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On Pre-Open And M Pre-open Functions

Saziye YUKSEL' Ahu AGIKGOZ' Aynur KESKIN'

Abstract: In this study, the concepts of pre-open, M pre-open and M pre-closed function given in
were introduced and their characterizations were investigated. We obtained the
characterizations of M pre-open functions. Moreover we gave the concept of M pre-
homeomorphism and characterized this concept.
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Ozet: Bu galismada, 6n-agik , M én-agik and M én-kapal fonksiyon kavramlari sunuldu ve bu
kavramlarin karakterizasyonlari incelendi. Ayrica, M ¢én-acik fonksiyonlarin
karakterizasyonlarini elde ettik. Ustelik, M én es yapili déniigiim kavramini verdik ve bu
kavrami karakterize ettik.

Anahtar Kelimeler: 6n-agik kiime, yari agik kiime, 6n komsguluk, 6n agik fonksiyon, M 6n agik
fonksiyon, M 6n es yapili doniiglim.

Preliminaries: Let (X,t) or, simply X denote a topological space. For any subset AcX. Int(A)=A° and
CI(A)=A" denote the interior and closure of A respectively.
Definition 1.1.[1] Let X be a topological space and S be a subset of X. S is said to be pre-open if
Scint(CI(S)). The family of all pre-open sets in X will be denoted by PO(X).
Remark 1.1.Every open set is pre-open set. But the converse not true. As the following example
illustrates.
Example 1.1. Let X={a,b,c}. Define 1 = {X,J {a},{b,c}} where 7 is a topology on X. We show that for
{b}c X subset, {b}c={b} °

k= {&,X,{b,c}.{a}}

is the set of closed sets for the topology 1. Then {b}” ° = {b,c}. Since {b}c {b,c}, {b} is pre-open set,
that is, {b}c{b} °. But {b} set is not open set.

Definition 1.2.[2] Let X be a topological space and A be a subset of X. A subset A is said to be
semi-open if there exists an open set U of X such that Uc Ac U™ The complement of a semi-open
set is called semi-closed set.
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Remark 1.2. A open set is pre-open set if and only if this pre-open set is semi-closed set.
Definition 1.3.[5] Let X be a topological space and F be a subset of X. F is said to be pre-closed if

Cl(Int(F))cF.
Remark 1.4. Every closed set is pre-closed set. But the converse not true. As the following

example illustrates.
Example 1.2. Let X={a,b,c}. Define 1= {X,@{a},{b,c}} where 7 is a topology on X. We show that for
{b}c X subset, {b}°"c{b}

x = {0, X,{b,c},{a}}
is the set of closed sets for the topology <. Then {b}*" =& . Since & c {b}, thus, {b} is pre-closed
set, that is, {b}°"c{b}. But {b} set is not closed set.
Remark 1.5. A closed set is pre- closed set if and only if this pre- closed set is semi-open set.
Definition 1.4.[4] Let x be a point of a topological space X. Subset is called a pre-neigbourhood of x
in X if there exists Ae PO(X) such that xe AcU
U is called a pre-neigbourhood of x & 3 AePO(X) > xe AcU
Definition 1.5.[1] Let X and Y be topological space. The function f : X — Y is pre-open function if
the image of each open set in X is pre-open in Y.
Theorem 1.1. Let X and Y be two topological spaces.The open function is pre-open function if and
only if each subset A of X, is semi closed setin Y.
Proof. = Let TcX be any open subset. Since f is open function, f(T) set is open set. Since every
open set is pre-open set, then the image under mapping f of any open T is pre-open, by Definition
1.5, we have that f function is pre-open function.
& Consider any be open A c X. We show that f is open function. By the hypothesis, since f(A) is
semi-closed set,
(fFA)™ °c= f(A) (1
By the hypothesis, since f is pre-open function, then the image under mapping by f of open set A is
pre-open set. That is,

