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ABSTRACT. In this article, inequalities of reverse Minkowski type involving
weighted fractional operators are investigated. In addition, new fractional
integral inequalities related to Minkowski type are also established.

1. INTRODUCTION

Fractional analysis has drawn attention highly because of its aplications in dif-
ferent areas. Researchers focus on developing different fractional operators in the
development of fractional analysis. These different fractional operators are also
used in integral inequalities. Hence fractional analysis plays an important role in
the development of inequality theory. One of the most useful fractional integral
operator is Riemann-liouville fractional integral operator. Scientist who suggested
that Riemann-Liouville fractional operator can be used in fractional analysis is
Joseph Liouville ( [20]). Then, several researchers studied these operators with
different inequalities and thus introduced the notion of fractional conformable in-
tegrals. In [1], Abdeljawad presented the properties of the conformable fractional
operators. Also, in [18], Khan et al. investigated fractional conformable derivatives
operators. Similarly, several mathematicians have been interested in and studied
conformable fractional operators ( [17], [29]). In [15], Katugampola defined a new
fractional derivative operator. Also, Katugampola developed a new approach to
generalized fractional derivatives. Based on these operators, new theorems were
proved by the researchers.
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In [1]- |32], some researchers used new fractional derivative or integral operators
such as Riemann-Liouville, Caputo, Hadamard and Katugampola types. Many new
results are obtained for functions in Ly[a,b] which is defined as follows:

Definition 1. For p € [1,00), if the function p holds the following inequality

1

(/abm(fﬂpdr)p <o,

then it is said to be in Lyla,b)].

In the mathematical literature the Minkowski’s inequality, which is very well
known in the literature, has been stated as follows (see [12]):

Theorem 1. fab ©P(T)dT and f; hP(T)dT are positive finite reals for p > 1. Then
the inequality

(/ab(p(T) + h(T))pdT>; < </ab pp(’r)dT>; + (/ab hp(’r)d’]’>

The reverse Minkowski inequality for classical Riemann integrals is obtained by
L. Bougoffa in [5] which is given as the following:

=

holds.

Theorem 2. Let p,h € Lyla,b] be two positive functions, with 1 < p < oo, 0 <
f:p”(T)dT< oo and 0 < f:hp<7')d7' <oo. If0<n< % < N forn,N € R" and
every T € [a, b], then the inequality

(/ab pp(f)mf + (/b hP(T)dTY <c (/ab(p(f) + h(T))pdT> %

N(n+1)+(N+1)

holds where ¢ = [CESHIOES))

The following theorem is called ” Young’s inequality” (see [22]):

Theorem 3. Let [0, k] where k > 0 be an interval and h be a function which is
increasing and continuous on [0,k]. If b € [0,h(k)], a € [0,k], B(0) = 0 and h~!

stands for the inverse function of h, then

a b
—1
/0 h(T)dT—l—/O r(7)dT > ab. (1)

Example 1. The function h : (0,¢) — R, h(t) = 7771 satisfies the conditions
mentioned in Theorem@for r> 1. Applying h to we have

1 1 1 1
—a” + =b® > ab, a,b>0, r>1and —+ - =1.
r s r s
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In other terms, this inequality puts forward the relation between arithmetic mean
and geometric mean.

Definition 2. ( [{]) Let h € Li[a,b]. The Riemann-Liouville integrals J& h and
Ji“h of order o> 0 with a > 0 are defined by

e h(r) = ﬁ /T (r—0)*""h()do, T>a

and
1

T(a)

o0
respectively where T'(a) = fe_“ua_ldu. By choosing a = 0 in above definitions, we
0

JER(r) = /b 0 —7)* " R0)d, T<b

get the function h itself. In the case of a = 1, the fractional integral reduces to the
classical integral.

Definition 3. ( [27])Let (a,b) be an infinite or finite interval on positive real axis
and let ki is defined on (a,b) with b € Ly(a,b). Then for « € C, Re(a) > 0,
definitions of the left-sided and right-sided Hadamard fractional integrals of order
a of a real function h are given as

1 T a—1 k(0
;wz(f):—/ (1057) D 4o, a<r<b

I'a) 0 0
and , .
o 1 O\ “" h(o)
Hb* FL(T) = @/_’_ (log 7') Td@, a<T1T< b7
respectively.

