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Growth of harmonic functions on biregular trees
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Abstract: On a biregular tree of degrees ¢ + 1 and r + 1, we study the growth of two classes of harmonic
functions. First, we prove that if f is a bounded harmonic function on the tree and x, y are two
adjacent vertices, then [f(z) — f(y)| < 2(qr — 1)[|flloc/((¢ + 1)(r + 1)), thus generalizing a result of
Cohen and Colonna for regular trees. Next, we prove that if f is a positive harmonic function on the
tree and x, y are two vertices with d(z,y) = 2, then f(z)/(qr) < f(y) < qr - f(z).
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1. Introduction

A tree is homogeneous (or regular) if all its vertices have the same degree; it is biregular if any
vertices x and y whose distance is even have the same degree, which we will assume greater than two.
Regular and biregular trees are infinite.

A complex valued function f defined on the vertices of a graph is harmonic at a vertex x if its value
at z is the arithmetical mean of its values at the neighbours of x; the function is harmonic on the graph
if it is harmonic at every vertex of the graph. The study of harmonic functions on graphs pertains to
such diverse domains as probability [7], potential theory [1], graph theory or harmonic analysis.

In particular, since the seminal work of Cartier [4] the properties of harmonic functions on regular
trees have been thoroughly investigated (see for example [5], [1] and the references therein). Although
they are quite straightforward generalizations of regular trees, biregular trees have not attracted a similar
attention. Here we study the growth of harmonic functions on biregular trees using only elementary
reasonings.

In contrast to R™ [2, p.31], there are non-constant bounded harmonic functions on a regular tree
of degree ¢ + 1; but any such function f has its growth limited by the inequality |f(z) — f(y)| <
2(¢ — 1)||flleo/(qg + 1) when x and y are adjacent [5, Theorem 1, p.65]. Here we generalize this result to
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biregular trees: if f is a bounded harmonic function on a biregular tree T of degrees ¢+ 1 and »+ 1, and
x, y are adjacent vertices, then |f(z) — f(y)| < 2(qgr — 1)||flleo/((g + 1)(r +1)). An example shows that
this inequality is the best possible.

Also in contrast to R™ [2, p.45], there are non-constant positive harmonic functions on a biregular
tree but they cannot grow too rapidly. We prove that if f is a positive harmonic function on T and z,
y are vertices with d(x,y) = 2, then f(x)/(¢r) < f(y) < ¢r - f(x). We give an example of a positive
harmonic function which has maximal growth on a given infinite path (in the terminology of [3]) in T.

2. Bounded harmonic functions

Let T be a biregular tree and fix a vertex xg in T. We suppose that ¢ + 1 is the degree of xy (and
of all vertices z with d(zg, z) even), and that r + 1 is the degree of all ¢ + 1 neighbours of zy (and of
all vertices y with d(xg,y) odd). An easy induction shows that the number of points on the sphere with
centre xy and radius p (i.e. the set of vertices in T at distance p from zg) is given, for p € N, p > 1, by

1S (20, p)| = (g + 1) rl/2) gllo=D/2],

where we define |a] = max{k € Z : k < a} for any a € R. It follows that the number of points on
the ball with centre zy and radius p (i.e. the set of vertices in T at distance < p from zg) is given, for
peN,p>1, by

p
|B(xo,p)| = 1+ > (g +1)rli/2) glG=0r2l,
j=1

When the radius is even, this can be written

S (gr)F —1
|B(xo, 2k)| = 14+ (¢+ D)(r+ 1)) _r'g' =1+ (¢+ D(r+1) ~——

=0

)

qr —1
and this result does not depend on the particular degree of .
Take now a function f harmonic on T; this means that, for all x € T,

1
flz) = m yESZ(z,p)f(y)

when p = 1. An induction shows that this also holds for any p € N, and then

1

for any p € N.

Proposition 2.1. Let T be a biregular tree of degrees q+1 and r+1. If f is a bounded harmonic function
on'T and x, y are two adjacent vertices in T, then

2(gr — 1)

[1f[loo- (1)

Proof. Take k € N, k> 1. We calculate

1 1
|f(x) = fly)l = mzz f(@‘m Z f(2)

z€B(y,2k)
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1
< 1B, 21| > |7 (2)]

2€B(x,2k) AB(y,2k)
| B(z, 2k) AB(y, 2k)|
|B(z, 2k)]
2(gr)*
L+ (g +1)(r+1)((gr)k —1)/(gr = 1)’

where B(x,2k)AB(y, 2k) is the symmetric difference of the two balls. When k& tends to +o0o, we arrive
at (1). O

< Nflleo

= £l

Remark 2.2. For reqular trees (q = r), this was first established in [5, Theorem 1, p.65]. The proof here
is an adaptation of [6].