(f(A)) < (F(A) ~° @
By (1) and (2) statements,
f(A) = (F(A)"° 3
By (3) statement, take the interior of both side (f(A))° = ((f(A))” °)° and hence
(fA)° = (FA)"°
By (3) statement, (f(A))° = f(A), then f(A) is open set. Consequently, f function is open function.
Theorem 1.2. Let X and Y be any topological spaces. Then the function f-1is a.c.H. if and only if
the function f : X — Y is pre-open function.
Proof. = Let GEX be any open subset. Then (1) 1(G)c (F =1)"1(X). However (f -1)1(G) = f(@)cY.
By the hypothesis, since the function f-1is a.c.H., (f '1)"I (G) is pre-open set, that is, f(G) is pre-
open set. Hence, by Definition 1.5., f is pre-open function.
& Let GeX be any open set. Since f is pre-open function, f(G) is pre-open set in Y. Since

f(G) set is written by form

@ =" @©
hence f-1is a.c.H. (see Definition of a.c.H.[1])
Theorem 1.3.[1] Let X and Y be any topological spaces. For a function f : X = Y the following
properties are equivalent:
(1) The function f is pre-open.
(1) For each point x in X and each neighbourhood UcX with xe U, there is a pre-open set f(x)e VY
such that Vcf(U). )
Proof. (i) = (11) Let xe X and U be a open neighbourhood of x. According to the hypothesis, since f
is pre-open function, f(x)e f(U) is pre-open set and since every pre-open is pre-neighbourhood (see
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[4],) f(U)CY is pre-neighbourhood. Then by Definition 1.4, there exists a pre-open set V in Y such
that f(x)e VY. .
() = (1) Let xeX and xe U be any subset in X. By the hypothesis, there is a pre-open set V in Y
such that
f(x)e Vc f(U) 1)
From here if we take, the closure of both side at first, the interior of both side later, we get
V=ec (L) ~° @

Since V is pre-open set, by Definition 1.1,

VeV —° ?3)
By (2) and (3) statements,

VcV~—°c(f)—°
then

feve (-1 ) = )

From (1) statement xef(U) and by (4), xe (f (U)) ~ ° Hence f (U)c (f(U)) ~ ° and by Definition 1.1,
f(U) is pre-open set. Since the image under mapping of open set is pre-open set, f is pre-open
function.
Theorem 1.4. Let X and Y be any topological spaces. For a function f : X — Y the following
properties are equivalent:
(1) The function f is pre-open.
() For any point x in X the image under mapping of f of every neighbourhood U of x is a pre-
neighbourhood of f(x).
(i) For each point x in X and each neighbourhood UcX of x, there is a pre- neighbourhood VcY of
x such that Vcf(U).
Proof. (1) = (i) For any point xe X, U is a neighbourhood of x. By Definition of neighbourhood,
there is a open set TcX such that

xeTc U 1
from here, take the image under mapping by f of both side,

Qe f(T)c f(U)

by the hypothesis, since f is pre-open function, f (T) is pre-open set. Then, by Deﬂnmon 1.4, f(U) is
a pre-neighbourhood of point f(x).
() = () Let xeX and U be a neighbourhood of x. By (1), f(U) is a pre neighbourhood of f(x).
According to Definition 1.4, there exists a pre-neighbourhood V such that f(x)e Vc f(U). Since every
pre-open set is pre-neighbourhood, V set is a pre-neighbourhood of point f(x).

() = (1) Let x be a point in X. Suppose that U is a pre-neighbourhood of point x. By (111),
there is a pre-neighbourhood V such that f(x)e Vc f(U). Then f(U) is a pre-neighbourhood of point
f(x) as well. Hence by Definition 1.4, there exists a pre-neighbourhood W such that
f(xX)e Wc f(U). Therefore, by Definition 1.5, we have that f is a pre-open function.