Definition 4. ( [16]) Let [a,b] be a finite interval and h € XP(a,b) be a real
function. Then for a € C, p > 0, Re(a) > 0, the definitions of left-sided and right
sided Katugampola fractional integrals of order o of h are given as

11—« T p—1
PI% Hi(r) = 2 / ( 4 hO)do, T>a

() TP — @P)l-a
and yi-a , gt
) = s /T GO, 7 <
respectively.

As the use of fractional integral operators increased, it became necessary to ob-
tain more general versions of the new results obtaibed. Thus, weighted integral
operators began to be presented. While new results are obtained with these op-
erators, general versions of the results in the literature can also be obtained. One
of the most effective weighted integral operator presented recently is given in the
following:
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Definition 5. ( [24)]) Let ¢(7) be a monotonic, positive and increasing function
on the finite interval [a,b] and continuously diﬁer@ntiable on (a,b) with $(0) = 0,
0 € [a,b]. Then for w(r) # 0 and w=i(7) = w(7)7 the definitions of the weighted
fractional integrals of a function (the left-side and right-side respectively) h with
respect to ¢ on [a,b] are given as

(w3n () = i [ Sl - o) noues. @

—1 T b .
(w5528) (1) = wm()) / & (0)[6(6) — &(7)])" " B(OYw(6)dd, €>0. (3)

The fractional integral operator given above is studied on in this study because
it can give very efficient results in terms of application. Since by choosing ¢(7) = 7
and w(f) = 1, the weighted fractional integral operators ((2) and (3)) reduce to
the classical Riemann-Liouville fractional integral operators and by choosing other
special cases, many forms of fractional integral operators can be obtained.

Obtaining some new general forms of the Minkowski type inequalities using
weighted fractional operators is the main aim of this study.

2. REVERSE MINKOWSKI INEQUALITIES FOR WEIGHTED FRACTIONAL

OPERATORS
Theorem 4. Let p,h € Lla, 7] be two positive functions on [0,00), such that
( Z"z’pp)( ) and ( It ¢ﬁp)( ) are finite reals for 7 > a > 0, ¢ > 0, p > 1.
Ifo<n< p§) < N holds for n, N € RT and t € [a, T], then
1 1 1
(a+S807) 7 (1) + (a4 SuPH) 7 (1) < a1 (487 (0 + 1)) 7 (1), (4)
, nt1)+(N+1

thh Cc1 = ((n—‘rl;(]\g-‘rl) )~

Proof. Under the given condition 283 < N, t € [a, 7], it can be written as

p(t) < N(p(t) + h(t)) — No(t)

which implies that
(N +1)PpP(t) < NP(p(t) + A1) (5)
Multiplying both sides of (5) by “= 6 (1) [o(r) — ¢(1)]

ing with respect to t from a to 7, we have

WA DPw (1) “”“’ / &(1) [6(r) — S0 o (tyuw(t)dt

pr_l , » ;
W / ¢' (1) [6(r) — 6(1)] " (0 + WP (Hw(t)dt.

w(t) and then integrat-
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Consequently, we can write
(+E°607)7 (1) < 3 (s S50 + ) (7). (6)
On the other hand, as nfi(t) < p(t), it follows
1\” 1\”
(1+2) o< (3) wo+nop. ")

Next, multiplying both sides of by wr(z()T) &' (1) [6(r) — d)]" " w(t) and then
integrating with respect to t from a to 7, we obtain

1 1 1
" Jlopp) e < 0€¢ R)P) P ) 8
(4 3521) 7 (7) € == (w0 + 1) (7) 0
From @ and , the required result follows. (I

Remark 1. Applying Theorem[4] for ¢(t) = 7 and w(9) = 1, we obtain Theorem
2.1 in [9].