Is the inequality (1) the best possible? To answer this, we must construct a bounded harmonic
function g such that, for some vertices xo and x1, |g(zo) — g(x1)| is as large as possible with respect to
19l

We take 29 € T of degree ¢ + 1 and x; a neighbour of z( (of degree r 4+ 1). We put g(x¢) = 0 and
g(x1) = 1. The vertex z; has r neighbours mgl), e xg) other than zg; in order to have ||g||« as low as
possible, we must choose g to take the same value as at all these vertices, the harmonicity of g at x;
implying that as is given by the equation

04+7r-ag)=1.
r+1 ( 2)
Hence as = (r + 1)/r. Every vertex xéj ) has ¢ neighbours other than x;. Again we must choose g to
take the same value a3 at all these vertices, the harmonicity of g at xé] ) implying that ag is given by the
equation

1 r+1
q+1( +q 053) r 3

and we find ag = (1 + g + ¢r)/qr. Proceeding in this way, we construct a harmonic function g on T by
defining g to take the same value «,, at all vertices which are at distance n (n € N, n > 1) from z( and
at distance n — 1 from x1, this value being

Z;?:—(} qUi/2lplG+1/2]
gln=1)/2]p|n/2]

if n is even,

Ay =

E;’;Ol qlu+1/2)pL3/2]
gln/2lpl(n=1)/2]

if n is odd;

Qp =

and by defining g to take the same value «_,, at all vertices which are at distance n (n € N, n > 1) from

zo and at distance n + 1 from x1, this value being

Z;?;Ol gL/ plG+1)/2]
gln/2lypln/2]

Ay = — if n is even,
Z;‘:—Ol qla+D/2]p15/2]

gL /21 /2] if n is odd.

Ay = —

The function g is bounded because sup, g g(x) is equal to

k—1 ;
. (X)X (ar)
lim agr = lim
k—+oo k—+oo r(qr)k-1
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k_ _
L (@) - D/ )
k—-+oo r(gr)k-t
_ (1+1)q
N qr —1
and inf, et g(x) is equal to
. () o)
lim a_o9, = lim —
k—4o00 k——+oo (qT)k
k _ _
(@)t - D)
k——+o00 (gr)*
B 1+7r
- oqgr—1

Let now f =g — 1 (sup,cr g() + infyer g(x)), that is,

_ 1(g—1)(r+1)
I=9=5"0 -1

Then f is harmonic on T, |f(z0) — f(z1)| = |g(zo) — g(z1)| = 1 and

(1+7m)(1+9q)

Conclusion 2.3. The inequality (1) is the best possible, being in fact, for the function f just defined and
the vertices xo and x1, an equality.

3. Positive harmonic functions

Lemma 3.1. Let x¢ and z1 be two adjacent vertices in a biregular tree T, with x¢ of degree ¢+ 1. If f
is a real valued harmonic function on T, there exists an infinite path (g, T1,...,Tm,...) in T such that,
for allm € N, m > 2, we have

(r+ Df(@m-1) = f(@m—2)

r

if m is even, (2)

f(xm) <

1 m— - m— . .
f(l'm) < (q+ )f(x 1) f(l' 2) me is odd. (3)
q
Proof. Among the r neighbours of x; which are not x(, we write xa the one where f takes its smaller

value, and :rél),...,xg_l) the other neighbours: f(z2) < f(méj)) for all j = 1,...,7 — 1. Since f is
harmonic,

fl@o) + flaa) + f@)) + -+ flad ™)
r+1

= f(z1); (4)
hence

Flas) + f@d) 4 fay ™) = (r + 1) f(a1) — flzo).
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From the choice of x5, we get

(r+ Df (1) = f (o)

r

f(x2) <

This establishes the assertion for the case m = 2.