Theorem 1.5 Let f : (X,7) — (Y,v) be surjective, pre-open function with G(f) closed. Then Y space is
T, - space.
Proof. Let y and w be distinct points in Y. Since f is surjective function, then there are distinct points
x and z in X such that f(x) =y and f(z) = w. Since (x,w)¢ G; and G; c XxY is closed, there exists
open sets U and V containing x and w respectively, such that

fUnV =02 (1
hence f (U)cY-V. From here take the closure of both side, (f (U)) < (Y-V) ~. Since Y-V is closed, Y-
V =(Y-V)". Hence

fU) cY-V 2
Since f is pre-open function, f(U) is pre-open set in Y. That is,
fx)ef(U) c (fU))~° (©)
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By (2) statement, we have
fU)°c(Y-V)° (4)
By (3) statement, f(x)e (f (U))"°, According to (3) and (4) statements, f(x)ef(U) (Y-V)°, that is,
there exists open set (Y-V)° containing y. VN(Y-V)°® = @. (Y,v) space is Tp - (Hausdorff) space.
Theorem 1.6. Let X and Y be any topological spaces. Then the function f : X — Y is pre-open
function if and only if each subset BcX, f (B°)  (f (B))°° .
Proof. = Let BcX be any subset. B° is open set in (X,7) and by hypothesis, f is pre-open function,
f (B°) is pre-open set. It is always true that B°c B. From here f (B°)c f (B) and then if we take the
pre-interior of both side, we have (f (B)P < (f (B))°" [see [6]]. Since f (B°) is pre-open set and the
pre-interior of pre-open set is itself, thus
f (B°) < (f B)°"
« Let BcX be any subset. Since B is open set, B® = B. By the hypothesis f (B°) < (f (B))°® hence
we get
f(B) < (f B)°" M
In addition,
(f (B))*° c f (B) (see. [3]) )
By (1) and (2) statements, we have f (B) = (f (B))°". Then f (B) set is pre-open set. According to the
Definition 1.5, we get that f is pre-open function.
Theorem 1.7. Let X and Y be any topological spaces. For a function f : X — Y the following
properties are equivalent:
(1) The function f is pre-open.
(1) For each subset A of X, f (A°) c (f (A))°P
() For each Bep set, f(B) set is pre-open.
Proof. (1) = (1) This is seen from the Theorem 1.6.
(1) = (in) For each Bef set, since B 7, Bet. From here B is open set, written B° = B. By the
hypothesis, f (B°) < (f (B))*" and
f(®) < (@B (1)
In addition,
f (B))°° c f (B) (see. [3]) @
By (1) and (2) statements, f (B) = (f (B))°P. Thus, f (B) set is pre-open set.
(1) = (1) Consider any open subset Ac X. Since B is a basis, A is the union of members of B, that
is, '
A= .U B 3)
iel

According to (i11) statement, f(Bj) is pre-open set. In (3) statement, take the image under mapping
by f of both side, we have
fw=f(U B)=U f@)
iel iel

Since the union of pre-open sets is again a pre-open set (see. [3]), f(A) is a pre-open set. By the
Definition 1.5, f is pre-open function.
Definition 1.6.[3]. Let X and Y be topological space. The function f : X — Y is M pre-open function if
the image of each pre-open set in X is pre-open in Y.
Some properties of M pre-open mappings are given in the following theorem:
Theorem 1.8. Let X and Y be any topological spaces. For a function f : X — Y the following
properties are equivalent:
(1) The function f is M pre-open.

(1) For each point x in X and each pre-neighbourhood UcX with xe U, there is a pre-open set

f(x)e VY such that Vcf(U).
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Proof. (1) = (1) Let xeX and U be a pre-open neighbourhood of x. According to the hypothesis,
since f is M pre-open function, f(x)ef(U) is pre-open set and since every pre-open is pre-
neighbourhood (see. [4]) f(U)CY subset is pre-open neighbourhood. Then, there exists a pre-open
set Vin Y such that f(x)e VY.

