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ABSTRACT. The purpose of the present paper is to examine the zeros of R-
Bonacci polynomials and their derivatives. We obtain new characterizations
for the zeros of these polynomials. Our results generalize the ones obtained
for the special case r = 2. Furthermore, we find explicit formulas of the roots
of derivatives of R-Bonacci polynomials in some special cases. Our formulas
are substantially simple and useful.

1. INTRODUCTION

The problem finding a convenient method to determine the zeros of a polynomial
has a long history that dates back to the work of Cauchy [14]. Zeros of polynomials,
which can be real or complex conjugate, have been perhaps among the most popular
topics of study for centuries. When the historical development of polynomial studies
have been examined, in 2000 BC, the ancient Babylon Tribe living in Mesopotamia
stands out. This tribe knowing how to calculate positive roots is perhaps the best
example. Some recent applications of the theory of polynomials with symmetric
zeros can be found in [21]. This is a short review on the polynomials whose zeros
are symmetric either to the real line or to the unit circle. These kind polynomials
are very important in mathematics and physics (for more details see [21] and the
references therein). On the other hand, the open problem of determining the exact
number of zeros of a given polynomial on the unit circle was studied in [22]. Several
classes of polynomials with symmetric zeros are also discussed in detail.

2020 Mathematics Subject Classification. 11B39, 12E10, 30C15.

Keywords. R-Bonacci polynomial, symmetric polynomial, complex polynomial, complex zeros.
Hoznur.oztunckaymak@idu.edu.tr; “20000-0003-3832-9947
“nihal.ozgur@idu.edu.tr-Corresponding author; ““0000-0002-8152-1830.

(©2022 Ankara University
Communications Faculty of Sciences University of Ankara Series Al: Mathematics and Statistics

978



ON THE ZEROS OF R-BONACCI POLYNOMIALS 979

Fibonacci polynomials, a broad class of polynomials, were first described by Bel-
gian mathematician Eugene Charles Catalan (1814-1894), German mathematician
E. Jacobsthal and Lucas polynomials in 1970 by M. Bicknell. The starting point of
this polynomial class is based on well-known Golden Ratio and Fibonacci numbers,
which are still of great interest in the world of modern applied sciences and whose
new applications are still found (see, for instance, [1]- [16] and [18]- [20]). For any
positive real number x, the Fibonacci polynomials are defined by

Fopo (2) = aFny (z) + F (2),

with initial values Fy(z) = 0, Fi(z) = 1. In [10], V. E. Hoggat and M. Bicknell
are found explicitly the zeros of these polynomials using hyperbolic trigonometric
functions. The symmetric polynomials of the zeros of Fibonacci polynomials were
found by M. X. He, D. Simon and P. E. Ricci in [7]. Furthermore, in [§], the
location and distribution of the zeros of the Fibonacci polynomials were determined.
Fibonacci polynomials and their different properties have been examined (see, for
example, [3], |24], [25], and the references therein).

In this paper our aim is to examine the zeros of R-Bonacci polynomials and their
derivatives. R-Bonacci polynomials R, (z) are defined by the following recursive
equation in [9] for any integer n and r > 2 :

Rpyr(z) = xr_an-i-r—l (z) + xT_QRn+T—2 (z) + -+ Ry (v), (1)

with the initial values R_y(z) =0, k=0,1,--- ,;r —2, Ry(x) =1. Forr =2,3 in
the recurrence relation , R-Bonacci polynomials become the so called Fibonacci
and Tribonacci polynomials, respectively. Although, there are a large number of
publications regarding to Fibonacci polynomials and their generalizations (see [7]-
[9], [11] and [13]), the open expressions have not been found for the zeros of Tri-
bonacci polynomials and their derivatives yet. Instead, numerical studies have been
done more intensively in recent years. Zero attractors of these polynomials were
obtained by W. Goh, M. X. He and P. E. Ricci in [6]. In [15], the number of the real
roots of Tribonacci-coefficient polynomials were found. Recently, the smallest disc
or annulus containing the zeros of Tribonacci polynomials have been examined by
0. Oztun(; Kaymak and an algorithm has given to use in other boundary problems
in [12).

