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Abstract

The scope of this study is to establish an effective approximation method for linear first
order singularly perturbed Volterra-Fredholm integro-differential equations. The finite dif-
ference scheme is constructed on Shishkin mesh by using appropriate interpolating quad-
rature rules and exponential basis function. The recommended method is second order
convergent in the discrete maximum norm. Numerical results illustrating the preciseness
and computationally attractiveness of the proposed method are presented.
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1. Introduction

Volterra-Fredholm integro-differential equations (VFIDEs) have arisen in different areas
of science and engineering. Population dynamics, oceanopraphy, fluid mechanics, finan-
cial mathematics, plasma physics, artificial neural networks, electromagnetic theory and
biological processes are among these fields (see, e.g., [10,29]).

In this paper, the following SPVFIDE is being analyzed:

T l
Lu:= Lyu+ /Kl(x,s)u(s)ds + )\/Kg(:v,s)u(s)ds = f(z), z € (0,1], (1.1)
0 0

u(0) = A, (1.2)

where Liu = eu’ +a(x)u, € € (0,1] is a perturbation parameter and \ is a real parameter.
We presume that f(x), a(z) > a > 0, (z € [0,1]), Ki(z,s) and Ka(z,s)((x, s) € [0,]?) are
the sufficiently smooth functions satisfying certain regularity conditions to be specified.
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Many papers have been written about different types of VFIDEs. Existence and unique-
ness of the solution were discussed in [16,22]. Furthermore, numerous analytical and nu-
merical methods have been presented for solving VFIDEs. For instance, Adomian decom-
position method, spectral collocation method, Legendre wavelet method, 2D Block-Pulse
functions method, finite difference method, Legendre collocation method, Bernstein poly-
nomials method, Homotopy perturbation method [6,7,14,23,30,31]. The above-mentioned
studies were only related to the regular situations. (i.e. when the boundary layers are
absent).

Singularly perturbed problems (SPPs) are mostly characterized by a small parameter
¢ that multiplies some or all of the higher-order terms in the equation, because boundary
layers are generally found in their solutions. The approximation solutions of SPPs and
their applications have been studied in many papers and books, one can refer to [20,26,32].
SPPs are widely used in vast number of applications in the field of population dynamics,
fluid dynamics, heat transport problem, nanofluid, neurobiology, mathematical biology,
viscoelasticity and simultaneous control systems etc. It is remarkable that, when a small ¢
parameter is multiplied with the derivative, the vast majority of classic numerical methods
on uniform meshes fail to solve problems until the step-size of discretization is considerably
reduced. So, as the £ perturbation parameter gets small, the truncation error happens
boundless. To solve SPPs, the so-called the fitted finite difference method is used for many
approaches (see, e.g., [11,13,25,27,28]).

In the literature, there have been studies in which different techniques were applied
regarding SPVFIDEs. By using Richardson extrapolation, the order of convergence of nu-
merical scheme for singularly perturbed Volterra integro-differential equation (SPVIDE)
was improved in [24]. Delay forms of SPVIDEs were discretized in [21,35]. Amiraliyev et
al. recently constructed an exponential-difference scheme with an accuracy of O (N _1) for
the first-order linear singularly perturbed Fredholm integro-differential equation (SPFIDE)
on a uniform grid in [1], and finite difference scheme with an accuracy of O (N 2InN )
on a Shishkin grid for the second-order linear SPFIDE in [12]. The first and the second
order difference schemes were proposed in [4,34]. In recent years, many authors have
applied different methods such as homotopy analysis method, modified variational iter-
ation method, Adomian decomposition method that is named Laplace discrete Adomian
decomposition method, modified homotopy perturbation method to obtain approximate
analytical solutions for Volterra, Fredholm, Volterra-Fredholm, fuzzy Volterra-Fredholm
integro-differential equations in [8,9,15,17-19].

Until now, numerical investigations of SPVFIDEs have not common yet. Solving of
such kind of problems is so difficult. Because of existence of the perturbation parameter,
traditional numerical methods do not give reliable results. Therefore, we need uniform
and robust numerical techniques. The major contribution of this article is to present a
robust and effective numerical technique for solving SPFVIDEs.

The rest of the paper is arranged as follows: We state asymptotic estimates of the
exact solution and construct the finite difference scheme on a Shishkin mesh in Section
2. In Section 3, we present error approximations and convergence analysis. A numerical
example is given in Section 4 which validate the theoretical analysis in practice the method
is second order convergent. The paper ends with "Conclusion" section.

