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Abstract

In this study, a series representation of the number 0,1234...9101112... , which is proved by Kurt MAHLER that
it is transcendental, is given and a program which gives the number on an arbitrary digit of 0,1234...9101112...
iswritten. Moreover we proved in a different way that this number is a transcendental one.
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1. Introduction

The set of real numbers is divided among ‘algebraic’ and ‘Transcendental’ numbers. A
number x is called ‘agebraic’ if it satisfies an polynomial equation with integer coefficients,
such that

ax"+axX" + . +ax+a=0,n3 1. Q)

For example, J2isan algebraic number of degree 2 because it is solution of the polynomial
equation x>-2=0. However, not every real number is algebraic. Any real number that is not
algebraic is said to be transcendental [1] . In fact, Georg Cantor proved that the set of
algebraic numbers is countable and there are so numbers that they are not algebraic but
transcendental, likep and e [2,3]

The existence of atranscendental number is first proved in 1851 by Liouville, he showed that
0,110001000... is transcendenta [2]. Up to day many transcendental number has been found.
The most important fifteen of them are given here [4].

1. p=31415..

2. e=2718...

3. Euler's constant, sometimes called gamma or the Euler-Mascheroni constant, has the
mathematical value of .577215664901532860606512090082... .Euler's constant
(gamma) is defined as the limit of the expression (1 + 1/2+ 1/3+1/4+ ...+ 1/ n) -
In ( n), as n approaches infinity (Not proven to be transcendental, but generaly
believed to be by mathematicians).

X n
4. Catalan's constant, Gzé (2(' 1)1)2 =1-19+ 1/25 - 1/49 + ... (Not proven to be
n=0 n+

transcendental, but generally believed to be by mathematicians.)
¥
5. Liouville's number, é 10" =0.110001000000000000000001000 ...

n=1
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6. Chaitin's "constant", the probability that a random algorithm halts. (Noam Elkies of
Harvard notes that not only is this number transcendental but it is also incomputable.)

7. Champernowne's number, 0.12345678910111213141516171819202122232425... This
is constructed by concatenating the digits of the positive integers.

8. Specia values of the zeta function, such as zeta (3). (Transcendental functions can
usually be expected to give transcendental results at rational points.)

9. In(2).

10. Hilbert's number, 2'2. (This is called Hilbert's number because the proof of whether
or not it is transcendental was one of Hilbert's famous problems. In fact, according to

the Gelfond-Schneider theorem, any number of the form a'® is transcendental where a
and b are dgebraic (& 0, a 1) and b is not a rational number. Many trigonometric or
hyperbolic functions of non-zero algebraic numbers are transcendental.)

11. &P

12. pYe (Not proven to be transcendental, but generally believed to be by mathematicians.)
13. Morse-Thue's number, 0.01101001 ...

14. i (Herei istheimaginary number v-1. If aisagebraic and b isagebraic but
irrational then a’® istranscendental. Sincei isalgebraic but irrational, the theorem

i n -
applies. Note also: iV isequal to e\/j and several other values. Consider iV =eV1o91

Since log is multivalued, there are other possible values for iV .

15. Feigenbaum numbers, e.g. 4.669 ... . (These are related to properties of dynamical
systems with period-doubling. The ratio of successive differences between period-
doubling bifurcation parameters approaches the number 4.669 ... , and it has been
discovered in many physical systems before they enter the chaotic regime. It has not
been proven to be transcendental, but is generally believed to be.)

One of these numbers is Champernowne's number. Champernowne's constant
0.12345678910111213... is the number obtained by concatenating the positive integers and
interpreting them as decimal digits to the right of a decimal point. It is normal in base 10
[5,6]. It is named after mathematician D. G. Champernowne. Mahler [7] showed it to also be
transcendental. Transcendental numbers have been studied in many fields [8-12].