Among the g neighbours of x5 which are not x;, we write x3 the one where f takes its smaller value.
A similar argument as above gives

(g +1)f(w2) = flw1)

flas) <
q
This establishes the assertion for the case m = 3.
Proceeding in this way we construct the needed path step by step. O

Lemma 3.2. Let xy and x1 be two adjacent vertices in a biregular tree T, with xo of degree ¢+ 1. Let f
be a real valued harmonic function on T, and (xg,T1, ..., Tm,-..) an infinite path in T such that, for all
m > 2, (2) and (3) hold. Then, for alln € N, n > 2,

Fo) < Z;-Zol gli/2lpli+1)/2] P )72?;§qu/2JTL(j+1)/2J Fao) )
) = M2z W PGV YIS

if n is even, and

_ Z;P;Ol glG+1)/2)pLi/2] Z;%;O? glGTD/21513/2) .
f@n) < = Trmtm—n /@) = = G im—nar /@) (©)

if n is odd.

Proof. By induction on n. The case n = 2 is the hypothesis (2).

We next turn to the case n = 3. By assumption

Fa9) < = [(a+ 1) f(2) = flan)] and - fa) < 2[4+ DS (0) = o).
Hence
faa) < 2@+ D{r+ 15 = Flan)} - )
< [+ D0+ D) = 2o+ D) - fa)]
< [ =) - T ey
< T ) - < ).

qr
The case n = 3 is proved.

We suppose now that n > 3 and that the lemma is true for n — 1. We first consider the case where
n is even. Then (21,29, ...,2,) is a path of odd length n — 1 in T which satisfies (2) and (3) if we invert
the roles of ¢ and r. The induction hypothesis then gives (we invert the roles of ¢ and r in (6))

Z;?;O? rlG+1/2) gli/2) Z;};g rlG+1/2] li/2]
fen) < lenargearr /@) ~ Jienargeaar @)
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But

f(x2) <

S|

[0+ 05 0) = £l)] = (14 2) 7~ F o).

Hence

S plGH)/2 gli/2) ) .
rLa-D/2] g [(n-2)/2] ((1 + ;)f(xl) - rf(l‘o))
Z? 3 plG+1)/2) gli/2)

~ -7 glezzy S (71

g rlurn/aglis2) Sl /21 gl
T D72l gln- 2/2J Fe) + e gte—arr, F @)
q
=2 (+1)/2] gli /2] n=3 plG+1)/2)gli/2)
Z]:O q Z]
~ o, (#0) — Tl s /@)
B rl(n=2+1)/2] gL (n~2)/2] ( Z;L:—grl(ﬁl)/ﬂqw% @)
B Ja) + rln+1)/2] gl(n—2)/2] o

rln=1)/2]gl(n-2)/2]

ST L2l gl
~ Gl (#0)

pln/2] gln=1)/2] S 2 glif2lplan/2)
= e @)+ = e S

n—2 _5/2 j+1)/2
723,:0 gL/l lG+1)/ Jf(x :
ql(n=D/2]p[n/2] 0

Z}:ol qli/2plG+1/2] Z?;OQ qli/2lplG+1)/2]
_ gL n=D/21 /2] flx) — L0720 ;[0 72] f(xo),

where, for the last equality but one, we have used the fact that, since n is even, |(n+1)/2] = |n/2] and
[(n —1)/2] = |(n — 2)/2]. We have thus proved (5).

The case n odd can be handled in a similar manner. O

Proposition 3.3. Let T be a biregular tree of degrees q+1 and r+1, and xg and x1 two adjacent vertices
in T with xo of degree ¢+ 1. If f is a positive harmonic function on T, then

r(g+1)
(r+1)

q+1

mf(xo) < f(z1) <

f(zo).

