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Abstract—Constructing minimal linear codes has a great interest in coding theory since they have an important role in describing
access structures in secret sharing schemes and they are employed to design secure two-party computation protocols. Many
methods of constructing linear codes have been proposed in the literature, and the most famous one is based on functions
over finite fields. Linear codes derived from cryptographic functions have desirable algebraic structures that are significant from
the application point of view. We in this paper study the construction of these codes from special functions over the odd
characteristic finite fields. We aim to construct new minimal codes by using a new type of function in the known construction
method. To do this, we propose to use five different subsets of the preimages of weakly regular plateaued balanced functions.
We then obtain five infinite classes of minimal linear codes with six-weights based on these functions over the odd characteristic
finite fields.
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1. Introduction A, be the number of codewords b with the
weight wt(b) = w in C. The weight distribution
of the code C is shown by (1,A4;,...,A,), and

prime. The finite field with p™ elements is denoted its weight enumerator is represented by the

Let n be a positive integer and p be an odd

by F,», and it can be viewed as an n-dimensional
vector space F) over IF,. Then, a k-dimensional
subspace of a vector space F) is called linear
code C with length n and dimension k over
F,. The Hamming weight wt(b) of a vector
b = (by,...,b,-1) € Fy is the size of the set
{0 <i<mn—1:b #0}. The minimum nonzero
Hamming weight in C is the minimum Hamming
distance d of C. Then, the code C is represented by
[n, k, d], over F,,. The code C is said to be minimal
if all nonzero codewords in C are minimal. Let

polynomial 1+ A;y+-- -+ A,y™. If the number of
nonzero coefficients A, in the polynomial equals
t, then the code C is t-weight.

Linear codes have many applications in cryp-
tography, design theory, graph theory, authen-
tication codes, communication, data storage sys-
tems, and consumer electronics. Few-weight linear
codes have many construction methods, one of
them is based on functions over finite fields. Until
now, a great number of few-weight linear codes
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have been obtained from functions such as bent
functions ([16], [25]), plateaued functions ([17],
[19], [20], [21], [24]), perfect nonlinear functions
[3] and quadratic functions ([5], [6], [9]). The
recent construction methods of linear codes from
functions have been presented in [12]. Further-
more, Mesnager has published in [11] a recent
survey on linear codes constructed from functions
over finite fields.

An important subclass of linear codes is the
minimal codes that have many practical applica-
tions such as secure two-party computation and
sharing schemes. These codes have an important
role in designing access structures in sharing
schemes [§], [14], and they are employed to design
new protocols for two-party computation. The
following lemma proposes a sufficient condition
for a linear code over finite fields to be minimal.

Lemma 1 [I] Let C be the linear code over F,.
Let wpax and wpi, denote the maximum and
minimum weights of the nonzero codewords in
C. Then, the code C is minimal if

p—1

— < .
p Wmax

Wmin

(1)

We remark that the sufficient condition is
not necessary for linear codes to be minimal. Re-
cently, a new necessary-sufficient condition to be
minimal has been introduced for a binary linear
code by Chang et al. [4] and Ding et al. [7], inde-
pendently. They have proposed binary minimal
linear codes flouting from Boolean functions.
Immediately after, Heng et al. [I0] have intro-
duced a new necessary-sufficient condition for
minimal linear codes over the odd characteristic
finite fields, and they proposed minimal ternary
codes flouting . Very recently, many minimal
codes flouting (/1)) have been obtained in [2], [18],
[19], [22], [26], [27], [2§]. For instance, Mesnager

et al. [I8] have used characteristic functions to
characterize minimal linear codes, and then Qi
et al. [22] have generalized the recent results
proposed in [18] over the odd characteristic finite
fields. Very recently, Mesnager and Smak [19)]
have proposed three different classes of minimal
codes with six-weights based on weakly regular
plateaued unbalanced functions. In this paper,
inspired by the recent works [19], [27], [28], we
aim to obtain new minimal linear codes based on
weakly regular plateaued balanced functions from
the construction method given in [28, Theorem
10].