In this study, in order to determine the distribution of the zeros of R-Bonacci
polynomials, we examine some properties of R-bonacci polynomials, a more gen-
eral class of Fibonacci and Tribonacci polynomials. In Section |2] we consider some
classes of R-Bonacci polynomials. We find the symmetric polynomials which are
made up of the 7" order of the zeros of R-Bonacci polynomials. Using these sym-
metric polynomials, we determine the reference roots for the polynomials R4, ()
for p=0,1 and n = 1. So, we have generalized the results obtained for the special
case r = 2 in |10].

On the other hand, there are several papers on the derivatives of the Fibonacci
polynomials (see [4], [5], [17], [23] and the references therein). In Section [3| we
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study the roots of the derivatives of R-Bonacci polynomials. We obtain the most
general symmetric polynomials which are made up of the r** order of the zeros
of derivatives of R-Bonacci polynomials. Using these symmetric polynomials, we
find some formulas for the zeros of derivatives of R-Bonacci polynomials for some
special values of t.

2. ZEROS OF SOME CLASSES OF R-BONACCI POLYNOMIALS
The general representations for R-Bonacci polynomials was given in [9] as

[e=0m=n)

Rur)= (”_‘7: _1)rx<”><n1>rj. 2)

j=0 J

Here ry, ; = (?) . denotes the r-nomial coefficient and [.] denotes the greatest integer
function. In this section, we obtain the symmetric polynomials including the zeros
of R-Bonacci polynomials. Before finding symmetric polynomial of the zeros of
R-Bonacci polynomials, the following observation based on [2}

Observation 1. The zeros of Ry(z) and R, (ze* ") are identical.

To see the above observation, the following result is obtained by writing ze
instead of z in 2

[(r71)7§n71)]

Ru(we®) = Y 1y (erT)(H)("*l)*’"j . 3)

=0

=\ (r—D(n=1)
Then, the desired result is easily seen by taking a parenthesis (627>

and we have

.
S~—"
I

ari\ (r=D(=1) [ 1, o DO g gD (n=1) =
(e ) +--~+rny[w]x

(e¥> (=D R, (x).

By this observation, we can simply state that the zeros of R-Bonacci polynomials
can be created by rotating the angle of 27” degrees in the complex plane. The zeros

of R,(z) are same as R, (ze’r"), as they are with R, (ze~ %" ). Thus, the zeros of

27

R, (z) can be divided into r sets: {x;}, {xie v } RN {xie@} . Here we refer to

this set {z;} as a set of reference zeros. The zeros of the 20" Tribonacci polynomial
are seen in Figure [1l Notice that the zeros of this polynomial can be generated at
an angle of 120 degrees with reference to the set {z;}.
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FIGURE 1. The zeros of Ty ()

Our theorems are coincide with the ones obtained in [7] for R = 2,3. Actually,
Theorem [I] and Theorem [2| are the most generalized versions of the results ob-
tained for Tribonacci and Fibonacci polynomials. For the definition of a symmetric
polynomial one can see [7].

Theorem 1. The most general form of the j"symmetric polynomials consisting of
over the ' zeros of R, (x) is as follows:

r T j Tn_j_]-
] GO AN E I (e (@)

Proof. 1t is known that the zeros of R-Bonacci polynomials lie in the argument 27”
and hence the polynomial R, (z) can be factorized as

(r—1)n—1

Rop(x)=2 H (x — xg) (m—xkezfi) ~-~($—Z‘k€_2:i).

k=1

If we rearrange this equation, we obtain
2 -_— —
an (z) — :E{x'f' n—rn—r __
(r—1)n—1
2 2
L norn 27 § : .’E}; +$r n—rn 3r§ :.’E;.TZ
k=1 j#k
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(r—1)n—1

2
rn—rn—4r T r
—x g riapry 4 — Il xy}

J£k#l k=1
(r—1)n—1 j
_ Z (_1)jx(r—1)(rn—1)—r] Z Hxa
7=0 1=ll<12<"‘<lji:1
(r—=1)n—1

§=0
On the other hand by we can write
(r—1)n—1

— i1 )
an(m) = Z <Tn ] > ‘T(Til)(rnil)ir%

7=0 J
Since the equations and @ are equal, we obtain the desired result (@).

