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Abstract

In this paper, we establish an Orlicz dual of the log-Aleksandrov—Fenchel inequality, by
introducing two new concepts of dual mixed volume measures, and using the newly es-
tablished Orlicz dual Aleksandrov—Fenchel inequality. The Orlicz dual log-Aleksandrov—
Fenchel inequality in special cases yields the classical dual Aleksandrov—Fenchel inequality
and some dual logarithmic Minkowski type inequalities, respectively. Moreover, the dual
log-Aleksandrov—Fenchel inequality is therefore also derived.
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1. Introduction

In 2016, Stancu [15] established the following logarithmic Minkowski inequality.
The logarithmic Minkowski inequality If K and L are convex bodies in R™ that
containing the origin in their interior, then

/Sn—l In (7;:) dvy; > %ln (%) . (1.1)

with equality if and only if K and L are homothetic, where dvy is the mized volume measure
dvy = %thSL, and dvy = mdvl is its normalization, and Vi (L, K) denotes the usual
mized volume of L and K, defined by

1
Vi(L,K) =~ /SH hidSy.

n
The functions hx and hy, are the support functions. If K is a nonempty closed convex set
in R™, then

hg =max{z-y:y € K},
for x € R", defines the support function hi of K.

Recently, the logarithmic Minkowski inequality and its dual form have attracted exten-
sive attention and research. The recent research can be found in the references [1-3,5-7,
11-13,16,18-20,23,24]. In particularly, as a generalization of (1.1), the log-Aleksandrov—
Fenchel inequality has been established in [21].
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The dual mixed volume of star bodies K, ..., K,, V(Ki,...,K,) defined by Lutwak
(see [8])
~ 1
V(KL ... Ky) = — /SM (K1) - p(K o, u)dS (). (1.2)

n

Here, p(K,-) denotes the radial function of star body K. The radial function of star body
K is defined by

p(K,u) = max{c >0:cu € K},

for u € S, If p(K,) is positive and continuous, K will be called a star body. In the
following, let 8™ denote the set of star bodies about the origin in R"”.

It is well known that in dual Brunn—Minkowski theory, dual Minkowski inequality and
dual Aleksandrov—Fenchel inequality appear at the same time. So a natural question is
raised: is there an Orlicz dual logarithmic Aleksandrov—Fenchel inequality relative to an
Orlicz logarithmic dual Minkowski inequality? The main purpose of this article is to answer
the above questions perfectly and obtain an Orlicz dual log- Aleksandrov—Fenchel inequal-
ity by introducing two new concepts of mixed dual volume measure and Orlicz multiple
dual mixed volume measure, and using the Orlicz dual Aleksandrov—Fenchel inequality
for the Orlicz multiple dual mixed volume. The dual logarithmic Aleksandrov—Fenchel
inequality is also derived here. Moreover, the Orlicz dual log-Aleksandrov—Fenchel in-
equality in special cases yields the classical dual Aleksandrov—Fenchel inequality and some
new logarithmic Minkowski type inequalities. Our main result is given in the following
inequality.

Orlicz dual of log-Aleksandrov—Fenchel inequality Let ¢ : (0,00) — (0,00) be
a convex and decreasing function such that lim;_,oo ¢(t) = 0 and limy—0 ¢(t) = oo. If
Li,Ky,...,K, €8" and 1 <r <n, then

/snﬂ In (¢ (M)) d%(Ll, Ky,...,K,)

r T | 1
o (o (Mo Vs Ko Koy, K w3
V(L17K27“'7K’n)

If p is strictly convex, inequality holds if and only if L1, K1,..., K, are all dilations of

each other. Here, d1~/¢(L1,K1 -+, Ky) which we call Orlicz multiple dual mized volume
probability measure of star bodies L1, K1, ..., K,, defined by

Ve 1 p(Khu))
AVs(L1, K1 Ky) = — L, u)p( Ko, ) - - p(Kn,u)dS(u),
S AT CEI (BT ) e ot 1St

B (1.4)
and Vyg(L1, Ky, ..., Ky) is the Orlicz multiple dual mized volume of star bodies
Li,Ky,...,K,, defined by [22]

Vol Koo 86) = [0 (S ) o) oo )dS(). - (15)

On the other hand, when ¢(¢) = 1/t, (1.3) becomes the following dual logarithmic
Aleksandrov-Fenchel inequality established in [20].