The paper is scheduled as follows. We set a
necessary background of the paper in Section
2] Section [3] presents some new results on the
exponential sums of weakly regular plateaued
balanced functions. Section ] derives new classes
of linear codes with six-weights from the subsets
of the preimages of weakly regular plateaued
balanced functions over F,,.

2.  Preliminaries

For any set K, K* = K\{0} and #K shows the
size of K. The set of all non-square elements and
square elements in F) is, respectively, denoted
by NS@Q and SQ. For simplicity, we use p* =
no(—1)p, where 7y is the quadratic character of
F5. Let Q(&,) be a cyclotomic field, where Q is
the rational field and &, is a primitive p-th root
of unity. For a € I}, the automorphism o, of the
cyclotomic field Q(,) is defined as 0,(&,) = &7
For b € F,, one can easily see that o,()) = &5

and o,(v/p*") = n"(a)v/p*".
Lemma 2 [13] Under the above notations,

° X:aE]F;*7 no(a) = 07
. Zae]}?; Uo(a)ﬁgb = 1o(b)/p* for every b € F,
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w_ ) p =0,
2, 5 = { 0, ifbels
D, if b=0,
« Yo, &0 =19 VP, ifbeSQ,
—/p%, ifbe NSQ.

Let f :F, — I, be a p-ary function, where ¢ =
p". f is called balanced function if it takes every
element in F, with p"~! times; or else, it is called
unbalanced function. A trace function Tr"() is
described as Tr"(a) = a+a? + o + -+ "
over [F,, for o € Fyn. The Walsh transform fof a
function f is given as

fo) =Y &/ 5 e R,

Z‘EIFpn

Plateaued and bent functions were, respec-
tively, introduced by Zheng and Zhang [29] and
by Rothaus [23]. A function f: F,» — F, is said
to be s-plateaued if \fA(é)P € {0,p""*}, where s
is an integer with 0 < s < n. It is obvious that
a 0-plateaued function is the bent function. For
a plateaued function f, the Walsh support of f
is Sy = {6 € Fpn : 1F(8)]2 = p™™*}. A plateaued
function f is said to be weakly regular s-plateaued
if
+s

f(s) e {0,vpn2

where v € {£i,4+1} is a constant sign and f*

51{*(6)} , V6 € Fyn,

is a p-ary function over F,» with f*(§) = 0 for
all 0 € Fyn \ Sy. If the sign v changes depending
on the value of 9§, then we say that f is non-
weakly regular plateaued function. For 1 < s < n,
we have denoted by WRPB in [24] the set of
weakly regular s-plateaued balanced functions f
that hold the following conditions

« f(0)=0, and

o f(bx) = V' f(x) for every z € Fyn and b €
7, where i is a positive even integer with
ged(i —1,p—1) = 1.

Lemma 3 [15] Let f : Fyn — F, be an s-plateaued
function. For 6 € F,, |f(d)]* has the value 0 and

s

the value p"**, respectively, p" — p"~* times and

p"° times.

Lemma 4 [17] Let f : Fpn — F,. If f is weakly
regular s-plateaued, then for every d € Sy,

F(0) = ev/pr" e,
where € € {£1} is the constant sign of f
Lemma 5 [20] Let f : Fyn — F, be a weakly
regular s-plateaued function. For j € F,, we

define Nyp; = #{0 € S; : f*(0) = j}. When

n — s is even,

Ny = { P et (1) p - 1), if =0
i = pk

— ey (=) if j #0
otherwise,
p", if j =0,
Ny =3 pF+eni(-1)yp ", if j € 8Q,
pr— e (—=1)Vp, it j € NSQ,

where k =n — s — 1.

3. Exponential sums of plateaued bal-

anced functions

In this section, we provide new results on ex-
ponential sums of balanced plateaued functions.