Corollary 1. The following equations are satisfied by the zeros of Ryp (x) :

Z* . _(rnl— 2);

Proof. By setting j = 1 in the equation desired result is obtained.

Z (_1)jgj ((EI, x;, T 7x?r—1)n—1) x(Til)(Tnil)iTj'

(7)

O

Theorem 2. The most general form of the j** symmetric polynomials consisting

of the r*" zeros of Ryni1 () is as follows :

r r j rnij
gj <zlv"' 7x(r—1)n> (1)j( j ) :

Proof. By a similar way used in the proof of Theorem [1} we can write

(r—=1)n
2mi 2mi
Ropyi1(x)= H (x — ) (w—xke 3 ) (x—xke_ a )
k=1
Then we get
Ryni1 (l‘) _ {xﬁn—rn .
(r—=1)n
xr2n—rn—r Z xz + xrzn—rn—%‘z‘r;xz
k=1 ik

(r—=1)n

2
g n—rn=3r Z JI;CIL‘ZQZ{—F _ H .%‘};}
ey k=1
(r=1)n

= Z (=1)7gm(r=D-ri Z ﬁx;

=0 1=l <lp<--<lji=1

(®)
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(r—1)n

= 3 W oy (b ey, ) VT (9)

j=0
By putting rn + 1 instead of n in , we find

n(r—1)

™m—j j
Rrsr ()= 3 (") atrir, (10

=0 7

It follows from the comparison @ and , it is possible to write the desired
result (). O

Corollary 2. The following equations are satisfied by the zeros of Rynt1 () :

rn rn —1
> = ( ) . (11)
’ 1
k=1 T
Proof. If we set j = 1 in the equation then we get the equation . O

Now, using these symmetric polynomials, we obtain the reference roots of Ryp4p(2)
for p=10,1.

Theorem 3. Forp = 0,1 and n =1, let z;j(1 < j <) be the reference zeros of
Rypip (z). Then we have

x;" = —1. (12)

Proof. Let p = 0 or p = 1 and let the set of the reference zeros of R,,+, (x) be
{z1,--+ ,z,}. The other zeros of the polynomial R, (x) will be generated by the
argument 27“ except the root = 0. For a fixed j, using the equations and ,
we have

i\ " xi\ " 2(r—2)7i \ T
:332—&- (xj€2T ) + (xje4r ) + -+ (xjef) =—(r— 1)

and

i\ " i\ 7T 2(r—3)mi \ T
e 1:; + (xj 6ZT> + (zj e4v~ ) + -4 (xjef) = —(r — 2),

respectively. Rearranging the above equations, it can be easily seen that the refer-
ence roots of Rypnip () as in the equation (12). O
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FIGURE 2. The zeros of Bg (x)

Example 1. Let us consider the following 5-Bonacci polynomial
Bg (z) = (2 + 1)*.

Using [I2), if we solve the equation x? = —1(1 < j <5), the reference roots of the

polynomial Bg (x) are found as follows (see Figm"e@ :

1 2 3 4
v =(=1), 22 = (=1)° ;23 = — (=1)% ;24 = (=1)% 25 = — (=1)°.
3. ZEROS OF DERIVATIVES OF R-BONACCI POLYNOMIALS

Before we find the symmetric polynomials which are made up of the r** order of
the zeros of the derivatives of R-Bonacci polynomials Rgf ) (z), we write the algebraic
representations of them. For any fixed n, using the equation (2), the algebraic

representation of the derivative polynomial Rgf )(ac) is obtained as follows:
RO @) =
[=1n=)]