The dual logarithmic Aleksandrov—Fenchel inequality If L, Kq,...,K, € 8"
and 1 <r <n, then

P (K, K, L
/ In (p(Kl’“)> AV (L1 Ko, K <o M=V B B )T )
Sn—1 p(Ll,U) V(Ll,KQ,"‘ 7KTL)

(1.6)
If ¢ is strictly conver, inequality holds if and only if L1, K1,..., K, are all dilations of
each other, where dV_i (L1, Ky --- , Ky) is as in (1.4).
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When L; = Kj, inequality (1.6) becomes the classical dual Aleksandrov-Fenchel in-
equality as follows: If Kq,---, K, € 8 and 1 < r < n, then

.
V(Ky,--  Kn) < [[V(Ki... Ki,Krsa, ..., Kn)7,
=1

I

with equality if and only if K1, ..., K, are all dilations of each other (see [8]).
Moreover, as a special case of (1.3), the Orlicz dual logarithmic Minkowski inequality
has been established by Zhao [23].

2. Notations and preliminaries

The setting for this paper is n-dimensional Euclidean space R™. A body in R" is a
compact set equal to the closure of its interior. For a compact set K C R", we write V (K)
for the (n-dimensional) Lebesgue measure of K and call this the volume of K. The unit
ball in R™ and its surface are denoted by B and S"~!, respectively. Let K" denote the
class of nonempty compact convex subsets containing the origin in their interiors in R™.
Let ¢ : (0,00) — (0,00) be a convex and decreasing function such that lim; o ¢(¢) = 0
and limy_,0 ¢(t) = oo and let € denote the class of the convex and decreasing functions
¢. Associated with a compact subset K of R™, which is star-shaped with respect to the
origin and contains the origin, its radial function is p(K,-) : S"~1 — [0, 00), defined by

p(K,u) =max{\ >0:\ue€ K}.

If p(K,-) is positive and continuous, K will be called a star body. Let 8" denote the set of
star bodies about the origin in R™. Two star bodies K and L are dilates if p(K,u)/p(L,u)
is independent of uw € S" 1. Let § denote the radial Hausdorff metric, as follows, if
K,L € 8", then (see e.g. [14])

S(K, L) = Hp(Kv u) - p(L’u)Hoo‘

2.1. L,-dual mixed volume

The dual mixed volume V_; (K, L) of star bodies K and L is defined by ([10])

V.o(K,L) = lim V(K)_WK%'L), (2.1)

e—0t €

where F is the ‘harmonic addition. The following is a integral representation for the dual
mixed volume V_; (K, L):

V_1(K,L) = Tll/snl p(K,w)" " p(L,u)"tdS (u). (2.2)

The dual Minkowski inequality for the dual mixed volume states that
Voy (K, L) > V(E)™ V(L)

with equality if and only if K and L are dilates. (see [9])
The dual Brunn—Minkowski inequality for the harmonic addition states that

V(KFL)™Y" > V(K)" Y™+ v(L)~Y/",

with equality if and only if K and L are dilates (This inequality is due to Firey [9]).
The L, dual mixed volume V_,(K, L) of K and L is defined by [10]

V_(K,L) = —L lim V(E+pe-L) - VIE) (2.3)

where K, L € 8" and p > 1.
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The following is an integral representation for the L, dual mixed volume: For K, L € §"
and p > 1,

V. (K,L) = % /S P ) (L) S (). (2.4)

L,-dual Minkowski and Brunn-Minkowski inequalities were established by Lutwak [10]:
If K,L €8" andp>1, then

Vop (K L)" > V(E)™ V(L) 77,
with equality if and only if K and L are dilates, and
V(KT,L)"P/" > V(K) /" + v(L)P/",
with equality if and only if K and L are dilates.