Lemma 6 Let f € WRPB. For i € F; and ¢ € F,
we define

L) = ¥ Y e,
z,yEIFZ*)mGIFq

For all § € F; \ Sy we have L(d,4) = 0, and for
all § € Sf

e p - 1), i f5(0) =0,
L((S?Z) _{ 6\/1?714-5’ if f*((S) #0
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when n + s is even; otherwise,

0
L(d,1) = { _’6770 (F*(5 \/—'n,—‘rs-i-l

Proof: The proof proceeds from the tech-
niques applied in the proof of [25, Lemma 10].
We provide its main parts. For i € F and § € F,
we can find that

L(s,i) = Y 0,(f(20))ay (&)
y,ze]F;
When ¢ € F; \ Sf, we clearly have L(d,i) = 0
When § € §f, we have

L((;,Z) _ Z O_y(e\/]?n—i-sgg*(zﬁ)-i-zi)

y,2€Fy

n+s ool fx 21
= Y oleV g O

y,2€Fy
_ e Z ot (y) Z o, (€21 0+
yeFy z€Fy
_ _6\/—n+5 Z nn—l—s gyf*
yEIF*

Hence, the proof is complete from Lemma [2] [

Lemma 7 Let f € WRPB. For i € F; and ¢ € [},
we define

N;(0,7) = #{z € F,: TY"(0x) = ¢ and f(z) = 0}.

Then, for all § € F;\ Sy, we have N¢(0,4) = p" 2,
and for all § € Sy,

n—2 *

N )"t =M(p-1), if f*(6)=0,
'M@”‘{ﬂ”+M, it £(5) #0,
when n + s is even; otherwise,

2, if f*(5) =0,
Ni(6,4) =< p" 2 =N, if f*(9) € SQ,
p" 2+ N, if f*(0) € NSQ,

where M = ey/p7" ™ * and N = e/p7 "7,

Proof: According to the definition of N¢(4, 1),
as seen in the proof of |25, Lemma 11}, one can
derive from the exponential sum that

=p2ap? ) ) g

y,2€F5 z€Fy

—z(Tx™ (6z)—1)

N¢(6,4)

Hence, the results follow directly from Lemma [}
L]

Lemma 8 Let f € WRPB. For i € F} and ¢ € [,
we define

S(6,1) =

Z Z gy 2 f(@)—2(Tx" (62)—i)

z,y€lfy z€ly

Then, for every ¢ € Fy \ Sy we have S(9,i) = 0,
and for every 0 € Sy

e(l—p)yp "™, if f1(6) =0,
(1= p)Vp ™™, i f4(6) € 5Q,
e(14 p)Vpr ', if f5(6) € NSQ.

S(6,4) =

Proof: The proof is the same as the proof of
Lemma [6] Then, it completes from Lemma 2] [

Lemma 9 Let f € WRPB. For : € F; and ¢ € [,

we define the following sets

Nq(,1)
Nisq(0,17)

=#{x eF,: Tt"(0z) = ¢ and f(z) € SQ},
=#{x e F,: Tt"(0z) = ¢ and f(x) € NSQ}.

For every 0 € IF; \ Sf, we have

—1
'/\/;Q(da Z) - anq(éa Z) = (p—)p”_g.

For every ¢ € Sy,

[ A i @) e NSQU oY,
N0 ‘{B,ﬁﬁ@eﬂz
)
)

A i 6) € SQuU{oY,
anq(daz) _{ if f* 0) € NSQa
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when n + s is even; otherwise,
(

C, if f4(8) =0,
Ny(d,9) =< D, if f*(0) € SQ,
E, if f*(6) € NSO,
(B i £(0) =0,
Nosq(8,0) =4 G, if f*(0) € SQ,
| H, i f(6) € NSQ
where

)( n— 2+€ /—n+s 4)
n—2 e(pgl)\/p—n+5 47
n— Fnts—1
(p 2 - E% VD * )7
P+ G(M) /D "+5—3’
n—2 + 6(770(_21)_1) /p* ”+5—3>
n-2 | 1 jmts—l
PVt es/p ),

n—2 E(?70(—21)—1) *”“‘5—37

—1)+1 Fn+s—3
— ()

