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On the Relations Between Fuzzy Topologies
and a Cut Topologies

Zekeriya GUNEY'

Abstract: In this study, some relations have been generated between fuzzy sets and
their cross-sections, and further relations have been derived between fuzzy topological
spaces and o-cut topologies by using these relations.
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Fuzzy Topolojiler ve a-kesit Topolojiler
Arasindaki Bagintilar Uzerine

Ozet: Bu calismada fuzzy kimeler ve bunlarin o-kesitleri arasinda bazi bagintilar
Uretilmis ve bu bagintilari kullanarak, fuzzy topolojik uzaylar ve o-kesit topoloijileri
arasinda bazi iligkiler ortaya koyulmustur.

Anahtar sézciik ve deyimler: Fuzzy kime, o-kesit, fuzzy topolojik uzaylar, o-kesit
topolajiler

Introduction

Standard symbols and deduction formulas of logistics have been used in the definitions,
assumptions, and proofs that have been provided in this paper. Universal symbolic language of
mathematics have been used instead of a national language, where applicable.

Let (X,4) be a fuzzy topological space (ft.s), A be a fuzzy set in space (X,5), ac(0,1] =lo, Ay
={x| A(x)>a} be a a-cut of set A and 7,={A,| AeF } be the family of a-cuts of the elements of 7 It
has been proven that family %, a basis for at least one topology on X, and some fuzzy-crisp
relations have been derived by determining some sufficient conditions for X to be a topological
space.

Preliminaries

(I:=10,11) ( Y* = {f|f:X>Y function })
( fe Y* )( Ae I*)(BelV)(acl*):=>

1. (f'[BI)x) = B(f(x)) [1]
2. (va)) := sup {AX)| Aea}, (A2)x) = inf{A(X)| Ac 4},
3. (X,7) fts.

(0cF)(1e F) (ABeF= ArBe ¥F) ( 4c F= vaeF )
Aopen o Ae T, A closed :=\Ae ¥
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4. A°=v{B|(B<A )Be #)}, AerF < A=A°
5. B basefor ¥ = (Bc F)[AcF= (IBcB)(A=v3 )]
o, ae (0,1]
6. (oel) ( Ae ¥)= Ay ={X| AX)2a}, 0, =
X, =0
. A ={Aul Ac 2}, |4 |< 4]
f:(X75) > (Y,2)=>
8. f fuzzy continuous (£c.) = (Aez= f'[Ale F)
9. XF) T, =
( Vx,yeX) (Vael, )( 3Ac 7 )[ (P* eA)( P,* eA)v (P eA)( P,* €B)]
o, X=a
10. Pe I* , P(x) = = P=PpS
O,x#a
Al = (PleA:e a<AX))
Some Results For a-cuts of Fuzzy Sets
ABe I, oel, acl* =
1. A<B & A,cB,, A=B & A,=B,
2. (AvB)y = A,UB, , (AAB),=A,NB, [4]
3. UZac(vAa)y 5 (A2)e € Ny
Proof: 5,

Ac a=> (A<va )( Ama<A)
2 (Aec(VAo )( (AM)a € Ay) = VA, C  (VA),
2.7
= (VA © (VAu)( (A2)e © NAy)

4. (32 <) (Fael)( (va)y # Uiy ) ,

3a cl)(Joel)( (A2)e # N4 )
Proof :  ( Example)
X=R, ael:= A*={(x,a)xeR}, 2={A%| ae (1/2,2/3)}c 2%,
fora=2/3 Ay ={(A%2| ac (1/2,2/3)}={0}, U A3 =09,
va= A*® = {(x,2/3)|xeR}, (vAa)ss=R, ...

5. [21<Ro = ( (VA=A ) ( (A)a=NA )
Proof 26 22,
Xe (VA (VAKX)2a < sup{A(X)|Aca}> a
g'max {AX)Aca}>2 0 < (JAea)( Ax) 2a)
i:i (FAca)( xeA,) & xe ui, ,
(A)q 2%6 {x| (r2)(x)=>a} 2.=2. {x| inf{A(X)|Aca}> a}
hip.

= {x| mn{AX)Aca}> a} = {x|] Aca = AKX >a}

[2]
3]
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= x| Aea= xeA, }= NA4,.