2. The mesh and difference scheme

First, we have remarked some analytical bounds that will be utilized subsequently
during error analysis.
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Lemma 2.1. Assume that f,a € C?[0,1] and aar;lm(l € C[o,1)?, 85;{52 € C0,0)%, (m =
0,1,2). Moreover

l

/|K2(x,s)]ds < 1.
0

ea’lflla—l ’)\’ Orga)él
z<

Then the solution u(x) of the problem (1.1)-(1.2) satisfies the bounds

Jullo < C, (2.1)
u®) () gc{1+;€e‘f}, e, k=12, (2.2)
where
K= %3); | K1 (x, s)].
Proof. The proof is done by similar approach as in [5,12]. O

Now, we turn to establishment of the difference scheme. Let wy be any non-uniform
mesh on [0,] :

WNI{O<$1 <..<zy=l, hi:xi—ﬂjifl}, EN:wNU{x(J:O}.
To any mesh function v (x) identified on Wy, we use

vi=v(xs), v., =0T )| = ol o = max |vi].
x,1 hz o0 o0,wW N OS’LSN

We construct the difference scheme on Shishkin mesh to solve the problem (1.1)-(1.2). For
an even number N, we divide each of the subintervals [0, 0] and [0, (] into & equidistant
subintervals. The transition point ¢ is determined as

l
a:min{2,aleln]\7}.

We use the notation h for the mesh width in [0, 0] and the notation H for the width in
[0,1]. Hence, the mesh stepsizes are

20 2(l - o)
h=—, H=—"—.
N’ N
x; node points are specified as
x; = ih, 1=0,1, 7%7 .’BZE[O,UL
WN = xiza—l—(i—%)H, i=8+1,.,N; €0
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We construct the numerical method using the identity

x T

Lyu (z) pi(x)de + x5 hit / (/ K (z,s)u(s) ds) i(x)dx
1 0

Ti—1

z; l
+ x5 thi A / (/Kg (z,8)u(s) ds) wi(z)dx
Ti—1 0

= x; 'hi! / f@)pi(r)de, 1<i<N, (2.3)
Ti—1

x; hit
xT

i—

with the basis functions

_aj(zi—z)
pi(z)=e " =
and
Vi 1 —e %P hi
Xi=h;! / pi(r)de = ———,  pi=—.
o Qa; Pq e

We note that the function ¢;(x) is the solution of the problem
—e' () + aip(z) =0, zi1 <z <14 o(x;) = 1.

Using the method of exact difference schemes [2,34] (see also [33], pp. 207-214), for the
first term in the left side of (2.3) we obtain

Ty

x; thit / [ev(x) + a(z)u(z)] gi(x)dr = ebpu_, + aju;

Ti—1
bt [ fote) - ate) ul@)eite)da (2.4
Ti—1
with aip
L T —aip
0; = T pairi € . (2.5)

By Newton interpolation formula in respect to mesh points x;_1, x; we have

a(z) —a(z;) = (x — xi)a,, + a(%(m))(x —zim1) (T — xy).
Therefore we get
Gt [ ) — ate) u(e)e@ds = a3 [ (@ = )u(@)ee)ds
—i—%x;lh;l / a" (&(x))(z — zim1)(z — @) u(z)pi(x)de. (2.6)
Also using 7

u(z) = u(z;) — /u'(s)ds,

xT
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in the first term at the right side of (2.6), we have

Ty Ty

Xi_lhi_l / [a(x) — a(z;)] u(z)p;(x)de = amxi_lhi_1 / (x — x)pi(z)de | u; + Rz(l),

Ti—1 Ti—1
where
1 f
Rz(l) = 3Xi Tt / a" (& () (z — xim1) (2 — xi)u(z)pi(x)d
Ti—1
_ ag’ixzflh;l / (r — xi)goi(m)</u’(s)ds) dx.
Ti1 T
Simple calculation gives
[ @ spia)de = hib
Ti—1
with
5 — e~ @ipi 1

1—e @l aip;

It is easy to see that —1 < §; < 0.
After that, the identity (2.4) reduces to

x; thit / [ev(x) + a(z)u(z)] @i(x)dr = ebpu_, + au; + Rz(l),

Ti—1
where
a; = a; + amhldl

and ¢; is given by (2.8).
Analogously we derive

[ s@e@s = i R,
1

€Ti_
where

fi=fi+ J5.:hidi,

R = Dt [ o) @ — i) - wi)en(e)de

For second term in the left side of (2.3), using the Taylor expansion

—_ 72 92
KQ(.%‘, 8) = KQ(ZEZ', 5) + (l’ — {EZ')%KQ(Z’i, S) -+ @;z);ﬂKg(@(:n), S),