Proof: For ¢ € F* and § € IF* we define

75,0 = YO (Y g e

z€F, yelFyp 2€Fp

I
—~
|’E
[\o}
—

I
S
1\3|\
—_
i

ki
_
— —

I

S

| N
[

| o

S
[ o
—

—

T QO Qe
I
AAAFAA
SPSE=1

=S
[\;|‘l\3|l\)
_ =
N—
=
T
)

From Lemma [, we have

Z é—z(Trn(éz)—i) _ b, if Tr"(é:l:) =1,
= b 0, if Tv"(0x) # 1,
and
) D, if f(fE) =Y
Moo =& i f2) € SQ,
yeF, —/p*, if f(x) € NSQ.

They imply that

( ) QNf((S Z) +p\/_( SQ((S Z) anq(&i))a

where N (6,7) is given in Lemma [7] We have also
the fact that

N3(0,7) 4+ Ny (6,7) + Npsg(6,7) = p* 1.
On the other part, expanding the expression of
T(6,1), as seen in the proof of [25, Lemma 14],
one can Verify that

=+ Z Zé-yf 2(Tx™(6z) 1)7

y,2€Fy z€F

and by Lemma [§] we have

pn7 lf(se]F;\Sfa
L pn_M(p—l), iff*(5>:0
T(6,) = pt— M(/p*—1), if f*(6) € SQ,

P+ M(p*+1), if f*(§) e NSQ,

where M = e,/p*""°. Hence, the desired results
can be obtained from the above results, thereby
completing the proof. O

The character sum of a subset S of I, in respect
of 0 € F, is given as

_ Z ngr” (6z) )

z€eSs

(2)

We define the following subsets of F,» to con-
struct linear codes based on these subsets.

Dy ={x€Fp: f(z) =0},

Dyq ={z € Fp : f(x) € SQ},

D,s;, ={zx€Fu: f(zx) e NSQ}, (3)
Dyo ={x €Fpn: f(z) € SQU{0}},

Dysgo = {x € Fpu : f(z) € NSQU {0}}.

We now compute the character sums of these sets.

Lemma 10 Let f € WRPB and 6 € Fj;. Then
the character sums of the sets of the form of
are given as follows. For every 0 € F; \ Sy we

get xs(Do) = x5(Dsq) = X5(Dsq0) = Xs(Dnsq) =
X5(Dhnsq0) = 0. For every § € S¢

woo =%y ko
xo(Dsy) —{ ;“» ! ;Eg; : ggfzu{O},
X5(Dsgo0) _{ f_"37 ﬁ ;Eg; ; ing,{O}’
S P
%6 (Dasgo) :{ t b ;jgggigg;@uw},
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when n + s is even; otherwise,

(0, if f*(6) =0,
Xs(Do) =4 mEEEEf f(6) € SQ,
|~ i f4(6) € NSQ,
(¢, if f1(6) =0,
Xé(Dsq) = -D, if f*(é) € 5Q,
| —E, i f*(0) € NSQ,
(C, if f1(0) =0,
X5(Dsq,0) = —-E, if f*(é) € 5Q,
| =D, i f*(0) € NSQ,
( _07 1f f*((S) = 07
Xs(Dnsg) =4 E, if f*(6) € SQ,
| D, if f*(6) € NSQ,
(—C, if f*(5) =0,
Xé(Dnsq,O) = D7 lf f*<5) € SQ?
| —E, if f7(6) € NSQ,
where
A =D
B =e(5 V",
_ n+s—1
C =e(*7)VP I
D =e(k tp)\/F”“‘i,
E =52y

Proof: For the set Dy, from the definition of
the character sum in ([2)), we have

p—1
WD = Y e = S ag,
=0

x€Dg

Then, by the fact that S22~/ & = 0, the expected
results can be derived from Lemma (7| and [24]
Lemma 7]. For the sets Dy, and D,,, the results
follow similarly from Lemma [9] and [24, Lemma
9]. Furthermore, for the sets Dy, 0 and D;,s0, they
are derived from Lemmas [7 [9] and [24, Lemma
11]. O