(n) = (1) Let xe X and xe U be any pre-open subset in X. By the hypothesis, there is a pre-open set

Vin Y such that

f(x)e Vc f(U) 1)
From here if we take, the closure of both side at first, the interior of both side later, we get
V=ec(fU) ~° )] '
Since V is pre-open set, by Definition 1.1,
VeV —° 3)

By (2) and (3) statements,
VeV~—°c(fU))—°
then
feve -1 ) —° @)

From (1) statement xef(U) and by (4), xe (f (U)) — ° Hence f (U)c (f(U)) ~ ° and by Definition 1.1,
f(U) is pre-open set. Thus, since the image under mapping of pre-open set is pre-open set, f is M
pre-open function.
Theorem 1.9. Let X and Y be any topological spaces. For a function f : X — Y the following
properties are equivalent:

(1) The function f is M pre-open.

(n) For any point x in X the image under mapping of f of every pre-neighbourhood U of x
is a pre-neighbourhood of f(x).

(i) For each point x in X and each pre-neighbourhood UcX of x, there is a pre-
neighbourhood VY of x such that Vcf(U).
Theorem 1.10. Let X and Y be any topological spaces. Then the functionf: X —» Yis M pre-
open function if and only if each subset BcX,
f (B°") c (f B)*
Proof. = Let BcX be any subset. it is always true that B°’c B. From here if we take the image
under mapping by f of both side, f (B°")c f (B). B is pre-open set and by the hypothesis since f is
M pre-open function, f (B°) is pre-open set. In f (B°")c f (B) statement, if we take the pre-interior of
both side, we have (f (B°?)° c (f (B))°P. f (B°) is pre-open set and the pre-interior of pre-spen set is
itself, thus f (B°")°P =f (B°") then, f (B°") c (f (B))*®

< Let BcX be any pre-open subset. Since B is pre-open set, B°F = B (see. [6]). By the hypothesis
f (B°P) c (f (B))°P, hence we get
f(B) c (f (B)*° (1