6. VAE A = (VA)ey=UAy ; AME A= (Ad)y=NAy

Proof :
2.7. 3.3.
vide 4= (VA€ 4y = (VA Cc U4, = (VA = U A,
: 2.7. 3.3.
ANMe A = (A)y € A4y = (AQ)q DNAy = (AA)g=NAy
7. (\A)g = \Ar,U A (1-0)
Proof :
xe(\A)y & (M) 2o o 1-AX) 2o < AKX <1-a
o A <1-a v Ax)=1-0 & xée Ay v xeA'(1-a)

e xe\Arg v xeA'(1-a) & xe A UA'(1-a)
8. (A\B)y = ( Ag\Biq) U ( Ay nB'(1-0) ) [4]
9. (fe YO) (Ael")( ael ) = (f'[A])e = F'[AJ] )
Proof :
2.6 2.1.
xe(f'[A)e & (fA]) (x) 2a < A(f(x)) =«
2.6.

o fx)e Ay & xef'[A]

Some Relations Between Fuzzy Topologies and o-Cut Topologies:

1. X,5) fts. = (Voel,)( IX,E) t.s.) ( 7, base for E)
Proof : 23
(X,7) fts. = 1e 7F
2.6-2.7
= (Yoel)(14=Xe %) ... (a)
2..7.
ABe 7, = (Vael) (3C,De F)(A=Cy)( B=Dy)
hip.- 2.3. 2.7.
= CADe 7 = (CAD)y ey
3..2.
= ConDy = ArBe 7 ...(b),
(@),(b) = (Vael)( AX,E) ts.) ( F,base for £).
2. (Fl)(1F1< X )=[ (XD fits. o (Voek)( (X% )ts.)]
Proof : i)=: 23
(X,7), ft.s. = (0e7x)(1e¥)
2.6-2.7
= (Voel)(0,=0eF)( 1a=Xe %) ..(a),
41
A Be 7 = AnB e %, ...(b),
2.7.
Ac %, = (3BcF)( a=13,) }
= VBe¥F
F fi.
2.7 hip,-3.5.

= (VB)y € Fo = UBy=uUde Ty ...(C),
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(a),(b),(c) = (acl, = (X, 74) t.s.),
i) =: (X,#) not ft.s.
2.4.

= (0eF)v(1eF)v (FABeH(AABeF)v (Fac 7 (vaeF) ...

0¢F = (VAe# )(JaeX)(0<A(a)<1)
=
=A(a)/2

(Foelo) (VAET)(EaGX)( @)>a) =

@oel) (VAeF ) (Jac A.) = (Boely) (02 Fy) ...(b),
1eF = (VAe F) (@xeX)(0 < A(x) <1)

= (VAe F) (A1 X ) = (Joel) (Xe %) ..(c),

3.1

(IA.Be 7)( AnBe F) —
[3ae I,\{o| (3Ce#) ((ArB),=Cy ) ( AAB=C) 1]
( Ay Baef)( (A/\B)txfﬁx)
:;2 (Foely) ( A Boe ) ( AunBe & 7 ).. (d),
(Fac F) (vag F) ;

K=1\{x| (3CeF) ((va)x=Cy )( va=C)}zo }
-

aec K
Hip.-3.5.
(Foel) (Aac Fu) ( (VA) u € Fu ) =
(@B=24C Fo) (UB=UAy & Fo ) -.(e),
(a),(b),(c),(d), (e) = (Fael) [ (X,%) notts. ].

Example:

X=(0,1), A={(x, -x/6+2/3 )| xe X}, B ={(x, x/2 +1/4) | xeX},
F={0,1,A, B,AVB, AAB }= |#|= 6< Xo,

x/2+1/4, 0< x < 5/8 —x/6+2/30, 0 < x < 5/8
(AvB)(x) = (AAB)(x) =

—Xx/6+2/30, 5/8 < x <1 x/2 +1/4, 5/8 < x <1

X, O<a < X, 0 <a £1/4
A, = (0,4-6a], 12 <a<2/3 ,By= [2o—1/2 1), 1/4 <o <3/4
q)!