Remark 2. In Theorem[] if we choose ¢(1) = 7, w(0) =1 and £ = 1, we have
the reverse Minkowski inequality in [5].

Inequality is a version of reverse Minkowski inequality obtained with weighted
fractional operators.

Theorem 5. Let p,h € Lla, 7| be two positive functions on [0,00), such that
(a+S520P) (1) and (o4 S520P) (1) are finite reals for 7> a > 0, £ > 0, p > 1.
If0<n< 28 <N holds forn,N € R* and t € [a, 7], then

h(t)
(w35°6)F (1) 4 (389) 7 (7) 2 0 (35997) () (s SE0) (1),

= Wntl) o

=

with co
Proof. Multlplymg inequality @ by inequality , we obtain

WEDOED (8507 () (S5 (7) < (S50 00+ 17)F (). (9)

Using the Minkowski inequality, on the right side of @, we get
(N+Dn+1) b p\ p—
S (8P )” (1) (s SEOY) (7)
1 1 2
< @ SE297) 7 (1) + (s SEPR) " (7)]
Then, we have

(ar SEOGP) P (1) + (g SEOHP) 7 (7)

> BN ] (atee) () (9500 0

which is the desired result. O
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Remark 3. Applying Theorem [5] for ¢(7) = 7 and w(9) = 1, we obtain Theorem
2.8 1 [g/

Remark 4. In Theorem[5, if we choose ¢(1) = 7, w(f) =1 and £ = 1, we have
Theorem 2.2 in [30).

3. OTHER FRACTIONAL INTEGRAL INEQUALITIES

Theorem 6. Let p,h € Lla, 7| be two positive functions on [0,00), such that
(a+gﬁ¢@p) (1) and (a+\SZ ¢hp) (1) are finite reals for 7 > a >0, ¢ >0, p,g > 1
and % +% =L If0sn< ?85 < N holds for n,N € Rt and t € [a, 7], then the
following inequality for weighted fractional operators holds:
1
1 N\ =
(7) (a+Su’h) " (1) < () (arSGPp7 17) (7).

n

3 =

(a—i— Si¢ @)

Proof. Using the given condition % < N, t € [a,T], it can be written

p(t) < Nh(t)
Nagu(t) < h(t). (10)
Multiplying both sides of by p% (t), we can rewrite as follows
N™agp(t) < pr () (t) (11)
where % + % =1.

Multiplying both sides of
tegrating we have

B (1) [9(r) — (1)) w(t) and then in-

N_E'“’ / & (1) [6(r) — 60" p(tyw(t)dt

w(
< v / F (0 [0(r) - o) 03 (OB (Byuw(t)dr.
I'( ) a
From weighted fractional operators, we obtain
N7 (:35%9)” (1) < (a4 S8P0% 17) 7 (7). (12)
On the contrary, as n < %’Et), it follows
nehs (t) < o (t). (13)
. . . 1 . . 1 1 _ .
Multiplying both sides of by fa (t) and using the relation s+t = 1, we obtain

nh(t) < v (t)h (). (14)
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Multiplying both sides of (14) by “rii6'(t) [6(r) — 6(t)]"*w(t) and then inte-

grating we get
1

1 1 1 7
03 (1 SEPR) T (1) < (ar Q503 1) (7). (15)
Conducting the product between and (15, we have
1
NEIRY GLo 7 NN (oo
(a+9579)7 (1) (o950 T (1) < (=) (arS007 07 ) ().
where % + % = 1. So the proof is completed. ([l

Theorem 7. For ¢ >0, p,q > 1 and 117 + é =1. Let p,h € Lla, 7] be two positive
functions on [0,00), such that (44 SE20P) (1) and (44 SEPRP) () are finite reals for
T>a>0. If0<n< £t < N forn,N € RT and for all t € [a, 7], then

R(2)
(a+ S5 0h) (1) < €3 (arSu? (07 + 1)) + ea (a4 S50 (97 + h7))(7)
with c3 = % and ¢y = %.