In addition,

(f () = f (B) (see. [3]) @
By (1) and (2) statements, we have f (B) = (f (B))°. Then f (B) set is pre-open set. According to the
Definition 1.6, we get that f is M pre-open function.
Theorem 1.11. Let X and Y be any topological spaces. Then the function f-lisM pre-continuous if
and only if the function f : X = Y is M pre-open function.
Proof. = Let AcX be any pre-open subset. From here if we take the inverse image under mapping
of f of both side, (f -1)-1(A)c (F~1)1(X). However (f-1)-1(A) = f(A)Y. By the hypothesis, since the
function -1 is M pre-continuous, (f '1)"I (A) is pre-open set, that is, f(A) is pre-open set. Hence, by
Definition 1.5, f is M pre-open function.
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& Let AcX be any pre-open set. Since f is M pre-open function, f(A) is pre-open set in Y.
Since f(A) set is written by form
i) = ¢-H1 @)
hence, f-1lism pre-continuous function.
Definition 1.7.[3]. Let X and Y be topological space. The function f : X — Y is M pre-closed function
if the image of each pre-closed set in X is pre-closed in Y.
Theorem 1.12. Let X and Y be any topological spaces. Then the function f : X — YisM pre-
closed function if and only if each subset AcX, (f(A))™ < f(A™).
Proof. = Let AcX be any subset. t is always true that Ac A™[5]. From here if we take the image
under mapping by f of both side, f(A)c f(A™P). B°” is pre-closed set and by the hypothesis since fis
M pre-closed function, f(A™) is pre-open set. In f(A)c f(A™?) statement, if we take the pre-closure of
both side, we have (f(A)) "< (F(A ™)™ . f(A™) is pre-closed set and the pre-closure of pre-closed set
is itself, thus (f(A™))™® = f(A™) then, (f(A))™ < f(A™).
& Let FcX be any pre-closed subset. We show that f(F) is pre-closed set, that is,
f(F)=(f(F))". Since F is pre-closed set,
F = F P (see [5]). 1
From here if we take the image under mapping by f of both side,
fF)=fF™ @
by (1) statement,
FFE)PcfFE™D
by (1) and (2) statements, we have
fENPcfE ©)
Moreover )
fE<cEEN™® @
According to (3) and (4) statements, f (F) set is pre-closed set. Consequently, f is M pre-closed
function. .
Theorem 1.13. Let X and Y be any topological spaces. Then the function f-lisMm pre-continuous if
and only if the function f : X — Y is M pre-closed function.
Proof. = Let FcX be any pre-closed subset. From here if we take the inverse image under
mapping of f of both side, (f ~1)1F)c (F -1)~1(¥). However (f -1)1(F) = f(F)Y. By the hypothesis,
since the function f ~lis M pre-continuous, (f '1)"| (F) is pre-closed set, that is, f(F) is pre-closed set.
Hence, by Definition 1.7, f is M pre-closed function.
< Let FcX be any pre-closed set. Since f is M pre- closed function, f(F) is pre-closed set in
Y. Since f(F) set is written by form
f(F) = N1 F)
hence, f-lis M pre-continuous function.
Definition 1.8. Let X and Y be topological space. A mapping f : X — Y is called M pre-
homeomorphism if there exists a bijective mapping f such that f and f -lare M pre-continuous
functions.
Remark 1.5. For M pre-homeomorphism concept, by Theorem 1.11 and Theorem 1.13, we give the
following thorem;
Theorem 1.14. Let f : X — Y be bijective function. Then the function f is M pre-homeomorphism if
and only if f is M pre-continuous and M pre-open function.
Theorem 1.15. Let f : X — Y be bijective function. Then the function f is M pre-homeomorphism if
and only if f is M pre-continuous and M pre-closed function.
Now, we give a criter related to M pre-homeomorphism function in the following;
Theorem 1.16. Let X and Y be any topological spaces. Then the function f : X — Y is M pre-
homeomorphism function if and only if each subset AcX,
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(fA) P =f(A™)
Proof. = Let f be M pre-homeomorphism. By Definition 1.8, f is M pre-continuous. Then for each
AcX subset
f(A™) < (f(A)*I5] (1.
According to Definition 1.8., since f-1is M pre-continuous function by Theorem 1.13, f is M pre-
closed function. According to Theorem 1.12,
(fA)™ c f(A™) @.
Therefore by (1) and (2) statements, for each AcX subset,
f(A™) = (f(A)™
< For each AcX subset, if f(A™) = (f(A))™, by Theorem 1.12, f is M pre-closed function and
f is M pre-continuous [4]. Consequently, by Theorem 1.15, f is M pre-homeomorphism.
Theorem 1.17. Let f : (X,71) — (Y,72) and g : (Y,19) — (Z,73) be any to mappings. If f is a pre-open
and g is @ M pre-open, then gof : (X,71) — (Z,73) is a pre-open function.
Proof. Let A be open subset of topological space X. By the hipotezix, since f is a pre-open function,
f(A)Y is pre-open set. Since g is M pre-open function, by Definition 1.6, g(f(A))cZ is pre-open set,
that is, g(f(A))=(gof)(A) is pre-open set. Therefore gof is pre-open function.
Theorem 1.18. Let f : (X,71) = (Y,72) and g: (Y,79) — (Z,73) be any to mappings. If f is a pre-
continuous and surjective function and gof : (X,7) — (Z,13) is @ M pre-open function, then g is a

pre-open function.
Proof. Let A be open subset of topological space X. By the hipotezix, since f is pre-continuous
function, f -1 (A)cX is pre-open set. Since gof is M pre-open function, the image under mapping of
gof of f -1 (A) set is pre-open set, that is, (gof)(f'1(A))cZ is pre-open set.
(@of)( f-1(A)=g(f(f -1(A))

and since f is surjective function, (gof)(f -1 (A))=g(A). Consequently, g is pre-open function.
Theorem 1.19. Let f : (X,71) = (Y,70) and g : (Y,10) — (Z,13) be any to mappings. If gof is a pre-
open and g is injective and M pre-continuous, then f : (X,t1) — (Y,12) is a pre-open function.
Proof. Let G be open subset of topological space X. By the hipotezix, since gof is a pre-open
function, (gof)(G)=g(f(G)) is pre-open set. Since g is injective and M pre-continuous function,

g7 @(f©) = g1g(f(G)) = f(G)cY
f(G) is pre-open set. Consequently, f is pre-open function.
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