4. Linear (minimal) codes from weakly

regular plateaued balanced functions

For a subset U of Fy., we define a function

g(z,y) = Ti"(¢(x)y) (4)

from Fj2n to Fp,, where ¢ is a polynomial from
Fyn to Fyn such that ¢ is an injection from U to
. and ¢(z) = 0 for any = € Fyn \ U. The linear
code Cp associated with the set U is defined as

Cu ={cas,0, | €EFp, 010 €EFpn, 0y € Fpn},  (5)
where

Ca,d1,00 = (@g(ﬁ(], y) - TI'n((Sl[E) - Trn(62y))(:c,y)€]17;2n .

From the definition of the code Cy, its length is

p?" — 1 and dimension is 2n + 1. The Hamming

weights in Cyy can be obtained from [16] Section 5]
by considering the Walsh spectrum of a function

qg.

Lemma 11 [I6] Let Cy be the code of the form
of . Then

0, ifa:51:5220,
wt(cas,0,) =& A, if =0, (§1,02) # (0,0),
B, if a €y, 01 € Fyn, 03 € Fin,

2n—1

where A = p** —p and

B = p2n _p2n—1 _ 1 Z O (Ua(/g\(oé_ltﬁ, 06_152))) )

p wEIF;;

Lemma 12 2§ For (z,y) € Fupn X Fpn, let
g(z,y) = Tr"(p(z)y) be the function of the form
of . For (d1,02) € Fyn X Fyn,

P e, who
z€F,n\U

pnfpfrrrn(alqs—l((b)), if 52 c [m(qb)*,

0, if 6o & Im(o),

:(]\(517 52) =

where I'm(¢) denotes the image of ¢.
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For any 0, € 7., one can verify that
o™ = s, (U),
xG]Fpn\U

The following proposition describes the minimal-
ity conditions of the code Cy in for a given
subset U of F,.

Proposition 1 [28] If a subset U of F, holds the
following conditions:

L (p—1) <#U <p"p—1),
2. #{r e U:Tr"(d1z) # 0} > 2 for §; € F,,
3. Joax #{r U :TY"(61x) =i} < (p—1)p" 2

for i € I,
then Cy of the form of is minimal code.

Xu et al.[27] have initially provided the con-
struction method of minimal linear codes in [27,

Clearly we have

#Dy  =p" T,

#Dyy = #Dpeg = EHpn 1,

#Digo = #Dpugo = 1
We first construct minimal codes based on the
set Dy.

Theorem 1 Let n + s be even with 1 < s <n —
2, and f € WRPB. Let Dy be the set given in
(3). Then, the six-weight code Cp, in has the
parameters [p?"—1, 2n+1], and Hamming weights
presented in Table [, Furthermore, it is minimal

when s +4 <n.

Proof: The Hamming weights of nonzero
codewords in Cp, can be computed from Lemmas
and [11] For o = 0 and (d1,4d2) # (0,0), we
clearly have wt(cog, 5,) = p** — p*"~'. We focus
on computing the Hamming weights wt(cqs,.5,)

Theorem 3.1]. They have proposed two classes of when o € [y and 01,09 € Fpn

minimal codes Cy of the form of by choosing
the suitable subsets U of F,» in the proposed
method. Later, Xu et al. have generalized this
construction method in [28, Theorem 10] for a
new type of function. They have selected the set
U=Dy={zeF,: f(z)

regular bent and they obtained a class of minimal

= 0}, where f is weakly

codes based on this set. Very recently, Mesnager
and Smak [19] have generalized this method
by using weakly regular plateaued unbalanced
function f in the subsets Dy, Ds, and D,,.
Then, they have obtained three infinite classes
of minimal codes with six-weights from these
subsets. In this paper, within this framework, we
use weakly regular plateaued balanced functions
in the subsets defined in so that we can obtain
new linear codes Cy of the form . This enables
us to obtain new classes of minimal codes with
six-weights over F,. One can easily find the sizes
of these subsets since f is balanced function.