2.2. Mixed p-harmonic quermassintegral

In 1996, the L)-harmonic radial addition for star bodies was defined by Lutwak [10]: If
K, L are star bodies, for p > 1, the Ly-harmonic radial addition defined by

p(K+pL,2) ™" = p(K,2)"" + p(L, )7, (2.5)

for x € R™. For convex bodies, L,y-harmonic addition was first investigated by Firey [4].
The operations of the Lj-radial addition, L,-harmonic radial addition and the L,-dual
Minkowski, Brunn-Minkwski inequalities are fundamental notions and inequalities from
the L,-dual Brunn—Minkowski theory.
From (2.5), it is easy to see that if K, L € 8", 0 <4i <n and p > 1, then
D iy, WalKHpe 1) = Will) 1/ P(Ew)" (L) PdS(u).  (2.6)
Gn—

n — 1 e—0+ e n

Let K,L € 8",0 < i <mnand p > 1, the mixed p-harmonic quermassintegral of star K
and L, denoted by W_,, ;(K, L), defined by (see [17])

WopalloL) = o [ p(a) 2p(Lu) 7dS (), (2.7

Obviously, when K = L, the p-harmonic quermassintegral W_p,i(K , L) becomes the dual
quermassintegral W;(K'). The Minkowski and Brunn—Minkowski inequalities for the mixed
p-harmonic quermassintegral are following (see [17]): If K,L € 8", 0 <i <n and p > 1,
then

W_pi(K, L)"™" > Wi(K)" " PW,;(L) P, (2.8)
with equality if and only if K and L are dilates. If K, L € 8", 0 <i <mn and p > 1, then
ﬁ“/@.(K_T_pL)—p/(n—i) > Wi([()—p/(n—i) + Wi(L)—p/(n—i)7 (2.9)

with equality if and only if K and L are dilates.

2.3. Orlicz multiple dual mixed volumes

The Orlicz multiple mixed volume was introduced as follows: For ¢ € C, the Orlicz
multiple dual mixed volume of star bodies K1, --- , Ky, Ly, denoted by [22]

Vo(L1, Ky, ..., Ky) = 711/5711 o (l/))((lliljit))) p(Ly,u)p(Ka,u) - p(Ky,u)dS(u). (2.10)
Putting L; = K; in (2.10), the Orlicz multiple dual mixed volume T7¢(L1,K1, e Ky
becomes the usual dual mixed volume V(Kl, -, Kp). Putting K1 = L and L1 = Ky =
- = K, = K in (2.10), 1~/¢(L1,K1,--- , K,,) becomes the Orlicz dual mixed volume
Vy(K,L). Putting K}, = L and L, = Ky = --- = K, ; = K and K, jy; = --- =
K, = B in (3.1), ‘7¢(L1,K1, .-+, K},) becomes i-th Orlicz dual mixed quermassintegral
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W¢’i(K, L). When ¢(t) =t7P and p > 1, W/¢7¢(K, L) becomes the harmonic dual mixed
p-quermassintegral, W_, ;(K, L).
Orlicz dual Aleksandrov—Fenchel inequality for Orlicz multiple dual mixed
volumes: If L, Ky, - , K, €8", ¢ €Candl <r <n, then
V(K. K Ko, )

Vo(L, K1, Ko, -+ ,K,) >V (L1,Ko, -, K,) - i=1 " \7%
plnn i ) (ha, K2 ) d)< V(Li,Ksy...,Ky)

1
=

(2.11)

If ¢ is strictly convex, equality holds if and only if L1, K1,..., K, are all dilates of each
other.

When ¢(t) =t7P, p=1and Ky = Ly, the dual Orlicz-Aleksandrov—Fenchel inequality

becomes Lutwak’s dual Aleksandrov—Fenchel inequality. If Ki,--- , K, € 8" and 1 <r <
n, then
,
~ ~ 1
V(Ky,--  Kn) < [[V(Ki-.. Ki,Krsa, ..., Kn)7, (2.12)
i=1

with equality if and only if Ki,..., K, are all dilates of each other. In fact inequality
(2.11) yields also the following result. If K, L € 8", 0 <1i < n and ¢ € C, then

1)
WK, L) > Wi(K)o ((I’/IVM//Z(([L()J ) : (2.13)

If ¢ is strictly convex, equality holds if and only if K and L are dilates. Here WZ(K ) is

the usual dual quermassintegral of K, and WW(K , L) is the Orlicz dual mixed quermass-
integral of K and L, defined by

WK, L) = ~ /S 9 ( Z((IL{’ Z))) (K, )" dS (). (2.14)

n

3. Orlicz dual logarithmic Aleksandrov—Fenchel inequality

In the section, in order to derive the Orlicz dual log-Aleksandrov—Fenchel inequality,
we need to define some new dual mixed volume measures.
It Ly, Ky, ..., K, € 8", the dual mixed volume of star bodies L1, K, ..., Ky,
V(Ly, Ko, ..., K,) defined by

