(]_Zaz)+(1 (oM a2<1—2a2> —ar))
1424 1 +2a
+ (1 _2a2> 911“2}) +ar (0 — Bu+ (1 — o)ar) 6paz +ﬁna2) (1_202>
14 2a; 1+2a,
+a1 ((1-o4)az) (1_2a2) [(1 —6,(1—a1))+ (1—2@) 9,,612} } <1
By Lemma 2.4, we have lim, 0% (x,, p, p,t) = 1. =

4. Conclusion

In this paper, we obtain the sequence using three step iteration process and convergence of iteration process to unique fixed
point under conditions of contractive mappings on the G -fuzzy metric spaces in convex structure.
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