e« When a # 0 and (d1,d2) =
wt(cap0) = p" ' (p — 1)#Do.
e When a # 0, 0; # 0 and d, = 0, by
considering Lemma [10] the Hamming weight

wt(Cap,0) 18

an - pzn—l +pn—1 Z Uw<X61(D0>>

(0,0), we have

weF}
P p—1), if 6, € F; \ S,
= P+ A1), if () =0,
ptp—1) = A, if f4(61) #0,

where A = ep"2(p — 1)/p* ",
e When o # 0 and o '6 € Im(¢)*, the
Hamming weight wt(ca.s,5,) is

1 n—1 —wTr™ (51971
—p E gp
wGJF;;

— For ¢ '(a7'8) = 0, then we have

wt(ca,(Sl,éz) — p2n _ p2n71 _ (p _ 1>pn71‘
— For ¢~ !(a1d3) # 0, we have two cases.

2n 2n—

a1
P —p (a7782))
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« If TY" (0107 (a™'d2)) = 0, we have

wt(Cas5,) =P —p*" = (p—1)p"

« If TY" (0107 (™ td2)) # 0, we have
wt(Cas5,) =P —p*" P

e« When o # 0 and a0y ¢ Im(¢), we have

U}t(ca,tﬁ,(sz) = p2n - p2n71‘

Besides, the weight distributions of such code-
words are completely obtained from Lemmas [3]
and [I2] By Proposition [T} the code is minimal,
thereby completing the proof. O

Example 1 Let p=5 and n =5. Let f € WRPB
with s =1 and € = 1. The code Cp, in Theorem
is a six-weight minimal [9765624, 11, 1562500]5
code over Fs with 1 + 431562500 4 58()y8062500 4
1920y7700%0 41572500y 781 41013120y 7125 +
6240000y 813125,

Remark 1 When n + s is odd in Theorem [I], the
code Cp, has the same parameters of the code
Cp,, in [19, Theorem 2].

Theorem 2 Let f € WRPB and Dy, be the set
given in (3)). Then, the code Cp,, in is a
six-weight [p** — 1,2n + 1], code over F,. The
parameters of Cp,, are presented in

o Table 2] if n+ s is even with 1 < s <n — 2,
o Table[3if n+ s is odd with 1 <s<n —1.

Furthermore, it is minimal for s + 3 < n.

Proof: The Hamming weights of nonzero
codewords in Cp,, can be obtained from Lemmas
and [11] We compute them for each case in the
following.

0 and (d01,02) # (0,0), we have

wt(60,51,52) = p2n - p2n—1‘

« For a # 0 and (01,02) = (0,0), we have
wt(cap0) =p" Hp — 1)#Dsy.

e For a =

o« For a € F;, 6, € Fy. and 4, = 0, by
considering Lemma (10, we obtain
(A, if 6, € F\ Sy,
wt(cas,0) =4 B, if f*(9) € NSQuU {0},
| if f*(0) € 5Q
when n + s is even; otherwise,
(A, if 6 €F\ Sy,
D, if f*(§)=0

t
wt(Ca,g1,0) E, if f*(6) € SQ,
\ F, if f*(§) € NSQ,
where
A p— 1 p2n71

n— ¥ n+s
( (1p VP +)
(p2n 1_'_6p+ pn 2\/—71 S)

on—1 (pl n—1 /=nts—1
p— D" + e p D ),
(

(p +p n— 1\/—n+8 1)
F = (p_l)(p2n71 (p p n— 1\/—n+8 1)

e For a # 0 and a 14, € ]m( )\ {0}, we get
¢ (a1dy) # 0 since 0 ¢ Dy,. Then we have
the following two cases:

— If Tv"(6107 ' (a"18y)) = 0, we have
wt(Cas,,5,) =P = >t = (p—1)p" .