. n—j—1 ’ - (r=1)(n—1)—rj—t
> , (r=1)(n—1)=r7)...((r=1)(n—1)—rj—t+1)z it
i=0 I

(13)

®) (x) for special values

Now, we determine the symmetric polynomials for R, ,

of t. We give the following theorem.
Theorem 4. Let k € Nt pe {0,1,--- ,r —1}. If we consider
t=rk—(1-p)(r—1), (14)
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p=(r=Dln+p=-1)---(rn(r-1) —t+@-Jr+2-p)  (15)

and

t+(1—p)(r—1)); (16)

r

77=(7“—1)n—(

then the most general form of the symmetric polynomials consisting of the zeros of

RSQ_H) (x) s as follows:
a(x{,...,xg): (17)

(=) ((r=1)(m+p—1)—rj)..((r=D(n+p—1)—rj—t+1) (rn +p—j— 1)
I J .

Proof. It can be easily seen that

R’E‘2+p (z) :Mﬁ (x — k) (m — xkeQ:i> .. (m — xke‘@) ,
k=1

where p is a constant. Then we have

2 rm— — —
Riﬁfﬂ, () = pfa" " (t+(1-p)(r-1)) _
x7-2n—rn—(t+(1—p)(r—1))—rzx2 + $r2n—7‘n—(t+(1—17)(T—l))_Qrzx; ),
k=1 j#k
7
_ prin—rn—(t+(1-p)(r—1))=3r Z R Hx;}
J#k#L k=1

= u i(71)jx'rQn—'rnf(i%F(l*p)(Tfl))f'rj Z ﬁxz

§=0 1=l <la < <lyi=1
n
= B3 (1o (2@ al) alr D) it (18)
§=0

By using the equation and taking rn + p instead of n we can write

[(c=nrntp=1)

rt _ _1
RY, (x) = 3 (rn—i—p. J ) "
J r

j=0
((r=1)(rn+p—1)=75).((r—1)(rn+p—1) —rj —t + 1) Drntp=l=ri=t = (19)
Since the equations and are equal, then the proof follows. (I

Corollary 3. Let t and n be as in the equations and , respectively. For
ke Nt andp € {0,1,--- ,r — 1}, the following equations are satisfied by the zeros
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@) =i = (20)

(=)t (t—1)...(1) (rn —i—p—n—l)
(r—=1D(n+p—1))...rn(r—1)—t+(p—1)r+(2—-p)) n -
and

(i)Y _wj, = (21)

(r=D(ntp-1) —r)((r=D(rn+p-—1)—r—t+1) <7°n+p—2)
(r=D(n+p—1)...rn(r—1)—t+(p—1)r+ (2 —p)) 1 ;

Proof. In the equation , if we put j = n and j = 1 we obtain the desired results,

respectively. O
Let
Un = (22)
(=) (t—1)---(1) <rn+p7}1)
(r=1)(rn+p=1))---(rn(r—1) =t +(p—1r+(2—-p)) U r
and
Yy = (23)

(r=Dlmn+p-1)—r)--((r=Dn+p—-1)—r—t+1) (rn—|—p—2)
((r=D(rn+p=1))---(rn(r—1) =t +(p—1r+(2-p)) 1 -
Then we can give the following theorem.

Theorem 5. Fort=r(r—1)n—2r— (1 —p)(r —1), R7(“2+p

T ((r —1)n— (%)) roots and these roots are

1
Gy £ JUR —dvs\ L
2 2 e (k=0,1,--,r— 1), (24)

2

(x) has

T =

where va and Y, are defined by the equations @ and @, respectively.

Proof. Since Rf;ﬁ;l)”dr*(l*p)(rfl)) (x) is a polynomial of
r ((r —1)n— (W))—th degree then by using the equations and 1) we
have
2
H$’,; = zixl = v (25)
k=1
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and

2
D wp=al b=y (26)

k=1
Since we know that z] = 22 it can be easily seen that
2

2r T
Ty — 1y Ty +v2 = 0.