2. Seriesrepresentation of Champernowne's Number

Lemma: Let b be the number of digit of n, than

b .
-n- gé (n- 1ok'1+1)%

9 ¥
0,123..9101112...=§ n.10" + § n.10

S @)
n=1 n=10
Proof: Let b be the number of digit of n, we may write
0,123456789101112... = 0.123456789 + 0,000000000101112... 3
Since
0,123456789 = ég n.10™" 4

n=1
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we show that
¥ -n- gﬁ (n- 1ok'1+1)%
0,000000000101112...= g n.10 ©& e, (5)
n=10
Let us use induction method.
0,000000000101112... = 10.10*+11.10™+12.10™+...499.10%°+100.10%%+...  (6)
Let
8
fn=n+Q (n- 10"'1+1) , (7)
k=2
than
¥ -n- 695 (n- 1ok'1+1)% ¥
a n.10 i °= 4 n1o ™ (8)
n=10 n=10
i) Forn=10 we have;
-10- éz_ (10- 10¢ 1+1)
10.10"9 = 1010 + =10.10"011D = 10,10 9)

i) Supposethatforn=T,
-T- éb_ (T-lo"'1+1)
T20M=T10 * (10)
istrue.

iii) We shall show that for n = T+1 the expression istrue. It is easily seethat (T+1).th term
isequalsto (T+1).10"M™  here misthe number of digjt of (T+1) .

If T=10>1 ;$sI N we get;
T+1=10°and m=s+1 andb=s

One can see that
-T- aeés (T- 10k'1+1)g- (s-2)
(T+1).1010 ™= (T +1)10 &= = (11)
&g k-1, 9 s
(T + 1).10_ (T ggz(T_lo l)E — (T + 1)_10- (T42)- (T- 2042)#(T- 20042)#-..+(T- 205 241} s _ (12)

(T + 1), 10 (T (((T+1)- 10+2)+((T +2)- 20041)..+((T+2)- 205 241} 1 _ (13)
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Since (T+1) = 10° than 1= [(T+1)-10°+1] and than

(T + 1)_ 10 (T (7 +2)- 2042)((T +2)- 10042)+...+{(T+2)- 205 241)} 1 _ 14)

(T + 1)_ 10 (T+1)- (((T +1)- 10+1)+((T +1)- 100+1)+...+((T+1)- 105'1+1)+((T+1)- 105+1)) — ( 15)
(- (+2) 20+ 142)2

(T + 1)- 10 i o= (T + 1). 10 (D) (16)

where s+1 isnumber of digit of (T+1).

This compl etes proof.

If T: 10%1 for every sl N than the number of digitsof T and (T+1) areequal andm="b
Inthiscasefor n=T+1 (T+1).th termis

aeéb (T- 10k‘1+1)g- b

(T+2).10"0= (T+1)10 &% 5 = (17)
(T +1)10 (T2 (i7-2042)+(r-20082)r. +{r- 20" 2]} (0-2) — (18)
(T +1)10 (7+2)- (((7 +2)- 1042)((T +2)- 100+2)s-. (T +2)- 10 14)) _ (19)

(a4 (o0

(T+110 &= o= (T +2)10 (1T (20)

it showsthat the assartion istrue for (T+1).

3. Programing About Champer nowne's Number

It is well known that irrational numbers do not contain cyclic blocks in their decimals and
they have infinite decimal representation without a rule. There it is very difficult to find an
arbitrary digit. In this section, a program which computes an arbitrary digit of
0,123...9101112... is given.