Proof. Using the hypothesis, we obtain the following inequality:
(N +1)PpP(t) < NP(p+ h)P(t). (16)

Multiplying both sides of by wl:(le(;) &' (1) [p() — ¢(t)]" " w(t) and then inte-
grating we have

NP

< m (a+%$¢(@ + h)p) (T) (17)

For t € [a, 7], since 0 < n < ?gt) holds we get
(n+1RI(E) < (o + (D). (18)

Similarly, multiplying both sides of () [p(T) — ¢(t)}l_1 w(t) and
then integrating we can write

1

(a4 34019 (7 )SAG;;iDE(a+%$¢“g+JU%(T) (19)
Using the Young’s inequality, we have
1 1
pwmwg5¢m+5mw, (20)

again multiplying both sides of by wl:(le()ﬂ &' (t) [p(7) — ¢(1)]" " w(t) and then
integrating we obtain

(4 20h) (1) < 7 (2 567) (1) + ¢ (o S9N (7). (21)

D=
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Using and in (21), we obtain

(SE00) (1) < s (S (o + 1) (1) (22
1 x q
oy @ S o+ ()

Using the inequality (z +y)" < 2" (2" +y"), r > 1, z,y > 0 in (22, we have
213—1]\[”
" §bo R < “ P KP

2q71 ol q q
+m (a+\9fu¢(@ + h))(7).

This is the required result. ([l

Theorem 8. For £ > 0, p > 1. Let p,h € Lla, 7] be two positive functions on
[0,00), such that (443 ¢pp) (1) and (44 SEPHP) () are finite reals for 7> a > 0.

If0<c<n< h((t; < N forn,N € R" and for all t € [a, 7], then

N+1
N (7)

=

(a4 SEPP)T (1) + (o1 SEORP)7 (1)

"L (085 - ) ().

(4t S%? (p — ch)")

IN

IN

Proof. Using the hypothesis 0 < ¢ < n < N, we have
nc<Ne = nctn<nc+N < Nc+N = (N+1)(n—c) < (n+1)(N—c).
It can be concluded that

N+1 <M + 1.
N—-—c n-—c
Also,
p(t) p(t) — ch(t)
nSWSN == n—c< 0 <N
(p(t) —ch()” _ ., (p(t) — ch(t)”
— (N —c)p S < (n—cpp

(23)
F(é()T) o' (t) [o(1) — ¢7(7f)]£_1 w(t) and then in-

Multiplying both sides of

tegrating we get

_wi(n) / ") [B(r) — 6] (plt) — ch(®))” w(t)dt
N =00 J, :

IN

w; g()T ! / TS0 [6(r) — o) R (wat

IN

n—cPI‘ / ot = o] (p(t) = ch(t)) w(t)dt
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Then, we can write

(a4 SEPRP) 7 (7) (24)

&
~
<
S
<
|
o
>t
S~—
=
S—
S |
S
S~—
A

IN

which implies

( al >p(@(t)ch(t))p§@p(t)§< a )p<@<t>ch<t>>”- (25)

N —c n—c
Repeating the same procedure with , we have
N 1 . 1
N o (et S57 (0 —ch)")? (1) < (a4 SE09P)7 (7) (26)
n . 1
< (w3 (o)) (7).
Adding and , the required result is obtained. O

Theorem 9. For £ > 0, p > 1. Let p,h € Lla, 7| be two positive functions on
[0,00), such that (443 ¢pp) 7) and (a+SEPHP) (1) are finite reals for 7> a > 0.
If0<a<pt)<Aand0<b<ht) <B,tE]la,r], then

(ar SEOP)E (1) + (g SEORP)H (1) < 5 (1852 (0 + BP)P (1) (27)

. _ A(a+B)+B(b+A)
with Cy — W

Proof. Under the given conditions, it follows that

1 1 1

— < —< - 2

B~ h(t) b (28)
Considering the product of (28)) and 0 < a < p(t) < A, we have

a ) A

B o2 2

B~ h(t) ~ b’ (29)