Solving this last equation of the second degree, the roots can be easily found. So

the roots of RSEH, () must be as in the equation . (]
Since we have Fibonacci and Tribonacci polynomials for r = 2 and r = 3,

respectively, we can give the following corollaries.

Corollary 4. Let p € {0,1} and t = 2n — 5+ p. The zeros of the polynomial

FQ(;) +p () can be formulized as follows:

1
3
Yy £ \V 1/)2 —4vs .
Tp = 2 2 ek, (k=0,1)

2

where va and Y, are defined by the equations @ and @, respectively.
In 23], J. Wang proved the following equation for any fixed n
L, (z) =nF{Y (z),n>1, (27)
(z) and jol) (z) are

®
n
where L,, () are Lucas polynomials. Hence the zeros of LSH)
identical.

Corollary 5. Let p € {0,1,2} and t = 6n — 8 + 2p. The zeros of the polynomial

TB‘(fL)-i-p (z) are
1#2 + \/ 1/13 —4vy i 2kmi
e s (k=0,1,2), (28)

€T =
k 2

where va and YV, are defined by the equations @ and @, respectively.
Now we give some examples.
Example 2. Consider the zeros of the polynomial
T () = 504028 + 336027 + 144.

In the equation , writing ¥, = 2/3, vo = 1/35, we find the zeros of this poly-
nomaial as

31 2/3+1/(2/3)° —4/35 .
e 3
2

T = J(k=0,1,2)

(see Figure[3).
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Example 3. Forp=0, n =2 and r = 4, let us consider the polynomial

QL) () = 93405312000 + 889218570240002* + 12671364625920002°.
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Using the equations @ and @ we have

and

Then the roots of Qélg) (z) are generated by xy, (k=0,1,2,3). By , the roots
of the polynomial Qélg) (z) are obtained as

J -4 4 (7i)2 _ 4
2=\ —2 T T 0.127788 + 0.127788i,
and
i —2 — [ (—2)2 - i
oy = | — 257 % 0.36255 + 0.36255i
for k=0,
M —A 4 ( 4 )2 — _4
oy = \| — 257 % 0% — —0.36255 + 0.362554
and
=5 (-5~ me .
ry = 5 e = —0.127788 + 0.127788i
for k=1,
a = b J(—E)2 - A
oy = \| — 257 0 emi = —0.127788 — 0.127788i
and
3| =5 — /(-5 — 35e
w6 = 5 emi = —0.36255 — 0.36255(,
for k=2,
4 4 4
4=z /(05— e
Ty =

5 e’ = 0.127788 — 0.127788i
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and

57— V(o5 — 6 aw
T D0t~ 0.36255 — 0.362554,

rg = 9

for k =3 (see Figure|{]).

Example 4. Let us consider the 5-Bonacci polynomials Bi®(z). In this case, we
have p=3, n =1, r =5 and we obtain

Bi¥(x) = 96035605585920000 + 1292600836944248832000.°

+84019054401376174080000z ™.
The roots of this polynomial are found as follows (see Figure@ :

4. CONCLUSION AND FUTURE WORK

In this paper, in order to obtain new formulas for the zeros of R-Bonacci polyno-
mials and their derivatives, the most general form of the j**symmetric polynomials
consisting of over the 7" zeros of R, (x) and R£2 +p (z) are given. Using some con-
sequences of these symmetric polynomials, some explicit formulas for the zeros of
these polynomials, which have been given in and , are found. Although

these formulas are simple, they are valuable because they formulate the zero values
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of many R-Bonacci polynomials, which is the most general form of the Fibonacci
polynomials, and their derivatives.

Given the future studies on this topic, the zeros of the remaining R-Bonacci poly-
nomials can be formulated using different methods. For this reason, it is thought
that formulating the zeros of a R-Bonacci polynomial will increase the applicability
of this problem in different engineering applications. In addition, this study is also
thought to be a guide for formulating the zero locations of polynomials with un-
known zero locations. Because this method is applicable for all polynomial classes.
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