— If Tr"(6107 (a71d9)) # 0, we have
wt(Casy,6,) =P — P 4P

e For a # 0 and a7 'y ¢ Im(¢), we have

wt(ca,él,ég) — p2n _ p2n—1

Besides, the weight distributions of these code-
words can be derived from Lemmas and [11}
By Proposition [T} the code is minimal. The proof
is hence complete. O

Example 2 Let p =5 and n = 6. Let f € WRPB
1. The code
Cp,, in Theorem is a six-weight minimal
(244140624, 13,78125000]5 code over F5 with
1 4yT8125000 4 1540192187500 1 g6(),200000000
781250004195300000 1 830075620y19°312500 4
3125000007/195315625,

with s = 2 and the sign ¢ =
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Theorem 3 Let f € WRPB and D, be the set
given in (3)). Then, the code Cp,,, in is a
six-weight [p*® — 1,2n + 1], code over F,. The
parameters of Cp, , are presented in

o Table [4if n+ s is even with 1 < s <n — 2,
o Table[5]if n + s is odd with 1 < s<n — 1.

Furthermore, it is minimal for p > 3 and s+3 < n.

Proof: It is similar to the proof of Theorem

[l O

Example 3 Let p = 5 and n = 5. Let f €
WRPB with s = 2 and the sign ¢ = 1.
The code Cp,,, in Theorem [3| is a six-weight
minimal [9765624, 11,]5 code over F5 with the
weight enumerator 1 + 44687500 1 1003437500 1
25390360y 7812500 | 1607500000 1 4607507810000 |
18740000y 13125,

Theorem 4 Let n+ s be odd with 1 < s <n-—1,
and f € WRPB. Let D, , be the set defined as
in . Then, the six-weight code Cp,,, in has
the parameters [p** —1, 2n+1], and the Hamming
weights presented in Table [6] Furthermore, it is
minimal for s+ 3 < n.

Proof: It is similar to the proof of Theorem
2 O

Example 4 Let p=3 and n = 4. Let f € WRPB
with s = 1 and the sign € = 1. The code Cp,,,
in Theorem {4 is a six-weight ternary minimal
(6560, 9, 1458]3 code over F3 with the weight enu-
merator 1-42y458 1853888 41294860 1152765437 +-
1458y*320 + 291651101,

Theorem 5 Let n+ s is odd with 1 <s<n—1,
and f € WRPB. Let D, be the set given in
. Then, the six-weight code Cp,,,, in has
the parameters [p** —1, 2n+1], and the Hamming

weights presented in Table [7] Furthermore, it is
minimal for p > 3 and s+ 3 < n.

Proof: It is similar to the proof of Theorem

I O

Remark 2 When n+s is even, both Cp,, and Cp,,,

are the same code, and similarly both Cp_, and

sq,0
Cp,.,0 are the same code.

5.  Conclusion

Motivated by the previous works [19], [27], [28],
we constructed six-weight minimal linear codes
by considering a new type of functions over I,
and new subsets of [F,. We proposed five classes
of minimal codes by using five different subsets
of the preimages of weakly regular plateaued
balanced functions. The Hamming weights in the
constructed codes follow from the Walsh spec-
trum of the function f € WRPB and the function
g of the form of . The weight distributions of
the proposed codes follow from the subsets of the
preimages of f € WRPB. As far as we know,
the six-weight minimal linear codes proposed in
this paper are new codes since for the first time
we employed weakly regular plateaued balanced
functions in the construction method proposed in
[28].

One of the interesting research problems on the
construction method proposed in [27], [2§] is to
determine the best proper subset U of [F, that
defines the best code over F,,.