From , we get

and
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Multiplying both sides of (30) and (81) by “<2¢/(1) [p(r) — 6(6)) " w(t) and

then integrating we obtain

(e SEPP)H (1) < —= (s 852 (0 + 7)) (32)
and

(56703 () S o (s 352 (0 1) (7). (33)
respectively. The proof of can be concluded by adding and . (|

Theorem 10. Let p,h € La, 7] be two positive functions on [0,00), such that
ar SEP P and (o S%PRP) (1) are positive reals for 7 > a > 0. If 0 < n <
+ +>w

% <N for n, N € RT and for all t € [a, 7], then

S O(r) € sy (098 (04 17) (1) € (e %)
for £ > 0.
Proof. Using 0 < n Wg < N, we obtain
A(t)(n+1) < ht) + p(t) < AE)(N +1). (34)
Also, it follows that + < % < %, which yields
olt) (S5 ) < a0+ 000 < oto) (). (35)

Evaluating the product between and (BF)), we get

p(OA() _ (h(t) +p()* _ p(bh(t)
N ~“(n+1)(N+1)~ n

Multiplying both sides of by wl:(le()T) &' (1) [p(7) — ¢()]" " w(t) and then inte-
grating we obtain

(36)

i [ S0 - 01 e
n+ 11)U(N1 T / ¢'(t — o) T (A) + (1)) w(t)dt
< % (gT)) / ¢'(t — o)) p(Oh(t)w(t)dt.
Hence
]t(aJrSf ¢ph)(7') < m <a+<\\yﬁ;¢ (p+ h)2) (r) < %( gt ¢ph)( ).

This completes the proof. (Il
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Theorem 11. Let p,h € Lla, 7] be two positive functions on [0,00), such that
(a4 SE20P) (1) and (44 SEPRP) (1) are finite reals for 7> a > 0. If 0 <n < ?g; <
N holds for n, N € R™ and for all t € [a,T], then

m%wm>uw%wu (EWWM)

3 =

(1) (37)

holds for € > 0 where ¥(p(t), max{ p(t) — Nh(t)] %TW} :
Proof. From the hypothesis 0 < n < % < N, we have
p(t)
<N - ==
0<n<N-+n 0 (38)
and 0
o(t
N — —< <N.
+n n) = (39)
Hence, using and , we get
N +n)h(t) — p(t
() < PO =00 1), nry, (10)

n

where W(p(t),h(t)) = max {N (X +1) p(t) — Nh(t)] ’WLM}.

Using the hypothesis, it follows that 0 < % < Z(—g < % In this way, we have
1 1 1 h@)
— < =4 - - —= 41
N - N + n o) (41)
and 1 1 A 1
t
— - ——= < 42
N + n ) " n (42)
From and , we obtain
1,1 _
l< (N+n)p(t) h(t) <l7
N~ p(t) n
which can be rewritten as
1 1
t) < N|=+-— t) — Nh(t
o) < N (5+2) o0 - N
N
= (n + 1> p(t) — NA(t)
N
< N [( + 1) o(t) — Nh(t)]
n
< U(p(t), h(t))- (43)

We can write from and
er(t) < TP(p(t),A(t)) (44)
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APt) < WP(p(t), h(t)- (45)

Multiplying both sides of by wl:(lé(;) o' (t) [6(7) — ¢(t)]" " w(t) and then inte-
grating we obtain

w(7)

I'(¢) /a ¢ (8) [6(r) — &(0)] " P (Dw(t)dt

w(7)

S TIRAE R U CORIOIOLE

Accordingly, it can be written as

=

(7). (46)

. 1 .
(0+35797) 7 (1) < (4 S57V (0, 7))

Using the same procedure as above, for , we have

1
(et SPH) P (1) < (w257 TP (0, 1) (7). (47)
The required result follows from and . ([l

4. CONCLUSION

In this paper, first we gave different definitions of fractional integral operators
and then we introduced the reverse Minkowski type inequalities using weighted
fractional operators. The obtained results are an extension of some known results
in the literature. Especially, we would like to emphasize that different types all
integral inequalities can be obtained using this operators.
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