V(L1,Ks, ..., K,) = ;/Sn_l p(L1,u)p(Ka,u) - - p(Kp, u)dS(u). (3.1)
From (3.1), we introduce the dual mixed volume measure of star bodies L1, Ko, ..., K.
Definition 3.1. (Dual mixed volume measure) For L, Ko, - , K, € 8", the dual mixed
volume measure of Ly, K»,..., K, denoted by dv(L1, Ko, ..., K,), defined by
d6(Ly, Ko, ... Ky) = %p(Ll,u)p(Kg,u) e p(Kp, 0)dS (1), (3.2)
From definition 3.1, we get the following dual mixed volume probability measure.
dV (L1, Ks, ..., K,) = = ! do(L1, Ko, ..., Ky). (3.3)

V(Li, Ks,...,Ky)

~ For ¢ € €, Orlicz multiple dual mixed volume of L1, K7 --- , K,, denoted by
Vo(L1, Ky, -+, Ky), defined by

Vol ) =3 [ 6 (0 ) s apla) o) dS ). (3:0)

From (3.4), we introduce Orlicz multiple dual mixed volume measure of star bodies
Li,Kq---, K, as follows.
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Definition 3.2. (Orlicz multiple dual mixed volume measure) For Ly, Ki,---, K, €
8™ and ¢ € €, the Orlicz dual mixed volume measure of Lq, K7...,K,, denoted by
d@¢(L1,K1 s ,Kn, Ln), defined by

AL K- K) = o (’M) oL, w)p(Koyu) -+ p(Knyu)dS(w).  (3.5)

From definition 3.2, Orlicz multiple dual mixed volume probability measure is defined
by
1

- ‘7¢(L1,K1 e 7Kn)

Theorem 3.3 (Orlicz dual of log-Aleksandrov—Fenchel inequality). If Ly, Ki,..., K, €
8", 1 <r<mnand ¢ € C, then

p(K1,u)\\ Vo(L1, K1, ..., Ky)
/Sni1 In (qf) (p(h,u))) dVy(L1, Ky,...,K,) > 1n ( f/(Ll,Kg,...,Kn))

r = 1
>In (6 Z-zlV({Q...,Ki,KT+1,...,Kn)T ‘
o V(L17K27”' 7K7'L)

(37)

The left inequality of (3.7) with equality if and only if L1 and Ky are dilates, and the
right inequality if and only if L, K1, ..., K, are all dilations of each other, if ¢ is strictly
conver.

Proof. From (3.2) ang (3.5), we have

[ o (S (Y iy )

- /Sn_1 In <m> dig(L1, Ky, ..., Ky). (3.8)

From (3.4) and in view of the Lebesgues dominated convergence theorem, we obtain

dVy(Ly, Ky -+, Ky)

dig(Ly, K1 -+, Ky). (3.6)

q
p(Kl,u))qun B ~
O e do(Li,Ky..., K, Vo(L1, Ky,..., K,
Jo o (Cay) ot e 1) = Vb K 1)

as ¢ — 0o, and

p(K17U)> ~
— In | —————= ) dvs(L1, Ky, ..., K,
/Snl (p(Llau) oL, Ky )

as g — 0o.
Consider the function g1, k, .. K, : [1,00] = R, defined by

q
1 p(Kl,u))qun -
— PRGN (L, Ko, . Ky). (3.9
911Ky, Kn () V¢(L1,K1,...,Kn)/sn1¢(p(L1,u) (L1, Ko ). (3.9)

By calculating the derivative and limit of this function, we have

dgr, r,,..k.(@0) 1
dq (g+n)? Vy(Ly,Ky,. .., Ky)

o (PR (A Y i ),
(3.10)




Orlicz dual log-Aleksandrov—Fenchel inequality 323

and
dim g1, 5, k0 (0) = 1. (3.11)
From (3.9), (3.10) and (3.11), and by using L’Hopital’s rule, we have
n

lim In =
Jim (91.,K1,...Kn (@) Vo(Ly, K1, ..., Kp)

q
p(Kq,u) \ atn p(K1,u) ~
o 1 fsn—l ¢( p(Li,u)) In (¢( p(Lll,u) ))dv(LLKQ,...,Kn)
1m
q—00 9L, ,Kq,..., Kn (Q)
n