It is a well-known fact that minimal codes
can be applied to obtain secret sharing schemes
with perfect access structures. The constructed
minimal codes contribute to the design of secret
sharing schemes with high democracy as in [8]
Proposition 2].
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Appendix A

This section presents the Hamming weights in
Cy and its weight distributions in Tables 1-7.
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Table 1: The Hamming weights in Cp, in Theorem

’ Hamming weight w

‘ Multiplicity A, ‘

0 1
=0 =1
P-DE™ " +elp—1p" V") [ - D" 1+677"+1( Dp—Dvp " ")
(p—l)pZ"* clp— Dp" 2V - e )V T
) n—1

(p— )"~ 1+p Dp" "

an -1 + (p _ 1)(]?2" _ pn—s _ an—l _ 1)

(p—1)°(p" " —1p" !

Table 2: The Hamming weights in Cp,, when n + s is even in Theorem|§|

Hamming weight w ‘

Multiplicity A

0

1

1,2n—2

2P (p—1)°

p—1

-1 —edp—p" VP )

1
2

(p = D{p+ )p" 1+€7ln+1( Dp—Dvp ")

(p— 1)~ 1+62(er1) "),

e N i G Y/

P-1DE" —1p"! épQ” ‘p—-1)°
(p—Dp ! Pt =1+ (- —p T —p" p—1)/2-1)
(p—Dp* ' +p"! s(p—1)°p* 2

Table 3: The Hamming weights in Cp_, when n + s is odd in Theorem

Hamming weight w

|

Multiplicity Auw

0 1
%(p* 1)%p*" 2 p—1
- " +edlp—Dp" V) (p—1)p !
(-1 - Pjp’i e - 120" ey (=) ")
( )(pZn 1_ p) P 1\ﬁn+s 1) %(p _ 1)2(pn—s—1 — eng(il)\/pjnfsfl)
(p— 1)( - 1)19" ! 3(p—1)%p*"
(p—1p™ ! P =1+ (-1 —p" " —p" ' (p-1)/2-1)

(p—1p* ' +p"!

s(p—1)°p*
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Table 4: The Hamming weights in Cp
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+q.0 When n + s is even in Theorem

Hamming weight w ‘

Multiplicity A, ‘

0 1
(p—1p*" *(p+1)/2 p—1
(p—1)(*! i 2p—Dp" Ve ) | - D((p+ D" ey (-1 - DV ")
p-DE™" " -+ " VP ) I R S G VIV, )
(p— 1)(p” p"~! - '(p+1)/2+p—1)p "
(p—Dp ! P =1+ (-1 —p" —p" (p+1)/2-1)
(p—Dp* ' +p" ! P—D°(@" '(p+1)/2—1)p"!

Table 5: The Hamming weights in Cp_, , when n + s is odd in Theorem

Hamming weight w Ay
0 1
(p—1p" *(p+1)/2 p—1
n— n— * s—1 n—3S8—
(-1’ 1+61( —Dp" VT (p—Lp" "

(- — (B2 VT sp—1D(p" e ()P TTT)
o DTy ) e VY )
(p—1E" - 1)p" Pt e+ )/2+p—1)
(p—Dp> P14+ (-0 —p" T —p" p+1)/2-1)
(p—1p* " 4p! P - D" e+ 1)/2-1)

Table 6: The Hamming weights in Cp

in Theorem

nsq

Hamming weight w

|

Multiplicity A

0

1

%(p O

p—1

(=@ — ez —p" VT

-

(- )(p2" i /A

(- 0 ROV )

NS TMIES

(p— )(pzn 1y (p+p ) P 1rn+s 1) (p— 1)2(pn—s—1 — 5778’(—1)\/1?717571)
(p — 1)(17 - 1)]0 %(p _ 1)2p2n—2
(p—1)p* " Pl -0 =P = (p—1)/2—1)
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s(p—1)°p*°

Table 7: The Hamming weights in Cp,_, , in Theorem

Hamming weight w Ay
0 1
(p—Dp*" 2(p+1)/2 p—1
P-DE™" " —@-Dp" V) (p—DLp" "

(P—D)E™" "+ (B2 VT T - 12" Tty ()P )
(- DE™" " +e(B2p" VT 1=’ —ep (VP TT)
(p—1)(p" —1)p" " Pl " (p+1)/2+p—1)
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