(2.7)

(2.8)

(2.10)

(2.11)

(2.12)

(2.13)
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we get
T; l
x; thi A / wi(z) (/Kg(a:, s)u(s)ds) dz
Ti—1 0
l l
= )\/Kg(xi,s)u(s)ds + RE?’) + hi(;i)\/ agKg(xi,s)u(s)ds
0 0 o
l
=\ / Ko (s, 8)u(s)ds + R, (2.14)
0
where
:K:Q(xi, 8) = Kg(.%'i, S) + hzaz;%’K2(xZ7 S), (2.15)
1 5 l 82
Rgg) = §Xi_1hi_1 / (z — ;)% (z) ( WKg(&(:U),S)U(S)dS) dx. (2.16)
Ti—1 0
Next, using the composite trapezoidal integration on [0, 1], for Ko (z;, s)u(s), we have
! N
/ Ko (i, s)u(s)ds = 3 Kagju; + B, (2.17)
0 j=0
where
1 XL 2
R = 3 > / (zj — &) (i1 — f)df@(xﬂiﬂi,f)u({))df- (2.18)
jzlxj,l

Eventually, for the fourth term in left side of (2.3), applying the interpolating quadrature
rules in [3], it is found
Rl / (/ Ky (2, 5) u(s) ds) oi(@)dz — /le(:ci, syu(s)ds + RY,  (2.19)
Ti—1 0 0

where

le(.%'i, 8) = Kl(xi, S) + hzéz%Kl(xz, S), (2.20)

T

3
2
/552 /Kl(f’s)“(s)ds Ty (§ — s) dE, (2.21)

T4
RY = X'y / dvp;i(x)
Ti—1 Ti—1 0

)\5
0 A>0;
nw={ & 320

After, applying the composite trapezoidal rule on [0, z;], for K;(z;, s)u(s), we have

/ Ky (24, s)u(s)ds = Z hXigu; + R, (2.22)
0 7=0
where
1ds f &2
RBY =530 [ (o= 9 — ) 5 (5w u(©)de. (229

j:1:1?j_1
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Combining (2.9), (2.11), (2.14), (2.17), (2.19) and (2.22), we obtain following difference
relation:

) N
Lyu; = EQZUEZ + a;u; + Z hﬂ(lijuj + A Z hijQijUj =fi—R; (2.24)
j=0 j=0
with remainder term
6
R =Y R", (2.25)
k=1

where R\ (k = 1,2,3,4,5,6) are defined by (2.7), (2.13), (2.16), (2.18), (2.21) and (2.23)
respectively.

By neglecting the error term in (2.24) the following difference scheme is presented for
the approximate solution:

i N
LNy'i = 59,L'y5’i + a;y; + Z hjxlijyj + /\Z hjj<2ijyj = fi, 1< < N, (226)
j=0 j=0
Yo = A, (2.27)
where 6;,a;, fi, K145 and Kog;; are given by (2.5), (2.10), (2.12), (2.20) and (2.15) respec-
tively.

3. Error estimates
0K, 0"Ky O™H K, OmHK,

2 2 2
Lemma 3.1. Presume that f,a € C*[0,1] and 52 B Budem’ Dabam € C“0,1]°,
(m =0,1,2). Then the truncation error function R; satisfies the estimate
IRl oy < CN?InN. (3.1)

Proof. Firstly estimate RSI). Since a € C?[0,1], |x — z;_1| < h; and |z — x| < hy, then
by using Lemma 2.1, it follows that

Z x

RV < Ch? + Jazadi| hi | |u/(@)|de < Chy | hi+ [ |u/(2)]da |- (32)
Ti—1 Ti—1
For R§2), since f € C?[0,1], analogously we have
R < cn?. (3.3)

2
Next for RZ@, taking into account the boundedness of 3721’ from (2.16) it follows that
x
R < on. (3.4)

2

87227 analogously we have
x

For RZ@, taking into account the boundedness of
R < cn?. (3.5)

It remains to estimates RE4) and REG). From (2.18), under the condition of Lemma 2.1, we
have for this case