#include<stdio.h>

#include<math.h>

#include<conio.h>

#include<ctype.h>

main()

{

long unsigned int n,R,k,k1,l,a,b,c,m,t,d,s,ef,dl,d2,d3,d4,d5,d6,bs;i j;
char g;

dof

clrser();

printf(" Input the number....: ");
scanf("%d",&n);

if(n<10)

printf(" \n The number is %d.",n);
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else

{

k=2;

dof

I=pow(10,k)-1;

a=0;

for(b=2;b<=k;b++){
c=I-pow(10,b-1)+1,

at=c;}

a=atl;

f=k;

k++;

printf("\n %d",a);
}while(n>=a);

printf("\n\n f=%d" f);
m=0;

for(b=2;b<=f;b++){

c=1-pow(10,b-1);

m=m-+c;}

m=n-m;

printf("\n\n m=%d",m);
S=moof;

printf("\n\n s=%d",s);
t=(m-9)/f;

printf("\n\n t=%«d" t);
if(s==0)1

e=t%10;

printf("\n\n e=%d"e);
R=¢;

printf("\n\n The number is %d.",R);}
else{

d=t+1;

for(i=1;i<d;i++){

j=pow(10,i)-1;

printf(" =%d" j);

if(d<=j){

bs=i;

break;}}

printf("\n the number of digit: %d",bs);
Ss=bs-s+1;

printf("\n\n d=%d",d);
d5=pow(10,s);

d1=d%d5;

printf("\n\n d1=%d",d1);
d6=pow(10,s-1);

d2=d1%d6;

printf("\n\n d2=%d",d2);
d3=d1-dz;

printf("\n d3=%d",d3);
d4=d3/d6;
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printf("\n\n d4=%d",d4);
printf("\n\n  The number is %d.",d4);
)

printf("\n\n Do youwant totry again ( Y/N) ?);
g=toupper(getch());

Ywhile(g=="Y");

return O;

}

4. A Proof of 0.123...9101112... is Transcendental

There are many transcendental number on the real line but it is difficult to show that if agiven
number is transcendental. In this section a different proof of the number 0.123...9101112...
from the proof of Kurt Mahler isintroduced that considered number is transcendental.

Proof:
Let
k: ¥ n- gﬁ (n- 10"'%1)%
B= gnl0o"+g nl0 & o, (22)
n=1 n=10
Suppose B isagebraic, so that it satisfies some equation
f(x) =qc¢x =0 (22)
j=0

with integral coefficients. For any x satisfying O < x < 1, we have by the triangle inequality

<alic| =¢ (23)

(%) = ‘ém j.c, X
j=1

where C is a constant and it is defined by the right side equation of the inequlity and it
dependson only the coefficients of f(x). Define

b 0
aeé (n-20%14+1) %

9 t -n-
B, = nl10"+§ nio0 i o (24)
n=1 n=10
so that
¥ -n- géb (n- 1ok‘1+1)% - (t+1)- géb ((t+1)— 10"'%1)%
B-B = §nlo &= o < 2(t+1.10 &= o (25)
n=t+1

For sufficiently larget we obtain
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- (t+1)- géb ((t+1)- 0% 1+1)g (me2)E (1+2)- géb. ((t+2)- 20+ 1+1)gg
B-B < 2(t+1)10 & 5 < 2(t+)"10 & &= % (26)

By the mean value theorem,

1f(B)- f(B)|=|B- Bt|.|f'(f )| for some number f between B and B, . But we can see that
for sufficiently larget;

because ¢, B, isrational number with denominator 10

2

(m+1)§e— (t+1)- ga ((t+1)— 10 1+1)%%

B- BJ|f'(f)|<2C. (t+1)".10 % (27)

g" .
ac,.B’

j=o

m.fée. (0)- giz((t)— 10-140)2

[T(B)- f(B)|=|f(B)|= (t)".10 o (28)

j.¢ t)+§éb ((t)— 10“%1)%
k=2 29

Finaly we observe that

>

(e o2y 8 (2 102 mé- (-8 (1 10412

2.C.(t+1)".10 % < (t)".10 o (29)

if t is sufficiently large. It is contradiction. This shows that 0,123456789101112... is
transcendental.

5. Conclusions

Mahler proved that the Champernowne constant 0.1234567891011121314151617181920... is
transcendental number in 1937 [13]. This proof made him well-known. In this study, we have
gave different proof of the Champernowne' s number is transcendental via using the series
representation of the number. We belive that same series representation of numbers can use
to proof of transcendence of the numbers.
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