2/3 < o <1 0, 3/4 <o <1

(X 0<a <916

(0,4-6a]uf20~1/2 ,1), 9/16 <a<2/3

(AVB), = ApvBy= <
[2o-1/2 1), 2/3 < a<3/4
0, 3/4 <o <1

X, O0O<ac<1/4
[20-1/2,1) , 1/4 <a<1/2
(AAB)y = ApnBy =
[20-1/2, 460 ], 1/2 £ a<9/16
0, 9/16< a <1
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Fo = { Oocy 1(1; Aou Bou (AVB)m (A/\B)oc }= { (P; X; Aou Bou AocVBou A(x/\B(x}

{o, X}, 0<a <14 v 34< o <1
{0, X, [20-1/2,1) }, 1/4 <o<1/2 v 2/3< o <3/4

{0, X, [20-1/2 ,1), (0, 4-6a],[20~1/2, 4-6a ] }, 1/2 <a<9/16
{6, X ,[ 20—1/2 ,1), (0, 4-6a ], (0, 4-60c¢ ] U [20—1/2 ,1) }, 9/16< 0< 2/3

(Vael)( (X, %) ts.) .

3. {ualacFyc Fcl =[(XP fts. o (Voel)( (X,%)ts.)]
Proof : from 3.6., 4.1. and 4.2.

4. (3AX,7) fts.) (Foel,)( (X,%, ) nott.s. )

Proof : ( Example)

0, x<a

X=R, A*(x) = x-a, as<x< atl, F ={0,1}U{A*la=20} =
1, at+l< x

IX,H fts.,butfor a=1/2, 7,={¢, R} U{[a+1/2,x)|a =0 }and

4= {[a+1/2,~)|a>0}c F, , ua=(1/2, )¢ %, and (R,#,) not t.s.

5. @AX)3a cl*)Voaeb) (X, 2)ts.)((X,2)not ft.s. )

Proof : ( Example)
X=R, A°={(x,b)xeR}, 2 ={0,1}{A°|0<b<1/2}, 0el, =
4, ={0,1}, (X, 44)ts., but (X, 2 )not fts. .

6. ( (X9 fts. ) (ael)( (X,%)ts.) (AcX) = (A% c(Ay)

Proof :

3.1.
A° <A = (A%),c A, hip.

27. = A° )a C (Aa)o
A’e F = (A% € Ty

7. ( (X9 fts. ) (ael)( X, %) ts.)(Ae F)= (A%)y =(As)°
Proof.: 3-1.

Ac F = A°=A = (AO)(X=AOc

2.7. hip. = (A0 Ja = (Aoc)o
Ac T = A T :>(Aq)° =A,

8. ( (X,7) ft.s. ) (Y, E) fts.)

(ael) ( (X, 7)) t.s.) (Y, &) ts. ) ( F:(X,7) > (Y,E) fc.)
= (X%)->(Y,%)c.

Proof.:
2.7. Hip-2.10-
Be £, = (JAcz )(B=A,) =  f'Ale ¥
2.7. 3.9.
= (f'[Al)ue % = f[A]=f"[B] € 7
/ f: (X, % )= (Y, ) C.
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9. f: (X,7) > (Y,E) fc. & (VAel')( f[A°] <(f'[A])°)

Proof.: i. =: Hip. )
Acl” = A%z = f[A%e 7 24
}:» f[A°] < (f7[A])°
A° < A = f7A% < f7[A]
ii. = 24
Ae £ = A°=A = f7[A% = f[A]

hip. 2.4
= A <(f7[A])° = f7[Al=(f[A])°
Z:if'1[A] e¥
/ f fc
10 ( (XF) To)(Belo (X, %5 ) ts) = (X, 7 ) To
Proof.: 210
(X,F) T, =
( Vx,yeX) (Vael, )( 3Ae 7 )[ (P" eA)( Py“ zA)v (P 2A)( Py“ eB)]
2.7.

= (Vx,yeX) (Ase F5 ) (xe Ap)(ye Ag)v (xe Ap)(ye Bg)]

= (X,f )To
Example: X={a,b}, ¥ ={0,1, P,'®}, A=PR,"®
0, x#a
A(x) = Jfora=1/4 , Ay={a}, % ={0,X,{a}} T,
1/3, x=a

Concluding Remarks

In this study, various basic theorems on fuzzy sets and their a-cross-sections, and
topological fuzzy-crisp relations resulting from these theorems have been introduced. Similarly,
many fuzzy-topological concepts can be related with their equivalent crisp-topological concepts.

In the proofs presented here, pure symbolic and formal language of mathematics, which is a
universal mean of communication, has been deliberately used instead of a national language.
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