N Y
R <y / (25 = (& — 2j-1) (1 + [/ (€)] + [u" (€) ) d. (3.6)

jzlil?]'_l
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The same evaluation is similarly obtained for R§6). From
4
k
R <> |RY,
k=1

after taking into consideration (3.2)-(3.6), therefore we get

IRl < C | h2+h /|u |da;+2/ (€ —zj—) (1 + [ (&) + [u" ()] )dE

‘7115]1

This inequality by estimates (2.1) and (2.2) reduces to
1 —ae
\Rzy<(]<h2+h /fe : da;+2h3+z/ )€ —wj) e dg

lejl

Zj

N
"‘Z /(mj—ﬁ)(f—wj—ﬂ;e?&dg)
=

Tj—1

1

N g N T
1 — QT
<O<h?+2h§?+hi / SRCEDY /(xj—g) — 1) e d§>(5<1) (3.7)
j:l Ti—1 j:11j71

Now we find a convergence error estimate for the right-side of (3.7) in our special piecewise-
uniform mesh. First note that the following estimates are valid for each values of o :

2

o — N

W= (¥p) SONZ 1<isy
h? = ) (3.8)

_ [ l=0c — ;

H2_<N/2> <CN72?, S +1<i<N
and
N/2 N
Z hi = Z R+ Z 1H3 Nps 4 §H3 =40° N2 +4(1 —0)?N"2 <CN2. (3.9)
J——+

The case 0 = é can be analysed in the classical way. For this reason, we will consider only

the case 0 = a~leIn N < é and estimate the expression in the right-side in (3.7) on wy.
The inequalities

h2 20 leln N\ %1
h; / —e e dx<— (asn) =40 2%N2In’N

€ N e

l
< 540le—2 InN <CN~2InN, 1<i<

z;
1 —oz _q1f Zo%it —ax; 1 Do —aH
h; —e« der < Ha e = —e ¢ =Hoa e = 1—e"=«
€

Ti—1

imply that
71 _as
h; / e dr <CN2InN, 1<i<N. (3.10)

Ti—1



334 M. E. Durmaz, O. Yapman, M. Kudu, G. M. Amiraliyev

Further, consider the splitting

N Y - N/ 2 .
;x/l (2 = (€ — zj-1) e e = ;x/l (z; —&)(& - xj,l)?e%dg

N
3 [ - —a e

2
&
=%+

for the first sum on the right side of the above equality, we have

N 1 ot 71 ae
S [ -0 - m e de = n [ e e
— € €
=l 0

h2
< —a ' <200 N2InN. (3.11)
3

If a partial integration formula is applied for the integral term of second sum, then we
have

N g 1 —af N g H 1 —azx
Z / (:L‘j—g)(f—xj,l)g—ze = dé =27t Z / (xj—:c—2> ceE dz
=% 41z, =% +1z; 4

l
1 —ox —ao —a
< 204_1H/ferx:2a_2H (e e —e sl>
€
o

<22 ?HN'<CN2 (3.12)

Thereby from ( and (3.12), we get

Ty

3.11)
N
2y / (25— €€ — a51) e

#d¢ < CN~2InN. (3.13)

Thus for ¢ = a~teln N, by (3.10) and (3.13) it follows that

T 1 o N 1 o
hi gerx + Z / (x; — &) (& — xj_l)E—ze egdé <CN2InN, 1<i<N. (3.14)
Ti—1 jzl:rj_l
The estimates (3.8), (3.9), (3.14) along with (3.7) yield (3.1). O

We proceed to estimate the error of the approximate solution z; = y; —u;, (0 <i < N).
From (2.24) and (2.26) we have

LNZZ' = RZ', (315)

Zi = O, (3.16)

where the truncation error function R; is given by (2.25).

By passing we note that since a € C?[0,1] and |§;| < 1, then exist a number & such
that for sufficiently large values of N will be a; > a > 0.

Theorem 3.2. Let a, f, K1 and Ko satisfy the assumptions from Lemma 3.1. Moreover

N

(a)*le2<d>‘lﬂ<ll|A|1@iggv hy [Kas;| < 1. (3.17)
SISV
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Then for the solution y of the difference problem (2.26)-(2.27) holds the error estimate
ly = ullomy < CN?InN.
Proof. Applying Lemma 2.1 for the solution of (3.15)-(3.16) and Lemma 4.1 from [21],

we get

N N
193l < (@) 1 Rlloo oy + (@) K1 Y 2Ry il + (@) AL D Ry K] Ly

Jj=1 J=1
i
< Ui + (54)_1 le Z hj ]yj| s (3.18)
j=1
where
) N
—\— _\—1

e = @7 MRl + M@ g, 3552 Wl

and

X1 = max |K,(z, s)] .
(0.1

By the difference analogue of Gronwall’s inequality to the relation (3.18), we obtain
L7 h
lzil <nmyexp| (@)K Y ——L——|, 1<i<N.
o ]zzzl 1-— (Oé) 1 lehj
Thereby

|2l < iy exp (2(@) 7 K1l),
for sufficiently large values of N and together with (3.17), we get