Vo(L1, K1, ..., Ky)

[ o (s in (o (S ) ol Ko K,

Hence
K K
exp [ —= " / ¢<p(1’“)> In (¢ (’0(1’u)>)d6(L1,K2,...,Kn)
Vo(L1, K1, ..., Kp) Js,y \p(L1,u) p(L1,u)
= qlggo(ng,Kl,...,Kn)qu"
_q_ q+n
1 K n
— lim (= / ¢<p(1’“)> (L, Koy K)
q—00 V¢(L1,K1,...,Kn) Sn—1 P(Ll,u)
(3.12)
On the other hand, from Hélder’s inequality
(g+n)/q

(/SH s (’M) e do(Ly, Koy, . . ,Kn)> (/S_ do(Ly, Ko, .. Kn))n/q

<[ .o (’M) A(L1, Ko, .. Ky)

= Vy(L1, Ky, ..., Kp). (3.13)
From the equality condition of Holder’s inequality, it follows that the equality in (3.13)

holds if and only if p(K7,u) and p(Li,u) are proportional. This yields that equality in
(3.13) holds if and only if K; and L; are dilates. Namely

_q_ q+n
1 K a+n
= / ¢(p(17U)) : dﬁ(L17K27"'7KTL)
Vy(Ly, Ky, ..., Kp) Jse=1 " \ p(L1,u)

_ (V(Ll,KQ,...,Kn) >"
T\ VL1, Kiy. oK) )
with equality if and only if Ky and L; are dilates. Hence

exp <_‘~/¢(L1,KZ K /Sn_1 o) <m> In ((;5 (Z((‘Ilil,’zl:)))) do(Ly, Ko, . .. ,Kn)>

_ (V(Ll,KQ,...,Kn) )”
“\Vy(L1,Ky,...,Ky) )
with equality if and only if K7 and L; are dilates. That is

V(L Kl1 LK) /snl 4 (M) . <¢ (m)) 45(L1, K, ., Kn)

Vi(Li, Ky,..., K,
Zln(v(b( LoD )>7

V(Ly, Ky, ..., Ky)
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with equality if and only if K1 and L; are dilates. Therefore

p(K1,u) ~ . Vy(L1, Ky, .., Ky)

with equality if and only if K7 and L; are dilates. The completes proof of the left inequality
of (3.7).
Further, by using the Orlicz dual Aleksandrov—Fenchel inequality (2.11), we obtain

/Sn_l In <<f> (m» dVy(L1, K1, ..., Ky)

Y 1
oo (o (T Vs K Ko, F):
= V(L1;K27'” 7Kn)

If ¢ is strictly convex, the equality holds if and only if Ly, K, ..., K, are all dilations of
each other.
This completes the proof. ]

Corollary 3.4. If K and L are star bodies in R", and 0 < i <n and ¢ € C, then

pK,u)\ = We,i(L, K) 1 w0\ Y
/Sn-fI‘(p(L,u))dWW(L’K)21”( Wi(L) )271—2‘111 ((b(Wi(L)) |
(3.15)

if p is strictly convex, equality holds if and only if K and L are dilates, and where

divy (L, K) = dig(L, K, L,..., L, B,..., B) = <p(K’“)>p(L,u)n—idS(u), (3.16)
e

n" \ p(L,u)
n—1-—1 i
and )
AWy (L, K) = ———diby ;(L, K), 3.17
i(L, K) Wou(L ) ¢i(L, K) (3.17)
denotes its normalization.
Proof. This follows immediately from Theorem 3.3. g

Corollary 3.5. If K and L are star bodies in R", and 0 <i<n andp > 1, then
K — 1. (WL, K 1 Wi(K
/ 1n('0( ’“))dw_p,i(L,K)zln WopalL K)o 1 (WD) 5 g
sn=1 \p(L,u) p Wi(L) n—i  \ WyL)
each equality holds if and only if K and L are dilates, and where

1
di_pi(L,K) =do_(L,K,L,...,L,B,...,B) = —p(K,u) Pp(L,u)"PdS(u), (3.19)
—— ——

n
n—1—i i
and )
dW_p (LK) = ———di_,;(L, K), 3.20
LK) = o (LK) (3.20)
denotes its normalization.
Proof. This follows immediately from Corollary 3.4 with ¢(¢) =¢7P and p > 1. O
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