Proof. By lemma 3.1, there exists an infinite path (zg,21,...,Zm,...) in T such that, for all m > 2,
(2) and (3) hold. We can then use (6) with n = 2k + 1 and find

(qr)* + (1 +q) X5 (qr)? ; (1+q) X5 (qr)?

f(zart1) < ) (z1) — ()" f (o).
Since f(zak41) is positive, this implies
()" + (1+9) )5 (ar)! (1) > (1+9) ¥ 0 (ar)? F(ao)

(@) flan) 2 =
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and so

(1+4q) 5 (qr)
(qr)F + (1+q) X5 (qr)?
(1+g)((gn)* =1)/(gr = 1)
(gr)k + (1 +q)((gr)* —1)/(qr — 1)

14 ¢)((gr)*
= o (e e
(1+q)((gn)* 1)

T R gk 4 ghpk o ghtipk — 1 — qf(xo)

L+ a)((gr)* - 1)

R P R P qf(:co)

_ @) +qg-(1+aq) F(0)
a(a)F(r+1) = (1+q)" "

f (o)

f(xo)

When k£ tends to +o00, we find

1+4¢q
> .
f(z1) > pron 1)f(xo)
Inverting the roles of xy and x1, as well as the roles of ¢ and r, we get
1+7r
> .
f(zo) > T 1)f(961)
The conclusion follows. O

Corollary 3.4. Let T be a biregular tree of degrees g+ 1 and r+ 1. If f is a positive harmonic function
on T and x, y are two vertices in T with d(x,y) = 2, then

%ﬂ@ﬁﬂwéwf@)

Proof. First, we suppose that x is of degree ¢+ 1. Let z be the vertex in T with d(z,2) = 1 = d(z,y).
By Proposition 3.3 we get

r+1 r+1 qg+1 _i -
) fa) =~ f(a).

r(g+1) ' q(r+1) rq
The other inequality is obtained by inverting the roles of x and y.

fly) >

For = of degree r 4 1, invert the roles of ¢ and r in the preceding reasoning. 0

Let ( =(...,x_2,2_1,%0,21,Z2,...) be an infinite path in T, with ¢ of degree ¢ + 1. Is it possible
to find a positive harmonic function f on T such that its growth along this path is maximal? If we fix
f(zo) =1, then we deduce from proposition 3.3 and corollary 3.4 that we must set, for all k& € Z,

kT(Q+1)_

flam) = (@)* and faan) = (@) "

(7)

Consider now the r — 1 neighbours of x; other than xy and zo. If we suppose that f takes the same
value « on all these vertices, then the harmonicity of f at z; implies that (f(zo)+f(z2)+(r—1)a)/(r+1) =
f(z1) or

rlg+1)

i( l+gr+(r—1)a)= o

r—+1
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Hence 1+ gr + (r — 1)a = rq¢+r and finally o« = 1 = f(x). This also shows that f must take this same
value on these r — 1 neighbours, because if it was not the case, the value on at least one neighbour, y say,
would be less than 1, contradicting proposition 3.3 applied to y and x;.

Consider next the ¢ — 1 neighbours of xy other than x_; and x;. If we suppose that f takes the
same value 3 on all these vertices, then the harmonicity of f at z( implies that (f(x_1) + f(z1) + (¢ —

1B)/(q+1) = f(xo) or

1 qg+1 r(g+1

g+1\g(r+1) r+1

whose solution is 8 = (¢+1)/(¢(r + 1)) = f(z_1). This also shows that f must take this same value on
these ¢ — 1 neighbours, because if it was not the case, the value on at least one neighbour, y say, would
be less than (¢ + 1)/(¢(r + 1)), contradicting proposition 3.3 applied to y and zg.

Conclusion 3.5. Given an infinite path ( = (..., x_9,2_1,Tg,T1,T2,...) in T with xg of degree q + 1,
there exists one and only one positive harmonic function f on T with f(x9) = 1 such that f has mazimal
growth along (. On ¢, f is given by (7) and on a vertex y not in it is defined as follows: let x be the
vertex in ¢ closest to y, and n the distance between x and y; then

f(@)-(qr)* if n =2k,

f(@)-(qr)~* _atl ifn=2k+1.

fly) = q
q(r+1)

Remark 3.6. Proposition 3.3 and corollary 3.4 are in fact true for positive superharmonic functions on
T. (A function is superharmonic at a vertex x if its value at x is greater or equal to the arithmetical
mean of its values at the neighbours of x.)

This follows from the fact that lemma 3.1 and lemma 3.2 are true for real valued superharmonic
functions. Indeed, we can modify the proof of lemma 3.1 by changing (4) to

Flwo) + flaz) + f@) + -+ f@y ™)
r+1

< f(x1);

hence f(z2) + f(a:gl)) + 4+ f(a:gfl)) < (r+1)f(x1) — f(zg). The end of the proof needs no change,
and neither do the other proofs need one.
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