1zl oy < C IR

oO,WN ©
This inequality together with (3.1) to get desired result. O

4. Numerical results
In this section, theoretical results are tested on two samples.

Example 4.1. We consider the following problem:
T 1

eu' (z) + u(z) +/sin(m— s)u(s)ds+/su(s)ds =sin(z), 0<az<1,
0 0

u(0) = 1.

The exact solution to this problem is unknown. Hereby, we use the double mesh princi-
ple. We introduce the maximum point-wise errors and the computed e-uniform maximum
point-wise errors as

N ~,2N

_ e,N _
€e *m?X’yi —Yoi loomns

eV = maxel,
3
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where 7; 2N i the approximate solution of the respective method on the mesh
(:32]\/' = {ZL’Z/Q 1= 0, 1, ceey 2N}
with
T +
Tit1/2 = % for i=0,1,...,N —1.
We also describe the rate of convergence of the form
N /2N
N — In (e /e )
In2

Table 1. Computed errors and convergence rates for the Example 4.1.

e N=20 N=2T N=28 N=29 N=200
20 0.067501 0.020348 0.005763 0.001502 0.000373

1.73 1.82 1.94 2.01

274 0.073471 0.022457  0.006449 0.001716 0.000435
1.71 1.80 1.91 1.98

278 0.073741 0.022854  0.006701 0.001808 0.000468
1.69 1.77 1.89 1.95

2712 0.072343 0.022734  0.006759 0.001849 0.000482
1.67 1.75 1.87 1.94

2716 0.074378 0.023536  0.007046 0.001941 0.000509
1.66 1.74 1.86 1.93

eV 0.074378 0.023536  0.007046 0.001941 0.000509

Y 1.66 1.74 1.86 1.93

The values of € and N for which we resolve Example 4.1 are ¢ = 20,274 278 9-12 216
and N = 26,27 28 29 210,

Example 4.2. Consider the another problem

i 1] € 1 .

5u’(x)+u(x)+0/xu(s)ds+100 u(s)ds = _(1+3:)2 + T+ —i—xa(l—e_E)

—|—a:1n(1—|—:c)+i (1—e’é+ln2), 0<z<1,

10
u(0) = 2.
The exact solution of this problem is given by
P 1
u(r)=e =+ T

N

- as follows:

We define the exact error e

N
e =y — ull oz

where y is the numerical approximation to u for various values of IV, €. The values of € and
N for which we solve Example 4.2 are ¢ = 20,274, 278 2712 2-16 and N = 26 27 28 29 210,
The resulting values of e and p” are listed in Table 2.
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Table 2. Computed errors and convergence rates for the Example 4.2.

e N=20 N=27T N=28 N=29 N =210
20 0.050413 0.014278 0.003906 0.001011 0.000251

1.82 1.87 1.95 2.01

274 0.060440 0.017118 0.004683 0.001212 0.000305
1.82 1.87 1.95 1.99

278 0.067053 0.019123 0.005268 0.001373 0.000348
1.81 1.86 1.94 1.98

2712 0.070560 0.020404 0.005660 0.001475 0.000374
1.79 1.85 1.94 1.98

2716 0.073873 0.021362 0.005967 0.001566 0.000397
1.79 1.84 1.93 1.98

eV 0.073873 0.021362 0.005967 0.001566 0.000397

pV 179 1.84 1.93 1.98

In Table 1 and Table 2, we observe that the e-uniform rate of convergence p” is mono-
tonically increasing towards two, therefore in agreement with the theoretical rate given by
Theorem 3.2.

5. Conclusion

A novel second order numerical approach for solving the first order VFIDE with bound-
ary layer has been proposed. It has been done some stability estimates for the exact
solution and its derivatives before giving the numerical method. To solve the problem
numerically, exponential fitted finite difference approach on Shishkin mesh has been used.
The obtained outcomes are shown in Table 1 and Table 2. It has been proven that the order
of uniform convergence is almost O (N 2InN ). The presented method can also be applied
to partial and fractional types of integro-differential equations for future investigations.
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